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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 35 ]. This is test number [ 18 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (35 ) | 0.00 (0)
Mathematica | 100.00 (35) | 0.00 (0)
Maple | 100.00 (35) | 0.00 (0)
Fricas 95.71(9) | 74.20 (26)
Mupad 0.00 (0) | 100.00 (35)
Giac 0.00 (0) | 100.00 (35)
Maxima | 0.00 (0) | 100.00 (35)
Sympy 0.00 (0) | 100.00 (35)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 20.00 37.14 42.86 0.00
Fricas 0.00 0.00 25.71 74.29
Maple 0.00 100.00 0.00 0.00
Mupad N/A 0.00 0.00 100.00
Giac 0.00 0.00 0.00 100.00
Maxima, 0.00 0.00 0.00 100.00
Sympy 0.00 0.00 0.00 100.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 0 0.00 % 0.00 % 0.00 %

Fricas 26 26.92 % 73.08 % 0.00 %

Giac 35 88.57 % 0.00 % 11.43 %

Maxima 35 100.00 % 0.00 % 0.00 %

Sympy 35 62.86 % 25.71 % 11.43 %

Mupad 35 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median

Rubi 1.10 694.46 1.00 680.00 1.00
Mathematica | 30.61 6238.17 6.89 1272.00 1.61

Maple 0.22 27278.46 29.64 13369.00 20.97
Maxima 0.00 0.00 0.00 0.00 0.00

Fricas 0.40 1077.11 2.12 921.00 2.23
Sympy 0.00 0.00 0.00 0.00 0.00

Giac 0.00 0.00 0.00 0.00 0.00
Mupad 0.00 0.00 0.00 0.00 0.00

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {6,710} [1} 15} 212 25,51, 32,53, 54,55}

Mathematica {6)[70}([0, 11} [2, 14 21,22 24,25 30, 51} 52,53 B4, 55}
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1,12}3} 4} 5} 6} 7} 8} 9} (L0} L1} [£2} 13} [14} [L5} [16} [17} [L8} [19} [20} 21} [22} [23} 24} [25} [26, 27,
}

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: { BT EBELE)

B grade: { 5100, 125, 21,22 65 BT BB B35 )

C grade: { I35 67 ) 320,26, 27 5,29, )
F grade: { }

2.1.3 Maple
A grade: { }

B gradte: { 11203178 56U ) B 0L} 12 13,4 15 16,7 15 19, 20, 21) 22,23, 2 25,26, 27
28, 29B0,51 5253, 5453 }

C grade: { }
F grade: { }

2.1.4 Maxima
A grade: { }
B grade: { }
C grade: { }

F grade: { [1}2,[3) 4 516} [ 8} 9 [10} [L1} [12}[13} 14 [L5} [16} 17} [18} 19} [20} 21} 22} 23| 24} [25} 26} 27
3233 }
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2.1.5 FriCAS

A grade: { }

B grade: { }

C grade: { BB BB ITISEOETES}

F grade: { [45}/6,[7} 89} [L0}[L1}[12,[13} [14 [L5} [19} [20} [21} [22}[23} [24} [25},[29} 30} 31} 32} 33} 34} 3
}

2.1.6 Sympy
A grade: { }
B grade: { }
C grade: { }

F grade: { 1,253,567 910} 1 12 13[4 15 16,7 15[ 20} 21 22, 25) 4,25, 26,2
?28,20,50,31, 52153, 5455 }

2.1.7 Giac
A grade: { }
B grade: { }
C grade: { }

F grade: { )25, 56,7, 5,5, 10L 1,2 L3, [5) 6, 7[5, 19} 20,2 22,53, 24 25, 20, 2
829,50, 81152 53,54 55}

2.1.8 Mupad
A grade: { }

B grade: { }
C grade: { }

F grade: { 1,23, 456} 7, 8} % [10}[11}[12}[13} 14} [15}[16} 17} [18} 19} 20} 21 [22, 23} [24} 25,26, 27
32,33
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupac

grade A A C B F C F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 700 699 806 8121 0 1313 0 0 -1
N.S. 1 1.00 1.15 11.60 0.00 1.88 0.00 0.00 -0.00

time (sec) N/A 1512 27.561 0.113  0.000 0.494 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 405 404 450 3232 0 904 0 0 -1
N.S. 1 1.00 1.11 7.98 0.00 2.23 0.00 0.00 -0.00
time (sec) N/A 0.551 23.309 0.107 0.000 0.476 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 284 284 319 566 0 725 0 0 -1
N.S. 1 1.00 1.12 1.99 0.00 2.55 0.00 0.00 -0.00

time (sec) N/A 0.108 19.413 0.120 0.000 0.356  0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 313 313 245 668 0 0 0 0 -1
N.S. 1 1.00 0.78 2.13 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.487 21.258 0.122 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 678 678 3402 13344 0 0 0 0 -1
N.S. 1 1.00 5.02 19.68 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.007 33.970 0.125 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 981 976 21611 55943 0 0 0 0 -1
N.S. 1 0.99 22.03 57.03 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.125 35.789 0.123 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 736 735 6648 21369 0 0 0 0 -1
N.S. 1 1.00 9.03  29.03 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.443 39.162 0.124 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F(-1) F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 442 442 586 2453 0 0 0 0 -1
N.S. 1 1.00 1.33 5.55 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.283 24.072 0.129 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 606 606 333 18724 0 0 0 0 -1
N.S. 1 1.00 0.55  30.90 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.635 26.139 0.139 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F(-2) F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 1081 1080 10667 104801 0 0 0 0 -1
N.S. 1 1.00 9.87 96.95 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.107 39.704 1.069 0.000 0.000  0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 898 897 14893 35482 0 0 0 0 -1
N.S. 1 1.00 16.58 39.51 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.626 34.532 0.135 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 472 472 6583 13176 0 0 0 0 -1
N.S. 1 1.00 13.95 27.92 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.337 39.147 0.134 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 449 449 724 2454 0 0 0 0 -1
N.S. 1 1.00 1.61 5.47 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.308 24.682 0.123 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 625 625 341 21265 0 0 0 0 -1
N.S. 1 1.00 0.55  34.02 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.687 25972 0.126 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F(-2) F F
verified N/A NO Yes TBD TBD TBD TBD TBD TBD
size 1090 1090 10629 87910 0 0 0 0 -1
N.S. 1 1.00 9.75  80.65 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.977 37.450 0.545 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 721 720 825 8421 0 1344 0 0 -1
N.S. 1 1.00 1.14  11.68 0.00 1.86 0.00 0.00  -0.00
time (sec) N/A 1.200 28.129 0.116 0.000  0.598 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 410 410 442 2825 0 921 0 0 -1
N.S. 1 1.00 1.08 6.89 0.00 2.25 0.00 0.00  -0.00
time (sec) N/A 0.361 24.165 0.124 0.000  0.363 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 291 291 326 682 0 736 0 0 -1
N.S. 1 1.00 1.12 2.34 0.00 2.53 0.00 0.00  -0.00
time (sec) N/A 0.176 21.498 0.113 0.000 0.399 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 309 309 249 666 0 0 0 0 -1
N.S. 1 1.00 0.81 2.16 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.525 20.974 0.115 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 680 680 3409 13369 0 0 0 0 -1
N.S. 1 1.00 5.01 19.66 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.121 34.258 0.125 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 980 976 21611 56432 0 0 0 0 -1
N.S. 1 1.00 22.05 57.58 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.881 35.938 0.132 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 734 732 6667 20101 0 0 0 0 -1
N.S. 1 1.00 9.08 27.39 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.467 39.657 0.123 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F(-1) F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 436 436 583 2955 0 0 0 0 -1
N.S. 1 1.00 1.34 6.78 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.349 23.882 0.116 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F(-2) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 616 616 340 18867 0 0 0 0 -1
N.S. 1 1.00 0.55 30.63 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.765 26.152 0.138 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F(-1) F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 1128 1119 10675 110289 0 0 0 0 -1
N.S. 1 099 9.46 97.77 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 2.791 39.749 1.111 0.000 0.000  0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1097 1083 1291 12279 0 1769 0 0 -1
N.S. 1 0.99 1.18  11.19 0.00 1.61 0.00 0.00  -0.00
time (sec) N/A 2.144 33.035 0.120 0.000 0.364 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 611 608 686 5675 0 1145 0 0 -1
N.S. 1 1.00 1.12 9.29 0.00 1.87 0.00 0.00  -0.00
time (sec) N/A 0.880 25.927 0.114 0.000 0.296 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 368 367 390 1812 0 837 0 0 -1
N.S. 1 1.00 1.06 4.92 0.00 2.27 0.00 0.00  -0.00
time (sec) N/A 0.317 23.015 0.116 0.000  0.288 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 465 465 1036 1383 0 0 0 0 -1
N.S. 1 1.00 2.23 2.97 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.517 25.361 0.129 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 738 738 17785 17416 0 0 0 0 -1
N.S. 1 1.00 24.10 23.60 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.267 35.142 0.123 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F(-1) F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 1395 1376 38402 92114 0 0 0 0 -1
N.S. 1 099 2753 66.03 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 3.828 39.516 0.151 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 937 936 16699 43211 0 0 0 0 -1
N.S. 1 1.00 17.82 46.12 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.531 35.491 0.119 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F(-2) F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 757 757 6223 15875 0 0 0 0 -1
N.S. 1 1.00 822  20.97 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.663 33.648 0.120 0.000  0.000 0.000 0.000 0.000
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Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B F F(-1) F(-1) F(-2) F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 867 867 1272 33894 0 0 0 0 -1
N.S. 1 1.00 147  39.09 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.181 33.834 0.161  0.000  0.000 0.000 0.000 0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B B F F F(-2) F F
verified N/A NO NO TBD TBD TBD TBD TBD TBD
size 1070 1070 11188 106972 0 0 0 0 -1
N.S. 1 1.00 10.46  99.97 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 2.222 39.866 0.979 0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [21] had the largest ratio of [62]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep(f uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 9 8 1.00 40 0.200
2 A 8 7 1.00 38 0.184
3 A 6 5 1.00 33 0.152
4 A 9 7 1.00 40 0.175
5! A 12 10 1.00 40 0.250
6 A 10 10 0.99 42 0.238
7 A 7 7 1.00 42 0.167
8 A 5 5 1.00 42 0.119
9 A 7 7 1.00 42 0.167
10 A 7 1.00 42 0.167
11 A 10 10 1.00 49 0.204
12 A 5 5 1.00 49 0.102
13 A ) 5 1.00 49 0.102
14 A 7 7 1.00 49 0.143
15 A 8 7 1.00 49 0.143
16 A 8 7 1.00 58 0.121
17, A 7 6 1.00 53 0.113
18 A 7 6 1.00 60 0.100
19 A 10 8 1.00 60 0.133
20 A 13 11 1.00 60 0.183
21] A 9 9 1.00 62 0.145
22 A 8 8 1.00 62 0.129
23] A 6 6 1.00 62 0.097
24 A 8 8 1.00 62 0.129
25) A 9 8 0.99 62 0.129
Continued on next page
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number of

number of

normalized

#|eade| s | i | g | RO | e,
26 A 9 8 0.99 42 0.190
27 A 8 7 1.00 40 0.175
28 A 7 6 1.00 35 0.171
29 A 11 9 1.00 42 0.214
30 A 12 10 1.00 42 0.238
31 A 10 10 0.99 44 0.227
32 A 9 9 1.00 44 0.204
33 A 8 8 1.00 44 0.182
34 A 9 9 1.00 44 0.204
35 A 8 8 1.00 44 0.182




Chapter 3

Listing of integrals

Local contents

3.1
3.2
3.3
3.4
3.5

3.6

3.7
3.8
3.9
3.10

3.11

3.12
3.13
3.14
3.15

3.16
3.17

I (a+b2)*(A+Ba)
Ve+dr e+ fx'\/g+ hr
f (a+bz)(A+Bzx)
Ve+dx \/e+fx Vg+ hx
f A+Bzx dx
Ve+dx \/e+fx \/g+hx
dx
J (a+bz)Ve + dz \/e+fx Vg + hx

(a+bz)2v/C + dx \/e—i-fx Vag+hx de
PR N
Ve+dr e+ fx'\/g+ hr
[ va + bx (A+Bz) _—
Ve+dx \/e+fx Vg + hx

A+Bzx

dzx
Vva+ bz \/c+dx \/e+fx Vg+ hx

/ (a+bx)3/2\/c+d$ \/e—i-fx Vag+hx

J (a+bz)5/2/C + d:v \/e + fx \/g+ hz
f (a,+b:‘1:)3/2 (de+cf+2dfz)
Ve+dr e+ fr \/g+ hx
vVa + bx (de+cf+2dfz)

J Ve+dz e+ fx'\/g+hx
de+cf+2dfz

f\/a+bx‘\/c+dm Ve+ fr'\/g+hz dz

de-l—c f+2df ¢

‘ - d.
J (a+bz)3/2v/c+ dx /e + fr'\/g + hz
de+cf+2df d

J (a+b2)3/2v/c + dx /e + fx \/g+ hx
f (a+bz) abB a2C+b2 Bz+b%Cx? )

Ve+dr vJe+ fx'\/g+ hx
abB—a’C+b%Bz+b%Cx?

/ Ve+dr \e+ fx'\/g+ hr




3.18
3.19
3.20

3.21
3.22
3.23
3.24
3.25
3.26
3.27
3.28
3.29
3.30

3.31

3.32
3.33
3.34
3.35

abB— azC+szw+b2Cz dz
(@+bz)Ve +dz /e + fx /g + hz

J
j‘ abB—a2C+b2Bx+b2Cx?
J
J

(a+bz)2Vc+ dx /e + fx /g + hx
abB—a2C+b2Bz+b2Cz?

(a+bz)3v/c+dx v/e + fr \/g+ hz'
va + bx (abB—a2C+b2 Bz+b2Ca?) dz
\/c—l—dac‘\/e—l—fa:‘\/g—l-ha:‘

abB—a?C+b2Bx+b2Cx?

f\/a—l—bm Ve+dz e+ fx \/g+ hx dz

abB— a20+b2Bx+b20z dx

J (a+bz)32v/c + dx /e + fx /g + hx
abB—a?C+b2Bx+b2Cx?

‘ ‘ -d
J (a+bz)5/2v/c+ dx /e + fr' \/g + hz o

f abB— a20+b2Ba:+b26’x dx
(a+b2)7/2v/c + dx /e + fx \/g+ hx

f (a+bz)? (A+Ca?)
Ve+dr e+ fx'\/g+ hr

f (a+bz) (A+Cx?)
\/c—i—dw‘\/e-l—fx‘\/g-l—hx‘

j‘ A+Cxz? dz
Ve+dz e+ fx \/g+h3:

f A+Cz? dx
(a+bx) Ve + dx \/e+fx Vg + hx

f A-I—C’x
(a+bz)2v/c+dx v/e + fr \/g+ hx'

f (a+bx)3/2 (A+Cm2) dz
Ve+dr vJe+ fx'\/g+ hx

i va + br (A+Cz?)
Ve+dr e+ fx'\/g+ hx

f A+Cz?

Va+bz Ve+dx e+ fr'\/g+hr
f AngzQ d
(a+bz)3/2\/c + dx /e + fxr \/g+ hz
f A+Cz dr
(a+bz)>/2v/c + dx /e + fx \/g + hx

34

1149
1149

100

164

1176
1183

1658
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3.1 (a+bx)?(A+Bz) d
/ vVe+dr e+ fxr v/g+ hx *

Optimal. Leaf size=700

2b(7aBdfh + b(5Adfh — 4B(dfg + deh + cfh)))Vc+dz /e + fx \/g+hx 2bB(a+bx)Ve+dz \/e
150 212 + 5dfh

[Out] 2/15%b* (7*a*B*xd*f*h+b* (5*A*d*f*xh-4*B* (cxf*h+d*exh+d*f*g)))*(d*x+c)~(1/2)*(f
xx+e) " (1/2) * (h*xx+g) ~(1/2) /d~2/£72/h~2+2/5%b*B* (b*x+a) * (d*x+c) ~(1/2) * (f*x+e)
~(1/2) % (h*x+g) ~(1/2) /d/£/h+2/15% (15*%a”~2xB*d~2*f ~2xh~2+10*a*xb*d*f*xh* (3kxAxd*f
*xh-2%B* (c*f*h+d*exh+d*f*g) ) -b~2% (10kAxd*f*h* (c*f*h+d*exh+d*f*g) -B* (8*c~2*f~
2¥h~2+7*ckd*f*h* (exh+f*g) +d~2% (8*e~2xh~2+7*exf*gxh+8*f~2%g~2)) ) ) *E1llipticE(
£7(1/2) *(d*x+c) ~(1/2) / (cxf-d*e) " (1/2) , ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2) ) *(c
*f-dke) " (1/2) % (d* (fxx+e) / (-cxf+d*e) ) ~(1/2) * (h*x+g) ~(1/2)/d~3/£7(56/2) /h~3/ (£
xx+e) " (1/2) / (d* (h*x+g) / (—c*h+d*g)) ~(1/2)-2/15% (16%a~2%d~2*f ~"2xh~2* (~A*h+B*g
) +10*a*xb*d*f*xh* (3*xAxd*f*g*h—B* (cxh* (—exh+f*g) +d*gk (exh+2xf*xg) ) ) —b~ 2% (5xA*d*
fxhx (cxhx (—exh+f*g) +d*xgk (exh+2xf*g) ) —Bk (4*c~2xfxh~2% (—exh+f*g) +cxd*h* (-4*xe”
2xh~2+exf*gkh+3*xf~2%g~2) +d"2%g* (4*e~2xh~2+3*%exf*gxh+8*f~2xg~2))) ) *EllipticF
(£7(1/2) *(d*x+c) ~(1/2) / (cxf-d*e) " (1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/2) ) *(
cxf-dxe) " (1/2) *(d* (f*xx+e)/(-cxf+d*e)) " (1/2) * (d* (h*x+g) / (-c*h+d*g))~(1/2)/d~
3/£7(56/2) /h~3/ (fxx+e) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]

time = 1.51, antiderivative size = 699, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 9, number of rules used = 8, integrand size = 40,
Rules used = {1611, 1614, 1629, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.
[In] Int[((a + b*x)~2%(A + B*x))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2xb*(5*Axb*dxf*h + T*axBkd*fxh - 4*xb*Bx(dxf*g + d¥exh + c*xfxh))*Sqrt[c + d
*xx] *Sqrt[e + f*x]*Sqrtlg + h*x])/(15%d"2*f~2xh~2) + (2xbxBx(a + b*x)*Sqrt(c

+ dxx]*Sqrt[e + f*x]*Sqrt[g + h*x])/(5xdxfxh) + (2xSqrt[-(dxe) + c*f]x(15%
a"2xBxd"2*f"2xh"2 + 10xa*b*d*fxhx(3*xAxd*f*h - 2xBx(dxfxg + d*exh + c*f*h))

- b72x(10*%A*d*fxh* (d*xf*g + d*exh + c*fxh) - Bx(8kc™2xf"2x¥h~2 + 7xckd*f*xh*(f

*xg + exh) + d72x(8*f~2xg~2 + T*xexfxgxh + 8%e~2xh~2))))*Sqrt[(d*(e + f*xx))/(

dxe - cxf)]*Sqrtl[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d

xe) + cxf]], ((d*e - cxf)xh)/(f*(d*g - c*h))])/(15%d"3*xf~(5/2)*h~3*Sqrt[e +
fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2xSqrt[-(d*e) + c*f]l*(15*%a~2xd~2%
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£72xh~2%(Bxg - A*h) + 10*a*bxdxfxh*(3xA*xd*f*xgxh — B*ckxh*(f*g - exh) - Bxd*g
*x(2xfxg + exh)) - b~ 2% (5xA*xd*f*xhx(cxhx(f*g - exh) + d*g*(2*f*g + exh)) - Bx
(4xc™2xfxh~ 2% (f*xg — exh) + ckd*h*(3*xf72xg~2 + exfxgxh - 4*e"2xh~2) + d™2xgx
(8*xf~2xg™2 + 3kexfkxgkh + 4*%e~2¥h~2))))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt
[(d*(g + h#*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - cxf)xh)/(f*(d*g - c*h))])/(15%d"3*x£f~(5/2)*h~3*Sqrt [e
+ fxx]*Sqrt[g + hx*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 211, fx((b*c - a*xd)/(dx(bxe - a*xf)))], x] /; Free
Ql{a, b, c, 4, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(bxe - axf), 0]

&& 'LtQ[-(b*c - a*xd)/d, 0] & !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
*xf*(x/(b*e - a*xf))]/(Sqrtla + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(b*xc - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(bxc - a*xd)/d, 0]

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*xc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - a*f)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), O]
&& GtQ[b/(bxe - a*xf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[b*((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxd*(x/(b*c - axd))]*Sqrt[e + fx*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl[(e ) + (f_.)*(x_)]), x_Symbol]l :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
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+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(fxg - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1611

Int[((Ca_.) + (b_.)*(x_))~(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]1*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + h*x]))*Simp[a*xA*d*fxh*(2*m + 3) + (Axb + a*B)*d*f*h*(2*m + 3)*x + bx
Bxd*f*h*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
d*xfxh*(2*m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*f*xh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*g*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax (dxfxg + d*exh + c*f*h) + b*(2+m + 1)*(d*e*xg + cxfxg + cxexh)))*x + (bx
Bxd*f*h*(2*m + 3) + 2*Cx(a*d*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simplk*(a + bxx)~(m + q - D*(c + d*x)"(n + 1)*((e + f*x)~(p +

1)/(@*f*xb~(q - D*(m + n +p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a”2*d*f*(m + n + p + q + 1) - bx(b*ckxex(m + q - 1) + a*x(dxex(n + 1) +

cxfx(p + 1))) + bx(axd*f*x(2*x(m + q) + n + p) - b*(d*ex(m + q + n) + cxf*(m

+q+p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
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_ Ve+dr e+ fxr \/g+hx
+dz e+ fr \/g+hz 7dfh

[ (atbe) (TaAdfh+7(AbtaB)dfhe+TbBdfha®)
/ (a + bx)*(A + Bz) dp —
Ve

f 7dfh(5a% Adf h—bB(2bceg+a
_ 2bB(a+bz)Ve+dz e+ fx \/g+hz
B 5dfh

_+_

2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh)) Ve +dz /e + fz
15d2 f2h?

2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Vc+dz /e + fx
15d2 f2h?

2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Ve + dz /e + fx
- 1542 f2h2

2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Vc +dz e+ fx -
15d2 f2h?

2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh)) Ve +dz e+ fz -
B 15d2 f2h2

Mathematica [C] Result contains complex when optimal does not.
time = 27.56, size = 806, normalized size = 1.15

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~2*%(A + B*x))/(Sqrtl[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x
1) ,x]
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[Out] (-2%(-(d"2*Sqrt[-c + (d*e)/f]*(15*%a~2xB*xd~2*f~2xh~2 - 10*a*bkd*fxh*(-3*%A*d*
fxh + 2+«B*(d*f*g + dxexh + cxfxh)) + b 2x(-10%Axd*f*h*(d*f*g + d*xexh + cxfx
h) + B*(8xc™2xf~2xh~2 + Txcxdxfxhx(f*g + exh) + d™2x(8+xf~2xg~2 + Txexfxgxh
+ 8%e"2%h~2))))*(e + f*x)*(g + h*x)) + bxd~2xSqrt[-c + (d*e)/fl*f*h*x(c + d*
x)*(e + fxx)*(g + h*x)*(-5xAxbxd*xfxh - 10%a*Bkd*fxh + b*B*(4xcxfxh + d*(4x*f
xg + 4kexh - 3xfxh*x))) - Ix(d*e - c*f)xh*x(15%a~2xB*xd~2*f~2xh~2 - 10*a*b*d*
fxhx (-3%A*d*fxh + 2+B*x(d*f*g + dxexh + cxfxh)) + b"2x(-10%Axd*f*h*(d*f*g +
dxexh + cxfxh) + B*x(8kc™2*xf"2%h~2 + T*ckd*f*xh*(fxg + exh) + d~2*(8*xf"2xg~2
+ Txexf*gxh + 8%e~2*¥h~2))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*xx))/(fx(c + d*x)
)1*Sqrt [(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]
/Sqrtlc + d*x]], (d*f*xg - cxf*h)/(d*exh - c*xfxh)] - I*dxh*(15%a~2%d~2xf 2 (
-(Bxe) + Axf)x*h~2 + 10*a*bkd*fxhx(-3*%A*d*exfxh + Bxcxfx(-(fxg) + exh) + Bxd
xex (fxg + 2%exh)) - b 2% (-5xAxd*f*h* (c*f*(-(f*g) + exh) + dxex(fxg + 2%ex*h)
) + Bk (4*xc™2xf72xh* (- (f*g) + exh) + ckdxfx(-4*f~2%g~2 + exf*gxh + 3%e”2*%h~2
) + d72xex(4*f"2%g"2 + 3kexf*gkh + 8*%e”"2%h"2))))*(c + d*x)~(3/2)*Sqrt[(d*(e
+ £xx))/(f*x(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSi
nh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*f*h)]))/(1
5xd~4xSqrt[-c + (d*e)/f]l*f~3*h~3*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 8120 vs.
2(646) = 1292.
time = 0.11, size = 8121, normalized size = 11.60

method | result

V@z+ o) (fz +e) (hz + g) 2802%:\/df ha® + cfh x? + deh x? 4 df g 2? + cehx + cf gz + dega

5dfh

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) ~2x(Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,method=_R
ETURNVERBOSE)

[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")

[Out] integrate((B*x + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.49, size = 1313, normalized size = 1.88

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")

[Out] 2/45%(3*(3*Bxb~2*%d"3*f~3%h~3%x - 4*B*b~2*d"3*f 3*g*h~2 - 4*B*b~2xd~3*f " 2*h~
3%e - (4*Bxb~2%c*d"2 - 5*(2xB*axb + Axb~2)*d~3)*f~3*%h~3)*sqrt(d*x + c)*sqrt
(f*xx + e)*sqrt(h*x + g) - (8*B*b~2xd"3*f~3%g~3 + 8*B*b~2xd~3*h~3*%e~3 + (3*B
*b~2%c*d"2 - 10%(2*%B*axb + A*b~2)*d~3)*f~3*g~2xh + (3*B*b~2%c~2%d - 5% (2%B*
axb + A*b~2)*c*d”"2 + 15%(B*a”~2 + 2%A*a*b)*d~3)*f 3*gxh~2 + (8*%B*b~2*%c"3 - 4
BkA*a~2%d"3 - 10%(2*B*a*b + A*b~2)*c”2xd + 15%(B*a”~2 + 2kA*axb)*cxd~2)*f 3
h~3 + (3*B*b~2*d"3*f*g*h~2 + (3*Bxb~2*c*d™2 - 10*(2*B*axb + A*b~2)*d~3)*f*h
~3)*%e"2 + (3*Bxb~2*%d"3*xf"2%g~2xh + (3*Bxb~2%c*d"2 - 5*(2*Bkaxb + Axb~2)*d"3
)*£72xgxh~2 + (3*%B*b~2%c”2%d - 5*(2%Bxaxb + A*b~2)*c*d"2 + 15%(B*a~2 + 2x%Ax
axb) *d~3) *f~2xh~3) *xe) *sqrt (d*f*h) *weierstrassPInverse(4/3*(d"2*xf~2%g"2 - cx*
d*xf~2%g*xh + c”2+%f"2*h"2 + d"2*¥h"2*e”2 - (d"2*f*gxh + c*d*f*h~2)*e)/(d"2*f"2
*h~2), -4/27x(2xd"3*£73*%g"3 - 3*c*kd 2xf"3%g"2*%h - 3*c”2*d*f"3*g*h~2 + 2xc”3
*f73%¥h"3 + 2%d"3*h"3%e”3 - 3*%(d"3*f*gxh~2 + cxd"2xfxh"3)*e”2 - 3% (d"3*xf"2%g
“2%h - 4xcxd"2*f"2xgxh"2 + c”2xd*f~2xh"3)*e)/(d"3*f73xh"3), 1/3*(3xd*f*h*x
+ dxf*g + cxfxh + dxh*e)/(d*f*h)) - 3*(8*Bxb~2*d~3*f~3%g~2*%h + 8*B*b~2*d~3*
fxh~3xe”2 + (7*B*b~2xc*d”~2 - 10%(2#B*axb + A*b~2)*d~3)*f~3*gxh~2 + (8%B*b~2
*xc"2xd - 10%(2*B*xaxb + A*b~2)*c*d"2 + 15%(Bxa~2 + 2xAxaxb)*d~3)*f~3xh~3 + (
T*B*b~2%d"3%f"2%g*h~2 + (7*Bxb~2*c*d™2 - 10%(2*%B*a*xb + A*b~2)*d~3)*f~2*h~3)
*xe) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*f"2%g~2 - ckd*f~2%g*h + c~2%f~2*h~
2 + d72+%h"2*%e”2 - (d"2xf*g*h + cxd*f*h~2)*e)/(d"2+%f"2%h~2), -4/27*(2*d"3*f~
3%g~3 - 3xcxd"2xf"3x%g"2xh - 3*cT2xd*f"3xgxh"2 + 2%c"3*%f73*%h"3 + 2*d"3*h”3*e
"3 - 3%(d"3*f*gxh~2 + c*kd"2xfxh"3)*xe”2 - 3x(d"3*f"2xg~2%h - 4xcxd”2*f " 2xgxh
~2 + c"2xd*x£72x%h"3)*e) /(d"3*£"3*%h"3) , weierstrassPInverse(4/3*(d"2*f 2*g~2
- cxd*f"2*%gxh + c”2*f"2xh"2 + d"2xh"2xe”2 - (d"2*fxg*h + c*dxf*h~2)xe)/(d"2
*£72xh72) , —-4/27*(2%d"3*%f"3%g~3 - 3*c*d"2*f"3%g~2xh - 3xc”2xd*f"3xgxh~2 + 2
*xc"3*%f"3*%h"3 + 2%d"3*h~3%e”3 - 3*(d"3*fxgxh~2 + cxd"2*f*h~3)*e”"2 - 3x(d"3xf
“2xg~2%h - 4xc*xd"2*f"2xgxh~2 + c”2xd*f"2*h~3)*e)/(d"3*£73*%h"3), 1/3%(3*d*xfx*
h*x + d*fxg + cxf*h + dxhxe)/(d*f*h))))/(d"4*f~4xh~4)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(A + Bz) (a + bz)’

: ‘ -dz
Ve+dx e+ fx \/g+ hz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2*(B*x+A)/(d*x+c)**(1/2)/(f*x+e)**x(1/2)/(h*x+g)**(1/2) ,x
)

[Out] Integral((A + B*xx)*(a + b*x)*x2/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
, X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2),x, al
gorithm="giac")

[Out] integrate((Bxx + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(A+ Bz) (a+bzx)’

‘ ‘ - dx
Ve+fr Jg+hz Vetdz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x)~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)),x)
[Out] int(((A + B*x)*(a + b*x)~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)), %)
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3.9 (a+bx)(A—|—B:‘c) d
/ Ve+dx e+ fr v/g+ hx !

Optimal. Leaf size=405

— B d(e + fa
2bB\/c+dx\/e+fa:\/g+hx+2\/ de + cf (3aBdfh + b(3Adfh — 2B(df g + deh + cfh))) de—cf

3dfh
3A2f3/2h2\ /e + fz || %f

[Out] 2/3xb*B*(d*x+c)”(1/2)*(f*x+e)” (1/2)* (h*xx+g)~(1/2)/d/f/h+2/3* (3xa*Bxd*f*h+bx*
(3*Axd*fxh-2*%B* (c*f*h+d*exh+d*f*g)) ) *E11lipticE(£f~(1/2)*(d*x+c)~(1/2)/(cxf-d
*e)~(1/2), ((-cxf+d*e)*h/f/ (-cxh+d*g) )~ (1/2) ) *(cxf-d*e) ~(1/2) * (d* (f*x+e) /(-c
*f+dxe) )~ (1/2) * (h*x+g) ~(1/2)/d~2/£7(3/2) /h~2/ (f*x+e) " (1/2) / (d* (h*x+g) / (-c*h

+d*g) )~ (1/2)-2/3* (3kaxd*f*h* (—Axh+B*g) +b* (3xAxd*f*g*xh-Bx (cxh* (—~exh+f*g)+d*g

* (exh+2xfx*g))))*E1lipticF (£~ (1/2)*(d*x+c) ~(1/2)/(c*xf-d*e)~(1/2), ((-cxf+d*e)
*h/f/(-cxh+d*g) )~ (1/2) ) *(c*f-d*e) " (1/2) ¥ (d* (f*x+e) / (-c*xf+d*e) )~ (1/2) * (d* (hx

x+g) / (-c*h+dxg))~(1/2) /d~2/£~(3/2) /h~2/ (f*x+e) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.55, antiderivative size = 404, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.184,

steps used = 8, number of rules used = 7, integrand size = 38,
Rules used = {1611, 1629, 164, 115, 114, 122, 121}

— [dletf2) [dg+ha) [, o (VFVerdm
2\¢f*df\‘974ﬂ761 Vi(tqfah l'(Axcbm(‘-—y—\\/rfidc
Sy

— [de+ 1) 1y
3adfh(Bg — Ah) + b(3Adfgh — Beh(fg — eh) — Bdg(eh + 2f))) . 2/g T Iz /o] —de V= E (Achm(\Tﬁ 3aBdfh + 3Abdfh — 2bB(cfh + deh + dfg)) BT T iTTE
3dfh

Antiderivative was successfully verified.
[In] Int[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (2*b*B*Sqrtl[c + dxx]*Sqrtl[e + f*x]*Sqrt[g + h*x])/(3*d*xfxh) + (2*Sqrt[-(dxe
) + cxf]*(3xAxbxdxfxh + 3xaxBxdxfxh - 2xb*Bx(d*f*g + d*exh + cxfxh))*Sqrt[(

dx(e + fxx))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c +
d*x])/Sqrt [-(d*e) + cxf]], ((d*e - c*f)xh)/(fx(d*g - c*h))])/(3*d™2*f~(3/2)
*h~2*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2xSqrt[-(d*e) + cx*f]

* (3kxaxdxfxh* (Bxg — Axh) + bx(3kAxdxfxg*h - Bxcxh*(fxg — exh) - Bxdxgx(2xfxg

+ exh)))*Sqrt[(d*(e + f*x))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*E
1lipticF[ArcSin[(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)*h

)/ (£x(d*g - cxh))])/(3*d™2x£~(3/2) *h~2+Sqrt[e + f*x]*Sqrtl[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ bxx] /Rt [-(b*c - a*xd)/d, 2]]1, f*((bxc - axd)/(dx(b*e - a*f)))], x] /; Free



43

Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]
&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*x((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xf*(x/(b*xe - axf))]/(Sqrtla + b*x]*Sqrt[b*(c/(bxc - axd)) + b*d*(x/(bxc - a
*d))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], £*x((b*c - axd)/(d*(
bxe - a*f)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), O]
&& GtQ[b/(bxe - a*xf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + bxx]*Sqrt[b*x(c/(b*c - a*d)) + b*xd*(x/(b*c - a*xd))]*Sqrtl[e + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1611

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*fxh*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x]))*Simp[a*xAxd*fxh*(2*m + 3) + (A*b + a*B)*dxfxh*(2*m + 3)*x + bx*
Bxd*f*h*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
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x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£
_)*x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + D)*x((e + £xx)"(p +

1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*(b*ckxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxfx(m

+q+p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
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f 5a Adf h+5(Ab+aB)df hz+5bBdf ha? d
(a + bx)(A + Bz) dp — Ve+dz e+ fx \/g+ hz
Ve+dz e+ fx \/g+hz 5dfh

9 f 5d? fh(3a Adf h—bB(deg+cfg+ceh)

Ve+dz

B 2bB\/c+dx‘\/e+fx‘\/g+hx‘
N 3dfh

+

(3Abdfh + 3aBdfh — 2bB(df

B 2bBvc+dz \/e+ fr \/g+ hz

3dfh +
((Sadfh(Bg — Ah) + b(3Adf
_ 2bBVc+dz Ve+ fr \/g+hx B
B 3dfh
‘ ‘ . 2y/—de+cf (3Abdfh + 3aB
_ 2bBVc+dx Ve+ fr \/g+hx + 7 d
B 3dfh
‘ ‘ . 2y/—de+cf (3Abdfh + 3aBc
_2bB\/c+dz Ve+ fr \/g+hz n A J
B 3dfh
Mathematica [C] Result contains complex when optimal does not.
time = 23.31, size = 450, normalized size = 1.11

e+ dz’ | 26Bd fhle + fx)(g + ha) — 20 Dy tdete/) et 2 h) . “ y
w4+% w4+7

3B\ Je+ [z \Jg+ h

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]
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[Out] (Sqrtlc + d*x]*(2xb*B*d~2*xfxhx(e + f*x)*(g + h*x) - (2%xd"2*(-3*%Axbxd*f*h -
3xaxBxd*f*h + 2xb*B*(d*f*g + dxexh + ckxfxh))*(e + f*x)*(g + h*x))/(c + d*x)
+ ((2%I)*(d*e - c*f)xhx(3%A*b*d*f*h + 3*a*Bkd*f*h - 2%b*B*(d*f*g + d*exh +
cxfxh))*Sqrt[c + d*x]*Sqrt[(d*x(e + fx*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))
/(*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f
xg — c*f*xh)/(d*exh - cxfxh)])/Sqrt[-c + (d*e)/f] + ((2%I)*dxhx*(3*axd*f*(-(B
xe) + Axf)xh + b*(-3%Axdxexf*h + Bxcxf*(-(f*g) + exh) + Bkdxex(fxg + 2%ex*h)
))*Sqrt[c + d*x]*Sqrt[(dx(e + £xx))/(f*(c + d*x))]*Sqrt[(d*x(g + hx*x))/(hx*(c
+ d*x))]*EllipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*xf*g - c
*xfxh)/(d*xexh - cxfxh)])/Sqrt[-c + (d*e)/f]))/(3*d"3*f"2xh~2xSqrt[e + f*x]*S
qrtg + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 3231 vs.
2(359) = 718.
time = 0.11, size = 3232, normalized size = 7.98

method | result

V@z+ o) (fz +e) (hz + g) 260/ dfh 2® + cfha? + deh 2 + df g 2 + cehx + cfgx + degz +

3dfh

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(B*x+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x,method=_RET
URNVERBOSE)

[Out] -2/3%(-3%A*(-(h*x+g)*f/(exh-f*g))~(1/2)*((d*x+c)*h/(cxh-d*g))~(1/2)*((f*x+e
)xh/ (exh-f*g) )~ (1/2)*E11lipticE( (- (h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/
(cxh-d*g) )~ (1/2)) *bxd~2*e*xf*gxh~2-3*%B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c)
xh/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2)*E11lipticF ((- (h*x+g)*f/ (exh-
fxg))~(1/2), ((exh-f*g)*d/f/(c*h-d*g)) ~(1/2)) *a*ckd*exf*h~3+3*Bx (- (hxx+g) *f/
(exh-fxg))~(1/2)*((d*x+c) *h/ (cx¥h-d*g) )~ (1/2) * ((£*x+e) ¥h/ (exh-f*g) )~ (1/2) *E1
lipticF ((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(c*h-d*g) )~ (1/2))*a*c*xd
*xf~2%g*h~2-B* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c¥h-d*g) ) ~(1/2) * ((£*x
+e)*h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/ (exh-f*g))~(1/2), ((exh-fx*g)*d/
£/ (c*h-d*g)) ~(1/2) ) ¥b*cxd*f~2+g~2xh+Bx (- (h*xx+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c)
xh/ (c¥h-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/(exh-
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fxg))~(1/2), ((exh-f*g)*d/f/ (c*h-d*g)) ~(1/2)) *b*d~2xexf*g~2xh—2*Bx (- (h*xx+g) *
£/ (exh-f*g))~(1/2)* ((d*x+c)*h/ (cxh-d*g)) ~(1/2) * ((f*x+e) *h/ (exh-f*g))~(1/2)*
EllipticE((-(h*x+g)*f/(exh-fxg))~(1/2), ((exh-f*g)*d/f/(cxh-d*g))~(1/2))*b*xd
"2%f72%g"3+3%A* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~(1/2) * ((£
xx+e) *h/ (exh-f*g)) " (1/2)*E1lipticE((- (h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*
d/f/(cxh-d*g) )~ (1/2) ) *bxd~2*f ~2%g~2xh+2*B* (- (h*x+g) *f/ (exh-f*xg) ) ~(1/2) * ((d*
x+c)*h/ (cxh-dx*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) *E1lipticF ((- (h*x+g) *£f/(
exh-fxg))~(1/2), ((exh-f*xg)*d/f/(cxh-dx*g) )~ (1/2) ) *bxc~2xe*f*h~3-2xB* (- (h*x+g
)xf/(exh-f*g) )~ (1/2) * ((d*x+c)*h/ (cxh-dxg) ) ~(1/2) * ((f*x+e) *h/ (e*h-f*g) )~ (1/2
)*E11lipticF ((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*h-d*g))~(1/2))*Db
*xCc~2%f "2xgxh~2+B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~ (1/2) *(
(fxx+e)*xh/ (exh-f*g) )~ (1/2) *E1llipticF ((- (h*x+g) *f/(exh-f*g) )~ (1/2), ((exh-f*g
)*d/f/ (c¥h-d*g)) ~(1/2)) *b*c*kd*e~2+h~3-B* (- (h*x+g) *f/ (exh-f*xg) )~ (1/2) » ((d*x+
c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) *E1lipticF ((- (h*x+g) *f/ (e*
h-fxg))~(1/2), ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2) ) *b*d~2%e~2%g*h~2+3*B* (- (h*x+g
)*f/(exh-f*g) )~ (1/2)* ((d*x+c)*h/(cxh-d*g) )~ (1/2) * ((f*x+e)*h/(exh-f*xg))~(1/2
)*E1lipticE( (- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(cxh-d*g))~(1/2))*a
*xd~2%f " 2%g”~2xh-2%B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/2)
* ((fxx+e) *h/ (exh-f*g))~(1/2)*E1llipticE((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f
xg)*d/f/(cxh-d*g) )~ (1/2) ) *b*c~2*e*xf*h~3+2xB* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((
d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) *E11lipticE( (- (h*x+g)*f
/ (exh-£fx*g))~(1/2) , ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *bxc~2*f " 2xgxh~2-2*B* (- (h
*x+g) *xf/ (exh—-f*g) )~ (1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) )~
(1/2)*E1lipticE((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g))~(1/2
)) *bxckd*e”~2xh~3+2*B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/
2) * ((fxx+e)*h/ (exh-f*g))~(1/2)*E1lipticE((- (h*x+g)*f/(exh-f*xg))~(1/2), ((exh
-fxg)*d/f/ (c*h-d*g) )~ (1/2) ) ¥xbkxd~2xe~2*gxh~2-Bxb*ckd*f ~2*h~3*x~2-B*b*d~2*f "2
*xh~3%x73+3%Ax (- (h*xx+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~(1/2) * ((f*x
+e) *h/ (exh-£f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/ (exh-f*g))~(1/2), ((exh-f*g)*d/
£/ (cxh-d*g)) ~(1/2) ) ¥b*cxd*f~2*g*h~2+3*A* (- (h*xx+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+
c)*h/(cxh-d*g) )~ (1/2) * ((f*xx+e)*h/(exh-f*g)) ~(1/2)*E11lipticE((-(h*x+g)*f/(e*
h-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *bxc*d*e*xf*h~3-3*A* (- (h*x+g) *
£/ (exh-f*g))~(1/2)* ((d*x+c)*h/ (cxh-d*g) ) ~(1/2) * ((f*x+e)*h/ (exh-f*g))~(1/2)*
EllipticE((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*g)*d/f/(c*h-d*xg))~(1/2)) *b*c
*xd*f~2%g*h~2+2*B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~ (1/2) *(
(f*x+e)*h/ (exh-f*g))~(1/2)*E1llipticE((- (h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g
)*d/f/ (c¥h—-d*g)) ~(1/2) ) *b*cxd*exf*g*h~2+3*B* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((
d*x+c) *h/ (cxh—-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) *E1lipticE((- (h*x+g) *f
/ (exh-£f*g) )~ (1/2) , ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *axcxd*e*f*h~3-3*B* (- (h*x
+g)*xf/ (exh-f*xg) )~ (1/2)* ((d*x+c)*h/(cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1
/2)*E11lipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*h-d*g))~(1/2))
*xaxcxd*f~2xgxh~2-3*B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c)*h/ (cxh-d*g)) ~(1/
2) *((f*xx+e)*h/ (exh-f*xg)) ~(1/2)*E11lipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((e*h
—-fxg)*d/f/(cxh-d*g) )~ (1/2))*a*xd " 2xexf*g*h~2-3xA* (- (h*x+g) *f/(exh-fxg))~(1/2
) * ((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) *E1lipticF ((- (h*x+
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g)*f/ (exh-f*g))~(1/2), ((exh-f*g)*d/f/ (c*h-d*g)) ~(1/2) ) *b*ckd*e*xfxh~3-Bxbkcx
d*exf*gxh~2-B*b*d~2*e*f*h~3*x~2-B*b*d~2*f ~2%gxh~2*%x~2+3*A* (- (h*x+g) *f/ (exh-
fxg))~(1/2)*((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*xg)) ~(1/2)*E1llipti
cF ((-(h*x+g) *f/ (exh-f*g) )~ (1/2) , ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2))*axd~2*e*xfx*
h~3-3*Ax (- (h*x+g) *f/ (exh-£f*g) ) ~(1/2) * ((d*x+c) *h/ (c*¥h-d*g) ) ~(1/2) * ((f*xx+e) *h
/ (exh-f*g) )~ (1/2)*E1lipticF ((- (h*x+g) *f/ (exh-f*g))~(1/2), ((exh-fx*g)*d/f/ (c*
h-dxg)) ~(1/2) ) *a*d~2*f ~2*g*h~2-B*b*c*d*e*f*h~3*x-Bxbxcxd*f~2xgxh~2*x-Bxb*d~
2xexfxgkh~2%x) *x (d*x+c) " (1/2) * (f*x+e) " (1/2) * (h*x+g) ~(1/2) /h~3/£72/d"2/ (d*f*h
*x’“3+c*f*h*x"2+d*e*h*x’“2+d*f*g*x’“2+c*e*h*x+c*f*g*x+d*e*g*x+c*e*g)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx+a)* (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="maxima")

[Out] integrate((B*xx + A)*(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.48, size = 904, normalized size = 2.23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(Bxx+A)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="fricas")

[Out] 2/9*%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*B*bxd~2%f~2*h~2 + (2*Bxb*d
“2xf72%xg"2 + 2*Bxb*d"2¥h"2%e”2 + (B¥b*c*d - 3*(Bk*a + A*b)*d~2)*f 2*g*xh + (2
*Bxb*c~™2 + 9xAxa*d~2 - 3x(Bxa + A*b)*c*d)*f~2¥h~2 + (Bxbxd~2*f*gxh + (Bxbxc
xd - 3%(Bxa + Axb)*d~2)*fxh~2)*e)*sqrt(d*f*h)*weierstrassPInverse(4/3*(d~2x%
£72xg™2 - ckd*xf"2%gxh + c”2+%f72%h"2 + d"2*%h"2*e”2 - (d"2*f*gxh + c*d*f*h~2)
xe)/(d"2x£72xh~2) , -4/27*(2*xd"3*f"3*%g"3 - 3*ckd 2*xf73%g~2%h - 3*c”2*d*f"3xg
*h~2 + 2%xc"3*f73%h~3 + 2*d"3*h"3*%e”3 - 3*%(d"3*f*xgxh~2 + cxd"2xf*xh~3)*e"2 -
3% (d"3*f"2xg~2*%h - 4xcxd"2+f"2xg*h~2 + c”2*d*f"2xh~3)*e)/(d"3*f"3*h~3), 1/3
*x (3xdxfxh*x + dxfxg + cxfxh + dxh*e)/(d*fxh)) + 3*x(2%Bxbxd~2*f 2xgxh + 2%B*
b*xd~2*f*h~2xe + (2%B*bk*cxd - 3*(Bxa + A*b)*d~2)*f~2xh~2)*sqrt (d*fxh)*weiers
trassZeta(4/3*x(d"2*xf72%g"~2 - cxd*f~2%gxh + c~2*f72%xh~2 + d"2xh"2%e"2 - (d"2
xfxgxh + cxdxfxh~2)x*e)/(d"2*x£72x¥h"2), -4/27*(2%d"3*f"3*g~3 - 3kcxd~2*f 3*g~
2¥h - 3%c”2%d*f"3%g*h~2 + 2%c”3*%f"3%h"3 + 2%d"3%h"3%e”3 - 3x(d"3*f*g*h~2 +
c*d"2xfxh~3)*xe"2 - 3% (d"3*f72xg~2%h - 4xc*xd~2*f"2xgxh~2 + c~2xd*f~2*%h~3)*e)
/(d"3*%£"3%h"3), weierstrassPInverse(4/3*(d"2*f"2*g~2 - c*d*f~2xgxh + c™2xf~
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2¥h~2 + d"2*%h"2%e”2 - (d"2xfxgxh + cxdxfxh~2)*e)/(d"2*f72xh~2), -4/27*(2*d"”
3*xf73%xg"3 - 3*kckxd"2*xf"3*%g"2xh — 3kcT2*d*f"3kg*kh"2 + 2xc"3*f"3*%h"3 + 2*d"3*h
“3%e”3 - 3%(d"3*f*g*h~2 + c*d"2+fxh"3)*e”"2 - 3% (d"3*f"2xg"2xh - 4xcxd"2xf"2
*xgxh~2 + c”2xd*xf72¥h~3)*e)/(d"3*f73%¥h"3), 1/3*(3*d*f*h*x + d*f*g + c*fxh +
dxhx*e)/(d*f*h))))/(d~3*£~3*%h~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(A+ Bz) (a + bx)

‘ ‘ -dz
Ve+ds e+ fr g+ hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(B*x+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + B*x)*(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="giac")
[Out] integrate((Bxx + A)*(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(A+Bz) (a+bx)
ve+fz \Vg+hr Vet+dr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2))
»X)
[Out] int(((A + B*x)*(a + b*x))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2))

, X)
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f A+Bx ‘ ‘dx
vVe+dr e+ fx /g+ hx

Optimal. Leaf size=284

2B\/—de + cf \/dc(;%? Vg+he E sin—l ({/F_d”:if; ) If‘fzgcﬁi,’;) 2/—de + cf (Bg—Ah)\ﬁ

dfh /— g+th‘)

3.3

[Out] 2+B*EllipticE(£7(1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2), ((-cxf+d*e)*h/f/(-cxh+d
*g)) ~(1/2) ) * (cxf-dxe) ~(1/2) * (d* (fxx+e) / (-cxf+d*e) ) " (1/2) * (h*x+g) ~(1/2) /d/h/
£7(1/2) / (£xx+e) ~(1/2) / (d* (h*x+g) / (—~c*h+d*g) ) ~(1/2) -2x (-~A*h+B*g) *E11lipticF (£
~(1/2)*(d*x+c) " (1/2) / (cxf-d*e) ~(1/2) , ((-c*xf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2) ) * (c*
f-dxe) ~(1/2) % (d* (fxx+e) / (-cxf+d*e) ) ~(1/2) % (d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /d/h/
£7(1/2) / (fxx+e) = (1/2) / (h*x+g) = (1/2)

Rubi [A]
time = 0.11, antiderivative size = 284, normalized size of antiderivative = 1.00, number of

number of rules — 0.152,
' integrand size

steps used = 6, number of rules used = 5, integrand size = 33
Rules used = {164, 115, 114, 122, 121}

|d 5+f$ \/_‘\/C+d$ (de f) d(e+ fx) [d( +hx) c+dx (d f)h
2B+\/g+ hx \/cf —de de—cf ArcSln \/W )lﬂd‘ ) 2(Bg Ah)+/cf —de de—cf dg—ch ArcSm cf — \

d(g + hz) dfh\/e+fz \/g+hx
dfh\/e+fx dg—ch

Antiderivative was successfully verified.
[In] Int[(A + B*x)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (2+B*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt [f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*xfl]l, ((d*e - c*f)*h)/(f

*(d*g - cxh))1)/(d*Sqrt [f]*h*Sqrte + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)])

- (2*%Sqrt[-(d*e) + cxf]*(B*g - Axh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(

dx(g + hx*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d

xe) + cxf]], ((d*e - cxf)*h)/(f*x(d*g - c*h))])/(d*Sqrt[f]*h*Sqrt[e + f*x]*S

qrtlg + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 2]1], fx((b*c - axd)/(d*(b*e - axf)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] &% !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])
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Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*xf))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xf*(x/(b*e - a*xf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(bxc - a
xd))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(bxc - a*xd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], £*((bxc - a*xd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rubi steps
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\/g-l-hw . 1
/ A+ Bz dx:Bf\/c+dx\/e+fwdx+( Bg+Ah)f\/c+dx‘\/e+fx‘\/§
Ve+dz \Je+ fr \/g+hx h h
((—Bg+Ah) %Z'))f —
— T
¢+de \/de—cf de — cf \/_

hv/e+ fx

)i

d
) op/=de+ef | L) o p (s (Ve

d\/T h\Je ¥+ fz %

Byl e N C (—ﬁ Vet

)

NN g+hz)

Mathematica [C] Result contains complex when optimal does not.
time = 19.41, size = 319, normalized size = 1.12

[ [ e
| " f [+ F oy [—e+F
2 —Bd‘\//—c+% (e+fr)(y+hz)—iB(de—cf)h(c+dz)‘/‘\///l;((ii£:; \/?L((ZZ:; E[zsinh' (\ CM; ]%—L] +id(Be — Af)h(c+de)¥?, | \ T th; \/7((‘912 (isinh‘ [V Hdzf |dra=et

d?VLH% fhverdz e+ fz \/g+ha

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/(Sqrtlc + d*x]*Sqrt[e + fxx]*Sqrt[g + h*x]),x]

[Out] (-2%(-(B*d~2xSqrt[-c + (d*e)/fl*(e + f*x)*(g + h*x)) - IxBx(dxe - c*f)*hx*(c
+ d*x)~(3/2)*#Sqrt[(d*x(e + f*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c +
d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxfx
h)/(d*xexh - cxfxh)] + Ixdx(Bxe — Axf)*h*x(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/

(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-

c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)]))/(d"2*Sqrt[-

c + (d*e)/f]xf*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 565 vs.
2(250) = 500.
time = 0.12, size = 566, normalized size = 1.99

method | result

o

z+4 [ x+< | =+3 +4 -9+
e, g h d iotic +h f
+h) _?_,’_g h+d _g+; EllipticF %-ﬁ-% %+§

d h |
V(de + ) (fz +e) (hz + g) Vdfhz? + cfha? + dehz* + df g2? + cehz + cfgz + degz + c

1lipti
eHpHie Vdz +

2 <A EllipticF ( \/ — (:}ffjgf)gf , Sf(’;:f g;‘;l ) de h2 — A EllipticF < \/ - (sz%f , gf(’é;f Z;‘; ) df gh— B EllipticF < \/i

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,method=_RETURNVERBO
SE)

[Out] -2x(A*EllipticF((-(h*x+g)*f/(exh-fxg))~(1/2), ((exh-f*xg)*d/f/(c*xh-d*g))~(1/2
))*dxexh~2-A*E1lipticF ((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g
))~(1/2))*d*f*gxh-BxE11lipticF ((-(h*x+g)*f/(exh-f*g) )~ (1/2), ((exh-f*xg)*d/f/(
cxh-d*g) )~ (1/2) ) *cxexh~2+B*xE1lipticF ((- (h*x+g) *f/ (exh-f*g) )~ (1/2), ((exh-f*g
)*d/f/ (c¥h-d*g)) ~(1/2) ) *c*f*xgxh+B*E11lipticE((- (h*x+g) *f/ (exh-f*g))~(1/2), ((
exh—-fxg)*d/f/(cxh-d*g) )~ (1/2))*cxexh~2-B*xE11lipticE( (- (h*x+g)*f/(exh-f*xg))~(
1/2), ((exh-f*g)*d/f/(c*h-d*xg)) ~(1/2) ) *cxf*gxh-B*E11lipticE( (- (h*x+g) *f/ (e*h-
fxg))~(1/2), ((exh-f*g)*d/f/(c*¥h-d*g)) ~(1/2)) *d*e*xgxh+B*E11ipticE ((- (h*x+g) *
£/ (exh-f*g))~(1/2), ((exh-f*g)*d/f/ (c*h-d*g)) ~(1/2) ) *d*f*xg~2)* ((f*x+e)*h/ (ex*
h-f*g))~(1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~(1/2) * (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) /h~2/
f/dx(d*x+c)~(1/2) *(£xx+e) ~(1/2) * (h*x+g) ~(1/2) / (d*f*xh*x~3+c*kf*xh*x~2+d*exh*x~
2+d*f*g*x”2+c*e*h*x+c*f*g*x+d*e*g*x+c*e*g)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="m
axima")
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[Out] integrate((Bxx + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.36, size = 725, normalized size = 2.55

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="f
ricas")

[Out] -2/3%(3*sqrt(d*fxh)*Bxd*f*h*weierstrassZeta(4/3*(d"2*f"2%g"~2 - cxd*f ~2*gxh
+ c"2+f72xh"2 + d72*h"2%e”2 - (d"2*xf*gxh + ckxd*fxh~2)*e)/(d"2*%f"2xh"~2), -4/
27%(2xd"3*%f"3%g~3 - 3kckd"2xf"3*%g"2xh - 3*c"2xd*xf"3*g*h~2 + 2%c”3*f"3%xh"3 +
2*d"3xh~3%e”3 - 3*(d"3xf*g*h~2 + c*d"2*fxh~3)*e”2 - 3*%(d"3*f"2xg~2%h - 4x*c
*d"2%f"2%gxh~2 + c"2*d*f~2%h~3)*e)/(d"3*£"3*%h"3), weierstrassPInverse(4/3*(
d"2*f72xg"2 - cxd*xf"2%gxh + cT2*%f"2xh"2 + d"2xh"2*%e”2 - (d"2xf*g¥h + cxd*xf*
h~2)xe) /(d"2+£72%h"2) , -4/27*(2*d"3*f"3*g~3 - 3xcxd"2*f 3xg~2*%h - 3xc~2*d*f
“3xg*xh~2 + 2xc”3*%f"3*%h~3 + 2*%d"3*h~3%e”3 - 3x(d"3xfxg*h”~2 + cxd~2*f*h~3)*e”
2 - 3x(d"3*xf"2%g"2xh - 4*c*kd"2xf"2%g*h~2 + c”2*d*f"2xh~3)*e)/(d"3*£"3xh"3),
1/3*(3*%d*f*h*x + d*f*g + c*f*h + d*h*e)/(d*f*h))) + (Bxd*f*g + Bxdxhxe + (
Bxc - 3%A*d)*fx*h)*sqrt(d*f*h)*weierstrassPInverse(4/3*(d"2*xf"2xg~2 - cxd*f~
2%gxh + c”2+%f72*%h"2 + d"2*%h"2*e”2 - (d"2xf*gxh + cxd*fxh~2)*e)/(d"2*f"2+h"2
), —4/27%(2%d"3*%f"3*g~3 - 3kcxd"2+f"3%g~2xh - 3*kc"2xd*xf"3*gkh~2 + 2%c”3*f"3
*h~3 + 2*d"3xh~3%e”3 - 3x(d"3xf*g*h~2 + cxd"2*f*h~3)*e"2 - 3%(d"3*f"2%g~2xh
- 4xcxd"2*%f"2xgxh~2 + c"2xd*xf"2*%h"3)*e)/(d"3*%£"3*h"3), 1/3*%(3*d*f*h*x + d*
fxg + cxfxh + dxhxe)/(d*fxh)))/(d"2*x£~2xh~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
A+ Bzx

/\/c+dx\/e+fm\/g+hx &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + B*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="g

iac")

[Out] integrate((Bxx + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
A+ Bzx

d
/\/e+fx Vg+hr Ve+dr ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)
[Out] int((A + Bxx)/((e + £*x)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)
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3.4 f A+Bx dx
(a+bz) Ve +dx e+ fr \/g+ hx

Optimal. Leaf size=313

zww\/ e+ /) \/@*’“) F (o (WVHdw)%;g) 2(A—B) /~de T ef

de —cf dg — ch \/ de + cf

bd\/f e+ fr \/g+ ha

[Out] 2*B*EllipticF(£f~(1/2)*(d*x+c)~(1/2)/(c*xf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*h+d
*xg) )~ (1/2) ) *(cxf-d*xe) ~(1/2) *(d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g) / (-cxh+d
xg))~(1/2)/b/d/£~(1/2) / (£xx+e)~(1/2) / (h*x+g) ~(1/2)-2* (A-a*B/b) *E1lipticPi (f
~(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) " (1/2) ,-bx (-c*f+d*e) / (-a*xd+b*c) /f, ((-c*f+d*e)
xh/f/(-cxh+d*g) )~ (1/2) ) *(c*f-d*e) ~(1/2) *(d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*

x+g)/ (-cxh+d*g) )~ (1/2)/(-a*d+bxc) /£~ (1/2) / (f*x+e) ~(1/2) / (h*xx+g) ~(1/2)

Rubi [A]
time = 0.49, antiderivative size = 313, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.175,

steps used = 9, number of rules used = 7, integrand size = 40
Rules used = {1621, 175, 552, 551, 12, 122, 121}

N /d(e+fx /d(g+hz ArcSm f\/cﬁ—de |f(d h) =& e+fz df]+hz bd f) . ArcSin fVC-;:z>|;ﬁ:; fh)>

bdf +fz 9+hz e+ fz \/g+hz (bc— ad)

Antiderivative was successfully verified.
[In] Int[(A + Bxx)/((a + b*x)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + hxx]),x]

[Out] (2+B*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]],

((d*e - cxf)xh)/(f*(d*g - cxh))])/(b*d*Sqrt[f]*Sqrt[e + f*x]*Sqrt[g + h*x])

- (2x(A - (a*B)/b)*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*f))/((b*c - a*d)*f)),
ArcSin[(Sqrt [f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*xfl], ((dxe - c*f)*h)/(fx(d*g

- cxh))])/((b*c - a*xd)*Sqrt[f]*Sqrt[e + f*x]*Sqrt[g + h*x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(bxe - axf)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd), 0]
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&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]x*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !'GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*x(x"2/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQld/c, 0] && GtQ[c, 0] && GtQ[e, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl[(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x"2]/Sqrtl[c + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*xx~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && !'GtQ[c, O]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£
_Ox(x)))"(p_I)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + dx*
x)"n*(e + f*x)“px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
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A+ Bz dm—(A—ﬁ)/ 1
(a+bx)Ve+dr e+ fxr \/g+hz B b (a+bx)Ve+dz e+ fr \/g+hx

b b

zBf\/c—i-dx\/e—i-fx\/g—i-hxdx < (A—ﬁ

dm+/
))sm

B d(e + fx) f 1
de—ef Ve+dx \/ df Vg+
B e—cf de — cf |
B bve+ fx
d(e+fz) [d(g+ha)
(B\/ de — cf \/dg—ch )f
p

bve+ fr \/g+hz

2B /——de—i— \/ 6+f:1;)‘ d(g+h.’L')F(Sin_1<\/?V

de — cf dg — ch

bd\/f e+ fr \/g+hx
Mathematica [C] Result contains complex when optimal does not.
time = 21.26, size = 245, normalized size = 0.78
—c+ de —c+ de
2ive+ fr gigmg b(—Bc+ Ad)F | isinh™* \/c-kTaf |3£‘Z:§Z + (—Ab + aB)dII _gcdﬁ bd},: isinh—! \/(H_T; lﬁﬁiii’}ii
bc+ad)\/—c+— f\/ iigi) g+hz

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/((a + bxx)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),x
]

[Out] ((2*I)*Sqrtle + fxx]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*(b*x(-(B*c) + A*xd)*El
lipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxf*h)/(d*exh
- cxfxh)] + (-(A*b) + a*B)*d*EllipticPi[-((b*c*f - axdxf)/(b*d*e - b*c*f))
, I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - c*xfxh)/(d*exh - cxf
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*xh)]))/(b*x(-(b*c) + a*d)*Sqrt[-c + (d*xe)/fl*f*Sqrt[(d*(e + f*x))/(f*x(c + dx*
x))1*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 667 vs.
2(279) = 558.
time = 0.12, size = 668, normalized size = 2.13

method | result

z+2 T+ < z+ £ z+ 9 — 94 €
: . | +#) 5 —%-ﬁﬁ _%_{% EllipticF( _%_'f% , _%+§
T —+cC Tr+e T —+

VI Y ) 9 sv/dfhz3 + cfhx? + deh x? + df g 22 + cehx + cfgx + degx +

elliptic ‘ ‘
P Vdz +c /fr+e
- owhx+g /frfe Vdx+c¢ \/ - (Z,ff%f (iﬁ%h \/ (ﬁ,ff;};h <AEHipticPi< —_(Zﬁ]g)gf Sty

efau —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_RET

URNVERBOSE)

[Out] -2*(h*x+g)~(1/2)*(f£*x+e)”(1/2)*(d*x+c)~(1/2) /b/f/h* (- (h*x+g) *f/(exh-f*g))~(

1/2) * ((d*x+c) *h/ (cx¥h-d*g) )~ (1/2) * ((£*x+e) *h/ (exh-f*g) ) ~(1/2) * (AxE11lipticPi(
(- (h*x+g) *£/ (exh-f*g) )~ (1/2), (exh-f*g) *b/f/ (a*h-b*xg) , ((exh-f*g) *d/f/ (c*h-d*
g))~(1/2)) *b*exh~2-A*E1lipticPi ((- (h*x+g)*f/(exh-f*xg))~(1/2), (exh-f*g)*b/f/
(axh-b*g) , ((exh-f*g)*d/f/(cxh-dxg)) ~(1/2) ) *b*f*g*h-B*E11lipticPi ((- (h*x+g) *f
/(exh-f*g))~(1/2), (exh-f*g) *b/f/(axh-b*g) , ((exh-f*g)*d/f/(cxh-d*g))~(1/2))*
axexh~2+B*E1lipticPi ((-(h*x+g)*f/(exh-f*g))~(1/2), (exh-f*g)*b/f/(a*xh-b*g) , (
(exh-f*g)*d/f/(c*h-d*g)) ~(1/2)) *a*f*gxh+B*E11lipticF ((- (h*x+g) *f/(exh-f*g))~
(1/2), ((exh-f*g)*d/f/ (c¥h-d*g) ) ~(1/2) ) *a*exh~2-B*E1lipticF ((- (h*x+g) *f/ (exh
-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*axf*g*h-B*xE11lipticF ((-(h*x+g)
*xf/(exh-f*g) )~ (1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*bxexg*h+B*E1lipticF ((-
(hxx+g) *f/ (exh-£f*g) )~ (1/2) , ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *bxfxg~2) / (axh-b
xg) / (d*E*h*x~3+c*f*h*x~2+d*e*h*kx~2+d*f*gkx~2+ckxexh*kx+cxfxg*x+d*kexgxx+cre*g)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)/(d*x+c)~(1/2)/(£*x+e)~(1/2)/(h*x+g)~(1/2),x,
rithm="maxima")

algo
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[Out] integrate((Bxx + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x+A)/(bxx+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo

rithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bx da
(a+bx) Ve+dz \/e+ fr \/g+hx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + B*x)/((a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo

rithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),

x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
A+ Bz

/\/e-l—fx Vg+hz (a+bz) Vetdz

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + bxx)*(c + d*x)~(1/2)),x
)
[Out] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2)),
X)
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3.5 A+Br dz

(atbz2 Ve +dz e+ fz g+ hx

Optimal. Leaf size=678

(Ab—aB)+\/f \/—de +cf \/dc(lc%? Vg + hz E(sin_l
(be — ad)(be — af)(bg — ah) /e + fz \/5

b(Ab— aB)Vc+dz \Je+ fr \/g+hx
(bc — ad)(be — af)(bg — ah)(a + bx)

[Out] -bx(Axb-Bx*a)*(d*x+c)”(1/2)*(fxx+e)~(1/2)* (h*x+g)~(1/2)/(-a*d+b*c)/(-axf+bxe
)/ (~a*h+bxg) / (b*x+a)+(A*b-B*a) *E11lipticE (£~ (1/2) * (d*x+c) ~(1/2) / (c*f-d*e) ~ (1
/2) , ((-cxf+d*e) ¥h/f/ (-cxh+d*g) ) ~(1/2) ) *£7(1/2) * (cxf-d*e) ~ (1/2) * (d* (f*x+e) / (
—cxf+dxe) )~ (1/2) *x (hxx+g) ~(1/2) / (-a*xd+b*c) / (—a*xf+bxe) / (~axh+bxg) / (fxx+e) ~(1/
2) / (d* (h*x+g) / (-c*¥h+d*g) ) ~(1/2) +(3*a~2xAxb*xd*f*h—a~3*B*d*f*h-b~3% (2xBxcke*g
—A* (cxexh+cxfxg+d*e*g) ) +axb~2* (Bx (ckxexh+c*f*xg+dxexg) —2xA* (cxf*h+d*exh+d*f*g
)))*E1lipticPi(£7(1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2) ,~-b* (-c*f+d*xe)/(-axd+b*
c)/f, ((-cxf+d*e) *h/f/(-c*h+d*g)) ~(1/2))*(c*xf-d*e) ~(1/2) * (d* (f*x+e) / (—cxf+d*
e))~(1/2)*(d* (h*x+g) / (-cxh+d*g) )~ (1/2) /b/ (-a*d+b*c) ~2/ (—axf+bxe) / (~a*h+b*g)
/£7(1/2) / (£*xx+e) ~(1/2) / (h*x+g) ~ (1/2) - (A*b-B*a) *E11lipticF (£~ (1/2) * (d*x+c) ~ (1
/2)/ (cxf-dxe)~(1/2), ((—c*f+d*e) *h/f/(—c*xh+d*g)) ~(1/2))*£~(1/2) * (cxf-dxe) " (1
/2)*(d* (fxx+e) / (-cxf+d*e)) ~(1/2) * (d* (h*x+g) / (-cxh+d*g) )~ (1/2) /b/ (-a*d+bxc)/
(—axf+bxe)/ (fxx+e) ~(1/2) / (h*xx+g) ~(1/2)

Rubi [A]

time = 1.01, antiderivative size = 678, normalized size of antiderivative = 1.00, number of

steps used = 12, number of rules used = 10, integrand size = 40, number of rules _ 0.250,
integrand size

Rules used = {1613, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.
[In] Int[(A + B*x)/((a + b*x)~2*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hx*x]),x]

[Out] -((b*(Axb - a*B)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/((b*c - axd)*(b
*e — axf)*(b*g - axh)*(a + b*x))) + ((A*b - a*B)*Sqrt[f]*Sqrt[-(d*e) + c*f]
*xSqrt [(dx(e + f*x))/(d*xe - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))]1)/((b*c -
axd) *(bxe - axf)*(b*xg - axh)*Sqrtl[e + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]
) - ((Axb - axB)*Sqrt[f]*Sqrt[-(dxe) + c*f]*Sqrt[(d*(e + f*x))/(d*e - c*f)]
*Sqrt [(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/S
qrt[-(dxe) + c*f]l], ((d*e - cxf)*h)/(f*(d*g - c*h))]1)/(bx(bxc - a*xd)*(b*e -
axf)*Sqrt[e + fxx]*Sqrtlg + h*x]) + (Sqrt[-(d*e) + cxf]*(3*a~2xAxb*d*f*h -
a~3*Bxd*f*h - b~3*(2xBxcke*xg — Ax(dxexg + cxfxg + c*exh)) + a*xb”2%(B*(dxe*
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g + cxfxg + ckexh) - 2xAx(dxf*g + dxexh + c*fxh)))*Sqrt[(d*(e + fx*x))/(d*e
- cxf)]*Sqrt[(d*(g + h*x))/(d*g - cxh)]*EllipticPi[-((b*(d*e - cx*f))/((bxc
- axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf
)*h) /(£x(d*g - c*h))])/(b*(b*c - axd) ~2*xSqrt[f]*(b*e - axf)*(b*g - axh)*Sqr
tle + f*xx]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*xc - a*d)/d, 2]], f*x((bxc - axd)/(d*(bxe - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] & !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- a*xd), 0] && GtQ[d/(dxe - cxf), 0] && !'LtQ[(b*xc - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
x*d))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symboll :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*xc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x1 /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
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SimplerQ[a + b*x, e + f*x] &% SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - cxf)/d + f*(x"2/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)~2]*Sqrt[(e ) + (f_.)*(x
_)721), x_Symboll :> Simp[(1/(a*Sqrt[c]*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [bx
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(dxe))], x] /; FreeQ[{a, b, c, 4, e,
£}, x] & 'GtQld/c, 0] && GtQ[c, 0] && GtQ[e, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrt[e + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, O]

Rule 1613

Int [((C(a_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - a*b*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(bx
c - axd)*(bxe - a*f)*(bxg - a*h)), Int[((a + b*x)~(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2*¥a~2*d*fxh*(m + 1) - 2%a*xbx(m + 1)*(d*
fxg + dkexh + c*f*h) + b~2%(2#m + 3)*(d*exg + cxf*g + cxexh)) - bxBx(a*x(dxe
xg + c*xf*xg + cxexh) + 2¥bkxckxexg*x(m + 1)) - 2x((A*b - axB)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
=2, x1, x1, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&% LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_Ox(x)))"(p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
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x)"n*x(e + f*x)“px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] &% EqQ[m, -1]

Rubi steps
—2a% Adfh+b2
/ A+ Bz dx__b(Ab—aB)\/c+dx\/e+fx\/g+hx+f
(a+bz)2Ve+dx e+ fx \/g+ha a (bc — ad)(be — af)(bg — ah)(a + bx)
aAdfh— 22
_ b(Ab—aB)Vc+dz e+ fx \/g+hz c+dz A
=T (e—ad)(be—af)(bg —ah)(a+bx) | 2(bc—ad)
_ _b(Ab—aB)Vc+dz e+ fr \/g+ht (46— aB)d
(bc — ad)(be — af)(bg — ah)(a + bzx)
((Ab—aB)t
_ b(Ab—aB)Vc+dz \e+ fz \/g+hz
(bc — ad)(be — af)(bg — ah)(a + bz)
_ b(Ab—aB)Vc+dz e+ fz \/g+hz (46— aB)
~ (bc— ad)(be — af)(bg — ah)(a + bz) *
_ _b(Ab—aB)\/c—I—dx‘\/e+fw‘\/g—|—hx‘ + (A4b—aB)y

(bc — ad)(be — af)(bg — ah)(a + bzx)

Mathematica [C] Result contains complex when optimal does not.
time = 33.97, size = 3402, normalized size = 5.02

Result too large to show
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Antiderivative was successfully verified.

[In] Integrate[(A + Bxx)/((a + b#*x)~2#Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] -((b*(A*b - a*B)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/((b*c - a*d)*(b
*xe - axf)*(b*g - axh)*(a + bxx))) - ((c + d*x)~(3/2)*(-(A*b~3*c*xf*Sqrt[-c +
(d*g) /h]l*h) + a*b~2xBxc*f*Sqrt[-c + (d*g)/h]l*h + a*A*b~2xd*f*Sqrt[-c + (d*
g)/h]l*h - a~2xb*B*xd*f*Sqrt[-c + (d*g)/h]l*xh - (Axb~3*c*d 2xexg*Sqrt[-c + (d*
g)/h])/(c + d*x)~2 + (axb~2*Bkcxd~2xe*g*Sqrt[-c + (d*g)/h]l)/(c + d*x)~2 + (
a*A*b~2*%d"3*e*xg*Sqrt [-c + (d*g)/h]l)/(c + d*x)~2 - (a~2*%b*B*d~3*e*g*Sqrt[-c
+ (d*g)/h])/(c + d*x)~2 + (Axb~3xc~2xd*fxgxSqrt[-c + (d*g)/h])/(c + d*x)~2
- (a*b™2*Bxc”™2*xd*f*gxSqrt [-c + (d*g)/h])/(c + d*x)~2 - (a*xA*b~2xckd ~2*f*g*S
qrt[-c + (d*g)/h])/(c + d*x)~2 + (a"2xb*Bkxc*d~2xf*g*Sqrt[-c + (d*g)/h]l)/(c
+ d*x)”"2 + (Axb~3%c”2xdxexSqrt[-c + (d*g)/hl*h)/(c + d*x)~2 - (axb~2*B*xc~2x
dxexSqrt[-c + (d*g)/h]l*h)/(c + d*x)~2 - (axAxb~2xcxd"2xexSqrt[-c + (d*g)/hl]
*h)/(c + d*x)~2 + (a"2*%b*Bkckd~2*e*xSqrt[-c + (d*g)/h]l*h)/(c + d*x)~2 - (A*b
~3*%c”3*fxSqrt[-c + (d*g)/hl*h)/(c + d*x)~2 + (a*b~2xBxc~3*f*Sqrt[-c + (d*g)
/hl*h)/(c + d*x)~2 + (axAxb~2*c~2xd*fxSqrt[-c + (d*g)/hl*h)/(c + d*x)~2 - (
a~2xbxBxc~2xdxfxSqrt[-c + (d*g)/hl*h)/(c + d*x)~2 - (A*b~3*cxdxfxg*Sqrt[-c
+ (d*g)/h])/(c + d*x) + (axb~2*Bxckxdxf*g*Sqrt[-c + (d*g)/h]l)/(c + d*x) + (a
*Axb~2%d"2xfxg*xSqrt[-c + (d*g)/h]l)/(c + d*x) - (a~2xb*B*d~2xfxgxSqrt[-c + (
d*g)/h])/(c + d*x) - (A*b~3*xckxd*e*xSqrt[-c + (d*g)/hl*h)/(c + d*x) + (axb~2*
Bxcxd*e*xSqrt[-c + (d*g)/hl*h)/(c + d*x) + (a*A*b~2xd~2*e*Sqrt[-c + (dx*g)/hl]
xh)/(c + d*x) - (a~2xbxBxd~2*e*xSqrt[-c + (d*g)/hl*h)/(c + d*x) + (2%A*b~3*c
~2xf*Sqrt[-c + (dxg)/hl*h)/(c + d*x) - (2%a*b~2*Bxc~2*f*Sqrt[-c + (d*g)/h]x*
h)/(c + d*x) - (2xaxAxb~2xcxd*f*Sqrt[-c + (d*g)/hl*h)/(c + d*x) + (2xa~2xbx
BxcxdxfxSqrt[-c + (d*g)/hl*h)/(c + d*x) + (Ixbx(A*b - a*B)*(b*c - a*xd)*f*(-
(d*g) + c*h)*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*
x) + (d*g)/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d
*x]], (d*exh - c*fxh)/(d*f*g - cxfxh)])/Sqrtlc + d*x] - (I*b*d*(-(b*e) + ax
f)*x (2%b*B*c*kg — A*b*(dxg + cxh) - a*(Bxdxg + Bxcxh - 2xAxdxh))*Sqrt[1 - c/(
c + dxx) + (dxe)/(fx(c + d*x))]*Sqrt[l - c/(c + d*x) + (d*g)/(h*(c + d*x))]
*E1lipticF [I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (dxexh - cxfxh)/(d*
fxg - cxf*h)])/Sqrtlc + d*x] - ((2*I)*b~3*Bkckdxexg*Sqrt[l - c/(c + d*xx) +
(dxe)/(f*x(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (dxg)/(h*(c + d*x))]*EllipticPi
[-((bxc*h - axd*h)/(b*d*g - bkc*h)), IxArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc +
d*x]], (d*exh - cxfxh)/(d*fxg - c*fxh)])/Sqrtlc + d*x] + (I*A*b~3*d~2%e*g*S
grt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (d*g)/(h*
(c + d*x))]*EllipticPi[-((b*cxh - a*d*h)/(b*d*g - b*c*h)), I*ArcSinh[Sqrt[-
c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cxfxh)/(dxfxg - c*xfxh)])/Sqrtlc + d*x
1 + (Ixaxb~2xBxd~2xexgxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 -
c/(c + d*xx) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*h - a*d*h)/(bxd*g - b
*xc*h)), I*ArcSinh[Sqrt[-c + (d*g)/hl/Sqrtlc + dxx]], (d*exh - cxfxh)/(d*f*g
- cxfxh)])/Sqrtlc + d*x] + (I*A*b~3*cxd*xf*g*Sqrt[l - c/(c + d*x) + (dxe)/(
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fx(c + d*x))]*Sqrt[l - c/(c + d*x) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c
xh - a*d*h)/(b*d*g - bxcxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtlc + d*x]],

(d*exh - cxfxh)/(dxf*xg - cxfxh)])/Sqrtlc + d*x] + (I*axb~2*Bkckd*xfxgxSqrt[1
- ¢/(c + d*x) + (dxe)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c +
d*x))]*EllipticPi[-((b*c*h - axdxh)/(b*d*g - bxcxh)), I*ArcSinh[Sqrt[-c + (
dxg)/h]/Sqrt[c + d*x]], (d*exh - c*fxh)/(d*f*g - cxfxh)])/Sqrtlc + d*x] - (
(2%I)*axAxb~2*xd"2xfxg*Sqrt[1 - c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[1 -

c/(c + d*x) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*h - a*d*h)/(bxd*g - bx*
c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtl[c + d*x]], (d*exh - c*fxh)/(d*f*g
- cxf*h)])/Sqrtlc + d*x] + (I*A*b~3*c*d*exh*Sqrt[l - c/(c + d*x) + (d*e)/(f
x(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*cx*
h - a*d*h)/(b*d*g - bxcxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (
dxexh - cxfxh)/(d*f*g - c*f*h)])/Sqrtlc + d*x] + (I*axb~2*B*c*d*exh*Sqrt[1
- c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*g)/(h*(c + d
*x))]*E1lipticPi[-((b*c*h - a*d*h)/(b*d*g - bxcxh)), I*ArcSinh[Sqrt[-c + (d
xg)/h]/Sqrt[c + d*x]], (d*exh - c*fxh)/(d*f*g - cxfxh)])/Sqrtlc + d*x] - ((
2xI)*axAxb~2+d"2*exh*xSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[l - ¢
/(c + d*x) + (d*g)/(h*(c + d*x))]1*E1lipticPi[-((bkckh - axd+h)/(bxd*g - bkc
*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cxfxh)/(dxfxg -
cxf*h)])/Sqrtlc + dxx] - ((2+I)*a*xA*b~2xcxd*f*h*Sqrt[1 - c/(c + d*x) + (dx
e)/(fx(c + d*x))]*Sqrt[1l - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPil[-(
(bxcxh - axdxh)/(b*d*g - b*c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x
11, (d*exh - c*f*h)/(d*f*g - cxfxh)])/Sqrtlc + d*x] + ((3*I)*a~2*xA*xb*xd~2xfx
hxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/
(hx(c + d*x))]*EllipticPi[-((b*c*h - a*d*h)/(b*d*g - b*cxh)), IxArcSinh[Sqr
t[-c + (d*g)/h]1/Sqrtlc + d*x]], (d*exh - cxf*h)/(d*fxg - cxf*h)])/Sqrtlc +
dxx] - (I*a~3*xB*xd~2xfxh*xSqrt[1 - c/(c + d*x) + .

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 13343 vs.
2(621) = 1242.
time = 0.12, size = 13344, normalized size = 19.68

method | result

\/(d.’l? o) (fz+e) (ha + g)‘ sa-Ba)V/df h x® + cfh 2% + deh x? + df g 22 + cehzx + cf gz + deg:

(a,:'}dfhfa2 befh—a2bdeh—a2bdf g+a b2ceh+a b2cfg+a b2 degfbsceg) (bz+a)

elliptic

default | Expression too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~2/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")

[Out] Timed out

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(bkx+a)**2/(dxx+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/2),x
)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="giac")
[Out] integrate((B*x + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

» X)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

A+ Bz

/\/e—i-fx Va+hz (a+bz)’Vet+da

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2x(c + d*x)~(1/2))

»X)
[Out] int((A + B*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2x(c + d*x)~(1/2))

, X)
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3.6 f a+b:c)3/ 2(A+Bz) dx
' Ve+dr e+ fxr g+ hx

Optimal. Leaf size=981

(5aBdfh + b(4Adfh — 3B(dfg + deh + cfh)))Va+ bz \/e+ fx \/g+hx bB\/a +br Ve+dr \/e+

4df2h2v/c + dz 2dfh

[Out] 1/4%(4*d*xfxh*(2*ax(2*xAxb+B*a)*d*f*h-b*B* (b* (ckexh+cxf*g+d*kexg)+ax (cxf*xh+dxe
xh+d*f*g)) ) - (a*xd*f*h+b* (ckxfxh+d*xexh+d*f*xg) ) * (5xa*xBkd*f*xh+b* (4xAxd*f*h—3*B* (
cxfxh+dxexh+d*f*xg))) ) * (bxx+a) *E11lipticPi ((-axd+b*c) ~(1/2)* (h*x+g) ~(1/2)/(c*
h-d*xg)~(1/2) / (b*xx+a) ~(1/2) ,-b*(-c*h+d*g) / (—a*d+b*c) /h, ((-a*xf+bxe) * (-cxh+d*g
)/ (~a*d+bxc) / (—exh+f*g)) ~(1/2))* (cxh-d*g) ~(1/2) * ((-a*h+b*g) * (d*x+c) / (-cxh+d
*g) / (bxx+a)) ~(1/2) * ((—axh+bxg) *x (fxx+e) / (—exh+f*g) / (b*x+a)) ~(1/2) /b/d~2/£72/
h~3/(-axd+bxc) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) +1/4* (Eka*B*d*f*h+b* (4*xAxd*
fxh-3*B* (cxf*xh+d*exh+d*xf*g)) ) * (bxx+a) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d/f
~2/h~2/ (d*x+c) " (1/2)+1/2*%b*B* (b*xx+a) = (1/2) * (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x
+g) ~(1/2)/d/f/h-1/4% (—axf+b*e) * (3xa*xB*xd*f*h+b* (4*xAxd*f*h-B* (c*f*h+3*d* (exh+
f*g))))*EllipticF ((-a*h+b*g) ~(1/2)*(f*x+e) ~(1/2)/(—exh+fxg)~(1/2) / (b*x+a)~(
1/2), (-(-a*d+b*c) * (—exh+f*g) / (-c*f+d*e) / (—axh+b*g) )~ (1/2) ) * (—a*xh+b*g) ~(1/2)
*((-a*xf+bxe) * (d*x+c) / (-cxf+dxe) /(bxx+a)) ~(1/2) * (h*x+g) ~(1/2) /b/d/£72/h~2/ (-
exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*xx+g) / (—~exh+fxg) / (bxx+a)) ~(1/2)
-1/4* (5%a*Bkd*f*h+b* (4*xAxd*f*h-3*B* (c*f*h+d*exh+d*f*g)))*E1lipticE((-c*h+d*
g)~(1/2) x(£*x+e)~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((—a*d+b*c) * (-exh+f*g
)/ (-axf+bke) / (-cxh+dxg) )~ (1/2) ) * (-cxh+d*g) = (1/2) * (~exh+f*g) ~ (1/2) * (b*x+a) ™ (
1/2) * (- (—c*f+d*e) * (h*x+g) / (~exh+fxg) / (d*x+c)) ~(1/2)/d~2/£72/h~2/ ((-cxf+dx*e)
* (bxx+a) / (—axf+b*e) / (d*x+c) )~ (1/2) / (h*xx+g) = (1/2)

Rubi [A]
time = 2.13, antiderivative size = 976, normalized size of antiderivative = 0.99, number of

number of rules
' integrand size = 0.238,

Rules used = {1611, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

steps used = 10, number of rules used = 10, integrand size = 42

Warning: Unable to verify antiderivative.

[In] Int[((a + b*x)~(3/2)*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] ((4xA*b*dxfxh + S¥axBkxdxfxh — 3*bxBk(d*f*g + dxexh + c*fxh))*Sqrtl[a + b*x]*
Sqrt[e + fxx]*Sqrtlg + h*x])/(4*d*xf~2xh~2*Sqrt[c + d*x]) + (b*B*Sqrt[a + bx
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x]*Sqrt[c + d*xx]*Sqrt[e + f*x]*Sqrtlg + h*x])/(2xd*xfxh) - (Sqrt[d*g - c*h]=*
Sqrt [fxg - exh]*(4xAxbxd*f*h + 5xa*Bkd*fxh - 3*b*Bx(d*f*g + d*exh + cxfx*h))
*xSqrt[a + b*x]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((fxg - exh)*(c + d*x)))]*Ell
ipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]l*Sqrtl[c + d*x
DI, ((bxc - axd)*(f*g - exh))/((bxe - a*f)*(d*g - cxh))])/(4*d"2*f 2%h~2*S
qrt[((d*e - cxf)*(a + b*x))/((b*e - axf)*(c + d*x))]*Sqrt[g + h*x]) - ((b*e
- axf)*Sqrt [bxg - a*h]*(4xAxb*d*f*h + 3*a*Bkd*fxh — b*Bx(ckfxh + 3*d*(fx*g
+ exh)))*Sqrt [((b*e - a*f)*x(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + hx*x
1*EllipticF[ArcSin[(Sqrt [bxg - axh]*Sqrt[e + f*x])/(Sqrt[f*g - ex*h]*Sqrt[a
+ b*x])], -(((b*xc - a*xd)*(fxg - e*h))/((d*e - cxf)*(b*xg - a*h)))])/(4*b*d*f
~2xh~2*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - a*f)x(g + h*x))/((fxg -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]l*((axd*f*h + bx(dxfxg + d*exh + c*
fxh))*(4xAxb*xd*f*h + 5xa*Bkdxfxh - 3*b*Bx(d*f*g + d*exh + cxfxh)) - 4xd*f*h
*x(2xa* (2%Axb + axB)*d*xfxh - b*B*(b*(d*exg + cxf*xg + ckxexh) + ax(dxf*g + d*e
*h + cxfxh))))*(a + bxx)*Sqrt[((bxg - axh)*(c + d*x))/((d*g - c*h)*(a + b*x
))1*Sqrt [((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b*(
dxg - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[
-(d*g) + cxh]l*Sqrtla + b*x])], ((b*xe - axf)*(d*g - cxh))/((b*c - axd)*(f*xg
- e*h))])/(4xbxd~2xSqrt [b*c - a*d]*f~2xh~3*Sqrt[c + d*x]*Sqrtle + fx*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - e*h)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, ¢, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]/((bxe - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
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, x], x, Sqrtle + fxx]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))], x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (£_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && !'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && '( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1611

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*fxh*(2*m + 3)), Int[((a + b*x)~"(m - 1)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x]))*Simp[a*xA*d*fxh*(2*m + 3) + (A*b + a*B)*d*f*h*(2*m + 3)*x + bx
Bkd*f*h*(2+m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B},

x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + hxx]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (@_)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2*C*(a + b*x) m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrtl[g + h*xx]/(
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dxfxh*(2*%m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxexgm) + ((Axb + a*B)*d*f*h*(2*m + 3) - Cx(
2xax(dxfxg + dkexh + c*xfxh) + b*(2*m + 1)*(d*e*xg + cxfxg + ckxexh)))*x + (bx
Bxd*xf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1616

Int [((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
*h - Ck(axd*fxh + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2¥b*d*f*h)), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},
x]

Rubi steps
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f vV a + bx (6aAdfh+6(Ab+aB)dfha+6bBdfha?) dz
(a + bx)3/%(A + Bz) g — Ve+dz \Je+ fxr \/g+hz
Ve+dz e+ fx \/g+hx 6df h

f 6dfh (4a2 Adfh—bB(bceg+a

__bBVa+bz Ve+dz \Je+ fx \/g+hz N
B 2dfh

(4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))Va +bx \/e+ fx \/
4df?h?+/c + dx

(4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))Va+ bz \/e+ fz +/
4df?h2+/c + dx

(4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))Va +bx \/e+ fx \/
4df?h2v/c + dz

(4Abdfh + 5aBdfh — 3bB(df g + deh + cfh))Va + bz \/e + fz +/
4df?h?v/ c + dx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 21611 vs.
2(981) = 1962.
time = 35.79, size = 21611, normalized size = 22.03

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + b*x)~(3/2)*(A + Bxx))/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]) ,x]
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[Out] Result too large to show
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 55942 vs.

2(898) = 1796.
time = 0.12, size = 55943, normalized size = 57.03

method | result size
elliptic | Expression too large to display | 1814

default | Expression too large to display | 55943

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(3/2)*(B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

+

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

3
2

(A+ Bz) (a + bx)

: ‘ -dx
Ve+dz e+ fx \/g+hz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)**(3/2)* (B*x+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(hxx+g)**(1/

2),x)

[Out] Integral((A + B*xx)*(a + b*x)**(3/2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(A+ Bz) (a+bz)*?
Vet fr Jg+hz Vet+dr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + B*x)*(a + b*x)~(3/2))/((e + £*x)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)),x)
[Out] int(((A + B*x)*(a + b*x)~(3/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)), x)
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3.7 [ va + bz (A+Ba) dr
Ve+dx e+ fr g+ hx

Optimal. Leaf size=736

o [ (de—cplg+ha) (. (/g
BVaTT et fo yJgiha DYV eh\/”bx\/ (fg — eh)(c + da) E(Sm ( 4

fhve+dz - (de—cf)(a—i—bx)‘
dfh\/(be —af)(c+ dx)

g+ hz

[Out] (2%Axb*d*f*h+Bx* (a*d*f*h-b*(cxfxh+dxexh+d*xf*xg)))*(b*x+a)*EllipticPi((-a*d+bx
c)~(1/2) *(h*x+g) ~(1/2) / (c*h-d*g) = (1/2) / (b*x+a) " (1/2) ,-b* (-cxh+d*g) / (-axd+b*
c)/h, ((-a*xf+bke)* (-cxh+d*g) / (-a*xd+b*c) / (-exh+f*g) )~ (1/2) ) * (cxh-d*g) =~ (1/2) *(
(—axh+bxg) * (d*x+c) / (-cxh+d*g) / (bxx+a) )~ (1/2) * ((-axh+b*g) * (f*xx+e) / (—exh+f*g)
/ (bxx+a))~(1/2)/b/d/£/h~2/ (-a*xd+bxc) ~(1/2) / (d*x+c) = (1/2) / (f*x+e) = (1/2) +B* (b
xx+a) " (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) ~(1/2) -Bx (—axf+b*e) *E11i
pticF ((-axh+b*g)~(1/2)*(f*x+e) ~(1/2)/(—exh+f*g) ~(1/2)/(b*x+a) ~(1/2), (-(-a*xd
+bxc) * (—exh+f*g) / (-cxf+d*e) / (-a*xh+bxg) ) ~(1/2) ) * (—axh+b*g) ~ (1/2) * ((-axf+b*e)
*(d*x+c)/ (-cxf+dxe) / (b*xx+a)) = (1/2) * (h*x+g) ~(1/2) /b/f/h/ (-exh+fxg) = (1/2) / (dx*
x+c)~(1/2) / (- (maxf+bxe) x (h*x+g) / (—exh+f*g) / (bxx+a) )~ (1/2)-B*E1llipticE((-c*h
+d*g) ~(1/2) x (£xx+e) " (1/2) / (~exh+f*xg) = (1/2) / (d*x+c) ~(1/2) , ((—a*d+b*c) * (—exh+
fxg) /(—axf+b*e) / (—c*h+d*g)) ~(1/2) ) * (—c*h+d*g) = (1/2) * (—exh+f*g) ~(1/2) * (b*x+a
)~ (1/2) % (- (-c*xf+d*e) * (h*xx+g) / (-e*xh+f*g) / (d*x+c) ) ~(1/2) /d/£/h/ ((-c*f+d*e) * (b
*x+a) / (-axf+bke) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]

time = 0.44, antiderivative size = 735, normalized size of antiderivative = 1.00, number of

steps used = 7, number of rules used = 7, integrand size = 42 number of rules _ 0.167,

Rules used = {1610, 176, 430, 182, 435, 171, 551}

’ integrand size

Warning: Unable to verify antiderivative.

[In] Int[(Sqrtla + b*x]*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] (BxSqrt[a + b*x]*Sqrtl[e + fxx]*Sqrtl[g + h*x])/(f*h*Sqrt[c + d*x]) - (B*Sqrt
[d*g - cxh]*Sqrt[fxg - exh]l*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*xx))/((
fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtl[e + f*x])/(S
qrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a*d)*(f*g - exh))/((b*e - a*f)*(d*g
- cxh))])/(d*f*h*Sqrt [((d*e - c*f)*(a + b*x))/((b*e - axf)*(c + d*x))]*Sqr
tlg + h*x]) - (Bx(b*e - axf)*Sqrt[bxg - axh]*Sqrt[((bxe - a*f)x*x(c + d*x))/(
(dxe - c*f)*(a + b*x))]1*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqr
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tle + f*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*c - axd)*x(fxg - exh))/(
(dxe - c*xf)*(bxg - a*h)))])/(b*fxhxSqrt[f*xg - exh]*Sqrt[c + d*x]*Sqrt[-(((b
*xe — axf)*(g + h*x))/((fxg - exh)*(a + bxx)))]) + (Sqrt[-(d*g) + cxh]*(2*Ax
bxdxfxh + axBxdxfxh - b*Bx(d*f*g + d¥exh + cxfxh))*(a + b*x)*Sqrt[((b*g - a
*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt [((bxg - a*h)x(e + f*x))/((f*g

- exh)*(a + bxx))]*EllipticPi[-((b*(d*g - c*h))/((b*c - axd)*h)), ArcSin[(S
qrt [bxc - a*d]l*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla + b*x])], ((b*xe -

axf)*(dxg - cxh))/((b*c - a*xd)*(fxg - e*h))])/(bxd*Sqrt [b*c - axd]*fxh~2%Sq
rt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrt[c + d*x]=*
Sqrt [(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - ex*h)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQl[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2xSqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])
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Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)~2]*Sqrt[(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, 4, e,
£}, x] & !'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1610

Int[(Sqrtl(a_.) + (b_.)*(x_)I1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)IxSart[(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[B*
Sqrt[a + bxx]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(f*h*Sqrt[c + d*x])), x] + (-Dis
t [Bx(bxe - a*f)*((b*g - axh)/(2¥bxfxh)), Int[1/(Sqrtla + b*x]*Sqrt[c + d*x]
*Sqrt [e + f*x]*Sqrtlg + h*x]), x], x] + Dist[Bx(d*e - c*f)*((d*g - c*h)/(2*
d*fxh)), Int[Sqrt[a + bxx]/((c + d*x)~(3/2)*Sqrtle + f*x]*Sqrtlg + h*x]), x
1, x] + Dist[(2%A*bkd*fxh + Bx(a*xd*fxh — bk(d*fxg + dxexh + c*fxh)))/(2xbxd
*f*h), Int[Sqrtla + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]), x], x
1) /; FreeQl[{a, b, c, d, e, f, g, h, A, B}, x] && NeQ[2*A*d*f - Bx(d*e + cx
), 0]

Rubi steps
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Va + bz (A+ Bz) p =B\/a+bx‘\/e+fx‘\/g+hx‘ E(A B(g_f_f_g))
/\/C—i-dx Ve+ fr \/g+hr ! fhve+ dz +2 24+

__ BVa+bz \Je+ fr \/g+hz
B fhe + dz

B\/dg—ch‘\/fg—eh‘\/a+ba

B BVa+bz \Je+ fr \/g+hx B
B fhve+ dz

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 6648 vs.

2(736) = 1472.
time = 39.16, size = 6648, normalized size = 9.03

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[a + b*x]*(A + B*x))/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 21368 vs.
2(671) = 1342.
time = 0.12, size = 21369, normalized size = 29.03

method | result size
elliptic | Expression too large to display | 1544
default | Expression too large to display | 21369

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)
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[Out] result too large to display
Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="maxima")

[Out] integrate((Bxx + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(A+ Bz) Va+bx

‘ ‘ -dz
Ve+dz e+ fr \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**(1/2)*(B*xx+A)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/
2),x)

[Out] Integral((A + B*xx)*sqrt(a + bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), %)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")
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[Out] integrate((Bxx + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(A+Bz) Va+bzx
Ve+fr Jg+hz Vetdr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Bxx)*(a + b*x)~(1/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)) ,x%)
[Out] int(((A + Bxx)*(a + bxx)~(1/2))/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)), x)
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f ‘ Afo dr
Va+br Ve+dz e+ fxr g+ hx

Optimal. Leaf size=442
(be — af)(c+ dz) (Vb —ah et T\ | tbe-at)sa—en)
2(Ab — aB g+ hz F 1 ‘ ) |- g 2B\/—d
e )\/<de—cf)(a+bw) 9 he F\S g eh vat ba ) | e en g
+

_(be —af)(g + hz)
(fg —eh)(a+ bx)

3.8

b\/bg —ah \/fg —eh Vc+dzx

[Out] 2*B*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*g)~(1/2)/(bxx+
a)~(1/2) ,-b*(-cxh+d*g) / (-a*d+b*c) /h, ((-a*xf+b*e) * (~c¥h+d*g) / (-a*xd+b*c) / (-e*h
+f£xg) )~ (1/2) ) * (cxh-d*g) =~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) ) ~(1/2)
* ((-axh+bxg) * (f*x+e) / (-exh+f*g) /(b*x+a))~(1/2) /b/h/ (-a*d+bxc) ~(1/2) / (d*x+c)
~(1/2)/ (f*x+e) ~(1/2) +2x (A*xb-B*a) *E11ipticF ((-axh+b*g) ~(1/2) * (f*x+e) ~(1/2) /(
—-exh+f*xg) ~(1/2) / (bxx+a) " (1/2) , (- (maxd+b*c) * (~exh+f*g) / (-cxf+d*e) / (~a*h+bxg)
)7 (1/2) ) *((-a*xf+bxe) * (d*x+c) / (-cxf+d*e) / (b*x+a) )~ (1/2) * (h*x+g) = (1/2) /b/ (-a*
h+b*g) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) " (1/2) / (- (-a*f+b*e) * (h*x+g) / (-exh+f*g)
/ (bxx+a))~(1/2)

Rubi [A]

time = 0.28, antiderivative size = 442, normalized size of antiderivative = 1.00, number of

number of rules _ 119
’ integrand size ’

steps used = 5, number of rules used = 5, integrand size = 42
Rules used = {1612, 176, 430, 171, 551}

[T he (Ab— aB), | e de)(be —af) i Vbg—ah's/e+ [z | _oeaniso-en) T [(c+dr)bg—ah) [(e+fa)(bg—ah) [ vapon. 5 o (Vbc—ad \/gHhT \ | bearido-ch)
2V the (= aB)\ e =) A Vg anvatoe ) T . 2Blatba)Veh —do\ gy g — o) \| @t ba) (g — el L\~ G AreSin\ < ) et
(9+ ha)(be — af)’ bhve+dz \/e+ fz Ve —ad

—
bVetdr vbg —ah fyieh\"u(aerz)(f!erh)

Antiderivative was successfully verified.
[In] Int[(A + B*x)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x]),x]

[Out] (2*(Axb - a*B)*Sqrt[((b*e - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrtlg
+ h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*S

grtla + b*x])], -(((b*c - a*d)*(f*g - exh))/((d*e - c*f)*(bxg - axh)))])/(b

*xSqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - a*f)*(g + h*x
))/((f*g - exh)*(a + b*x)))]) + (2xBxSqrt[-(d*g) + c*h]*(a + b*x)*Sqrt[((b*

g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*g - a*h)*(e + f*x))/(

(fxg - exh)*(a + b*x))]*EllipticPi[-((b*(d*g - c*h))/((b*c - axd)*h)), ArcS
in[(Sqrt[b*c - a*d]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]l*Sqrtl[a + b*x]1)], ((b

xe — a*xf)*(dxg - c*h))/((b*c - axd)*(f*g - exh))])/(b*Sqrt[b*c - axd]*hxSqr

tlc + d*x]*Sqrtle + f*xx])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
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xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f£*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*3qrt[1 + (b*c - a*xd)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - a*xf)*(x"2/(fxg -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2%Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1)), Subst[Int[1/(Sq
rt[1 + (bxc - a*d)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x~2/(f*g - e*h)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]]1, x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 430

Int[1/(Sqrt[(a_) + (b_.)*(x_)"2]1*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]1*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))]1, x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol]l :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rubi steps



84

B Vatbs dz  (Ab—aB) [ ——
A+ Bx do — f\/c+d:v Ve+ fr\/g+hx = ¢ )f\/a+
Va+bz Ve+dr e+ fr \/g+hs b

(bg — ah)(c + dx) | (bg — ah)(e + fx) | |
<QB(a +bo) \/(dg —ch)(a+bx) \| (fg —eh)(a+ bx) ) |

bV
—af)(c+dz) v/bg
Ab—aB)\/ ~ef)(a+ b2) Vg +hxF<s1n (\/E

b\/bg —ah \/fg —eh Vc+dz —%

Mathematica [A]
time = 24.07, size = 586, normalized size = 1.33

+af)g+ha)) [(bg —ah)(e + fa)" [ [Crexan@ha)’ [_(be—af)bg >< f g +12) (oo [ [CletaDg+ra)')
+ ] N Ga=en@+ ”"”‘rL\‘” (\ o=t | =S ) sty Fo- b ”[‘”_‘ (\ To—hatt) | J
- [Cte+anla+ o) N o
\ G —ehy(atbm)
bVetdz \Je+ fz \/g+ha

Antiderivative was successfully verified.

[In] Integrate[(A + B*x)/(Sqrt[a + b*x]*Sqrt[c + dxx]*Sqrt[e + f*x]*Sqrtl[g + h*x
1),x]

[Out] (2x(a + bxx)~(3/2)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(-
((Axb*Sqrt [((bxg - ax*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]1], ((-(
bxc) + a*d)*(-(fxg) + exh))/((bxe - a*xf)*(d*g - c*h))])/((b*g - axh)*(a + b
*xx)*Sqrt [((-(b*xe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))])) - (a*BxSqrt[
((b*xg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*EllipticF[ArcSin
[Sqrt [((-(bxe) + axf)*(g + h*x))/((fxg - exh)*x(a + bxx))]], ((-(b*c) + axd)
*x(—(fxg) + exh))/((bxe - axf)x(d*xg - c*h))])/((-(b*g) + ax*h)*(a + b*x)*Sqrt
[((-(bxe) + axf)*(g + h*x))/((fxg - exh)*x(a + b*x))]) + (Bkx(-(f*g) + exh)*S
qrt [-(((b*e - axf)*(b*g - axh)*(e + fxx)*(g + h*x))/((f*g - exh) 2x(a + b*x
)~2))1*E1lipticPi[(b*(-(f*g) + e*h))/((b*e - axf)xh), ArcSin[Sqrt[((-(bxe)
+ axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((-(bxc) + a*d)*(-(f*g) + exh)
)/ ((bxe - axf)x(d*g - c*h))])/((b*xe - axf)*h)))/(b*Sqrt[c + d*x]*Sqrt[e + £
*xx]*Sqrt [g + h*x])
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2452 vs.
2(404) = 808.
time = 0.13, size = 2453, normalized size = 5.55

method | result

V(bz +a)(dz+c)(fr+e)(hz+g)

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] -2/ (h*x+g)~(1/2)/(f*x+e)~(1/2)/(d*x+c)~(1/2)/(bxx+a)~(1/2) /b/d* ((c*h-d*g) *(
bxx+a) / (axh-b*g) / (d*x+c) )~ (1/2) * ((a*d-b*c) * (f*xx+e) / (axf-b*e) / (d*x+c) ) ~(1/2)
* ((a*xd-bxc) * (h*x+g) / (a*h-b*g) / (d*x+c)) ~(1/2) * (A*E11lipticF (((cxh-d*g) * (bxx+a
)/ (axh-b*g) / (d*x+c) )~ (1/2) , ((c*f-d*e) * (a*h-b*g) / (a*xf-b*e) / (cxh-d*g) )~ (1/2))
*xaxb*d~3*h*x~2-A*E1lipticF (((c*h-d*g)* (b*x+a)/(a*h-b*xg)/(d*x+c))~(1/2), ((cx*
f-d*e) * (a*h-b*g) / (a*f-b*e) / (c*h-d*g) ) ~(1/2) ) *b~2*%d~3*g*x~2-B*E1lipticF (((c*
h-dx*g) * (bxx+a) / (axh-b*xg) / (d*x+c)) ~(1/2) , ((cxf-d*e) * (axh-b*g) / (a*xf-b*e) / (c*h
-d*g)) ~(1/2) ) *a*bxcxd~2xh*x~2+B*E11ipticF (((c*h-d*g) * (b*x+a) / (axh-b*g) / (d*x
+c))~(1/2), ((c*f-d*e) * (a*h-bxg) / (a*f-bke) / (c*h-d*g) )~ (1/2) ) ¥xb~2*c*d~2*g*x "2
-B*E1lipticPi(((c*h-d*g) * (b*xx+a) / (axh-b*g) / (d*x+c))~(1/2), (axh-b*g) *d/b/ (c*
h-d*g) , ((c*f-d*e)* (a*h-bxg) / (a*f-b*e) /(c*h-d*g)) ~(1/2))*a~2*d"3*xh*x~2+B*E11l
ipticPi(((c*h-d*g) * (b*x+a)/(axh-b*xg)/(d*x+c)) ~(1/2), (a*h-b*g) *d/b/ (c*h-d*g)
, ((cxf-d*e) * (axh-b*g) / (axf-b*e) / (cxh-d*g) )~ (1/2) ) *a*b*c*d~2*h*x~2+B*xEllipti
cPi(((c*h-d*g) * (b*x+a) / (a*h-bx*g) / (d*x+c)) ~(1/2) , (a*h-b*g) *d/b/ (c*h-d*g) , ((c
xf-dx*e) * (axh-bx*g) / (axf-bxe) / (cxh-d*g) ) ~(1/2) ) *axb*d~3*g*x~2-BxE11lipticPi (((
cxh-dxg) * (b*x+a) / (axh-b*g) / (d*x+c) )~ (1/2) , (axh-b*g) *d/b/ (c¥h-d*g) , ((cxf-dxe
) *(a*h-b*g) / (a*f-b*e) / (c¥h-d*g) ) ~(1/2) ) *b~2*kc*xd~2xg*x~2+2*%A*E11ipticF (((c*h
-dxg) * (b*x+a) / (a*h-bxg) / (d*x+c)) ~(1/2) , ((cxf-dxe) * (a*h-bxg) / (a*f-bxe) / (c*h-
d*g))~(1/2) ) *a*bxcxd~2xh*x-2*A*E11ipticF (((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+
c))~(1/2), ((cxf-dxe) * (axh-bxg) / (a*f-bxe) / (c¥h-d*g)) ~(1/2)) *b~2%kc*xd~2*g*x—2%
BxEllipticF (((c*h-d*g) * (b*x+a) / (axh-b*g) / (d*x+c)) ~(1/2) , ((c*f-d*e) * (a*h-b*g
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)/ (axf-b*e) /(cxh-d*g) )~ (1/2) ) *axb*c~2*d*h*x+2*B*E11lipticF (((c*h-d*g) * (b*x+a
)/ (axh-b*g) / (d*x+c) )~ (1/2) , ((c*f-d*e) * (a*h-b*g) / (a*f-b*e) /(cxh-d*g) )~ (1/2))
*b~2%c"2xd*gxx-2+%B*E11lipticPi (((c*h-d*g) * (b*x+a) / (axh-b*g) / (d*x+c) )~ (1/2), (
axh-bxg) *d/b/ (cxh-d*g) , ((cxf-d*e)* (a*h-b*g) /(a*f-b*xe)/(c¥h-d*xg))~(1/2))*a"2
*xC*d~2xh*x+2*%B*xE11ipticPi (((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2) , (a*h-
bxg) *d/b/ (cxh-d*g) , ((cxf-d*e)* (a*xh-b*xg) / (a*f-b*xe)/(c*h-d*g)) ~(1/2)) *a*b*c~2
*dxh*x+2*B*E11ipticPi (((cxh-d*g) * (b*x+a)/(a*h-b*g) /(d*x+c)) ~(1/2), (a*xh-b*g)
*d/b/ (cxh-d*g) , ((c*f-dxe)* (a*h-bxg)/ (a*f-b*xe) /(c*h-d*g)) ~(1/2)) *a*xb*c*xd~2xg
*xx-2%B*E11lipticPi (((c*h-d*g)* (b*x+a)/ (axh-b*g) / (d*x+c) )~ (1/2), (axh-b*g) *d/b
/ (c*h-d*g) , ((cxf-d*e) * (axh-bxg) / (a*f-b*e) / (cxh-d*g) )~ (1/2)) *b~2%c " 2*d*gxx+A
*E11ipticF (((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2) , ((c*f-d*e) * (a*xh-b*g)
/ (axf-bx*e) / (cxh-d*g) )~ (1/2) ) *axb*xc~2*d*h-A*xE11ipticF (((c*h-d*g) * (b*x+a) / (ax
h-b*g) / (d*x+c) )~ (1/2) , ((c*f-d*e) * (a*h-b*g) / (a*xf-b*e) /(c*¥h-d*g)) ~(1/2)) *b~2%
c~2xd*g-B*E1lipticF (((cxh-d*g)* (b*x+a) /(a*h-b*g) /(d*x+c)) ~(1/2), ((cxf-dx*e) *
(a*h-bxg) / (a*f-bxe) / (c*h-dxg)) ~(1/2) ) *a*xbxc~3*h+B*xE1lipticF (((c*h-d*g) * (b*x
+a) / (axh-bx*g) / (d*x+c)) ~(1/2) , ((c*f-d*e) * (axh-b*g) / (axf-b*e) / (cxh-d*g) )~ (1/2
))*b~2%c~3*%g-BxE11lipticPi (((cxh-d*g) * (b*x+a)/(a*h-bxg)/(d*x+c)) ~(1/2), (a*h-
b*g) *d/b/ (cxh-d*g) , ((cxf-dxe) * (a*h-bxg) / (a*f-bxe)/(c*h-d*xg)) ~(1/2))*a~2*c"2
*xd*h+B*E11lipticPi(((c*h-d*g) * (b*x+a)/(axh-b*xg) /(d*x+c))~(1/2), (a*h-b*g) *d/b
/ (c*¥h-d*g) , ((c*f-dxe) * (a*h-bxg) / (a*f-bxe) / (c¥h-d*xg) )~ (1/2) ) ¥axbxc~3*h+B+E11l
ipticPi(((cxh-dxg)* (bxx+a)/(axh-bxg)/(d*x+c))~(1/2), (a*h-b*g) *d/b/ (c*h-d*g)
, ((cxf-d*e) * (axh-b*g) / (a*f-b*e) /(cxh-d*g) )~ (1/2)) *axbxc~2xd*g-B*xE11lipticPi(
((c*h—-d*g) * (b*x+a) / (a*h-b*g) / (d*x+c) )~ (1/2) , (axh-b*g) *d/b/ (c¥h-d*g) , ((cxf-d
*e) * (axh-bxg) / (axf-bxe) /(cxh-d*g) )~ (1/2))*b~2xc~3*g) / (cxh-d*g) / (a*xd-b*c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x+A)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")
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[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bx da
Va+bz Ve+dr e+ fr \/g+hz
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(hxx+g)**(1/
2) ,x)

[Out] Integral((A + B*x)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), X)

Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT: index.cc index_m operator + Error: Ba
d Argument Valueindex.cc index_m operator + Error: Bad Argument ValueDone

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
A+ Bz

/\/e+f:c Vg+hz Va+bz Vet+dx &

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(1
/2)) ,%)
[Out] int((A + B*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(1
/2)), x)
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3.9 A+Br dx

/ (a+b2)324/c+ dx /e + fr \/g+ hx

Optimal. Leaf size=606

2(Ab — aB)+/dyg -

2(Ab— aB)dvVa+bzx e+ fx \/g+hx _ 2b(Ab - aB)Vc+dz \Je+ fr \/g+hz B
(bc — ad)(be — af)(bg — ah)Vc+ dz (bc — ad)(be — af)(bg — ah)Va + bz

[Out] 2% (A*b-B*a)*d*(b*x+a)~(1/2)*(f*xx+e)~(1/2)*(h*x+g) ~(1/2)/(-axd+b*c) /(—a*xf+bx
e) / (maxh+bxg) / (d*x+c) = (1/2) -2%b* (Axb-B*a) * (d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*xx+
g)~(1/2) / (—a*d+bxc) / (—axf+b*e) / (~a*h+bxg) / (b*x+a) ~(1/2) +2* (-A*d+Bxc) *E1lipt
icF((-axh+b*g) ~(1/2) *(f*x+e) ~(1/2) / (-exh+f*xg) ~(1/2) / (b*x+a) ~(1/2), (-(-a*d+b
*c)* (—exh+fxg) / (~cxf+d*e) / (—a*h+bxg) )~ (1/2) ) * ((—a*xf+bxe) * (d*x+c) / (—c*xf+d*e)
/ (b*x+a)) = (1/2) * (h*x+g) = (1/2) / (-axd+b*c) / (-a*h+bxg) ~(1/2) / (-exh+f*g) ~(1/2)/
(d*x+c)~(1/2) / (- (—axf+b*e) * (h*xx+g) / (—~exh+f*g) / (b*x+a)) ~ (1/2) -2*% (A*b-B*a) *E1
lipticE((-c*h+d*g)~(1/2) *(fxx+e)~(1/2)/(-exh+fx*g) ~(1/2)/(d*x+c) ~(1/2), ((~ax
d+b*c) * (—exh+f*g) / (-axf+bxe) / (-cxh+d*g)) ~(1/2) ) * (-cxh+d*g) ~(1/2) * (~exh+f*g)
~(1/2) % (b*x+a) = (1/2) * (- (-cxf+d*e) * (h*x+g) / (-e*xh+f*g) / (d*x+c) ) ~(1/2) / (-a*d+b
*c) / (-a*xf+bxe) / (-a*h+b*g) / ((-c*f+dxe) * (b*x+a) / (-a*f+bxe) / (d*x+c) )~ (1/2) / (hx*
x+g)~(1/2)

Rubi [A]

time = 0.63, antiderivative size = 606, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 7, number of rules used = 7, integrand size = 42,
Rules used = {1613, 1616, 12, 176, 430, 182, 435}

= | _{g+ha)(de — cf) r
V9= e\~ @) g —eh) E(A“S

—ch o
g+ bz (be — ad)(be — af)(bg — ah) \

2\/g+ he (Be— Ad) x&?i;;mi:ﬁ F(r\rcSm( \/W\/Z:—bf) |- zedife ;:;) 2va bz (Ab— aB)/dg

VeT @ (be — ad) /g —ah /Fg— ek |- hl’)(“:“

— -
m( Vg —eh Vet dz ) = '"‘) _ Ver & \fer J7 /g e (Ab—aB) | 2VaTbr et [ \/gThe (4= aB)
(s ba)de —of Vat b3 (be — ad)be — af)(bg — ah) Ve r s (be — ad)(be — af)(bg — ah)
(e dz)(be —af)

Antiderivative was successfully verified.

[In] Int[(A + B*x)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrt[e + fxx]*Sqrtl[g + h*x]),x
]

[Out] (2*(Axb - a*B)*d*Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrt[g + h*x])/((b*c - axd)*(b
xe — axf)*(bxg - axh)*Sqrt[c + d*x]) - (2xbx(A*b - a*B)*Sqrt[c + d*x]*Sqrt[

e + f*x]*Sqrt[g + h*x])/((b*c - a*d)*(b*e - a*f)*(b*g - axh)*Sqrt[a + b*x])

- (2x(A*b - a*B)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*

e - cxf)x(g + h*x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g -
cxh]*Sqrtle + f*xx])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*x(fxg - e
xh))/((bxe - a*xf)x(d*g - c*h))])/((b*c - axd)*(b*e - axf)*(b*g - axh)*Sqrt[

((d*e - cxf)*x(a + bxx))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) + (2%(Bxc -
Axd)*Sqrt [((bxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrt[g + hxx]*E
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1lipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b
*x])], -(((bxc - a*xd)*(fxg - exh))/((d*e - cxf)*(b*g - axh)))])/((b*c - axd
)*Sqrt [bxg - ax*h]*Sqrt[f*g - ex*h]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + hx
x))/((fxg - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - ex*h)*Sqrt[c + d*x]x*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*x(x_))~(3/2)*Sqrt(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*x]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - c*f)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - axd)*(x"2/(d*e - c*f))]/Sqrt[1 - (b*xg - a*h)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx*(c/(axd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol]l :> Simpl[(
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Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*xx]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - a*h)), Int[((a + b*x)~(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2*¥a~2*d*fxh*(m + 1) - 2*a*xbx(m + 1)*(d*
f*g + dxexh + c*fxh) + b™2%(2xm + 3)*(d*e*xg + cxf*g + c*exh)) - b*Bx(ax(dxe
xg + c*xf*xg + ckxexh) + 2%bkxckxexgx(m + 1)) - 2x((A*b - axB)*(a*xd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b"2 - a*b*B)*x
=2, x1, x1, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&& LtQ[m, -1]

Rule 1616

Int [(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl[(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + fxx]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh — Ck(axd*fxh + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},
x]

Rubi steps
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b2 Bceg—
/ A+ Bz dx__2b(Ab—aB)\/c+dx\/e+fx\/g+hx+f
(a4 b2)32vc+dz \/e+ fr \/g+hx a (bc — ad)(be — af)(bg — ah)Va + bx

_ 2(Ab—aB)dVa+bz \Je+ fx \/g+hr 2b(Ab—a

(bc — ad)(be — af)(bg — ah)Vec+ dx (bc — ac

_ 2(Ab—aB)dVa+bz \Je+ fx \/g+hr 2b(Ab—a
"~ (bc—ad)(be — af)(bg — ah) Ve + dz (bc — ac

_ 2(Ab—aB)dVa+bz \/e+ fx \/g+hr 2b(Ab—a
"~ (bc—ad)(be — af)(bg — ah) Ve + dz (bc — ac

_ 2(Ab—aB)dVa+bz \Je+ fr \/g+hz 2b(Ab—a
"~ (be—ad)(be — af)(bg — ah) Ve + dz (bc — ac

Mathematica [A]
time = 26.14, size = 333, normalized size = 0.55

(bg — ah)(e+ do)
(dg — ch)(a + bx)

be—af) (fg — eh)(a+ bz) (fg —eh)(a+ bz)

372
(be — ad)(fg — eh)*(a + bz)>2Ve + dz’ (— be—af)(bg—ah)(c+/2)(g+ha,

—b h o) o —b h e (foeh
(e-+ Fa)"2(g + ha)P” ((Abfam(dgfch)Je(smfl( (Chetadlot ’))1&1%25;,:’;:)+<Be—Ad)<bg—ah>F(sin*( (Chetellot ”)l%ﬁ;z%};ﬁ))

Warning: Unable to verify antiderivative.

[In] Integrate[(A + B*x)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h
*x]) ,x]

[Out] (2x(b*e - a*f)*Sqrt[((bxg - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f
*x)~(3/2)*%(g + h*x)~(3/2)*((Axb - a*B)*(d*g - c*h)*EllipticE[ArcSin[Sqrt [((
-(bxe) + axf)*x(g + hx*x))/((f*g - exh)*(a + b*x))]1], ((bxc - a*xd)*(f*g - exh
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))/((bxe - axf)*(d*g - cxh))] + (Bxc - A*d)*(bxg - axh)*EllipticF[ArcSin[Sq
rt[((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((bxc - a*xd)*(f*g
- exh))/((b*xe - axf)x(dxg - c*h))]))/((bxc - axd)*(fxg - e*h) 3x(a + b*x)~(
5/2)*Sqrt[c + d*x]*(-(((bxe - axf)*(bxg - a*h)*(e + f*x)*(g + h*x))/((f*g -
exh) “2*(a + b*x)"2)))~(3/2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 18723 vs.
2(552) = 1104.
time = 0.14, size = 18724, normalized size = 30.90

method | result size
elliptic | Expression too large to display | 2250

default | Expression too large to display | 18724

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(bxx+a)~(3/2)/(d*x+c)”~(1/2)/(£*x+e)~(1/2)/(h*x+g)~(1/2),x,metho
d=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] integral((B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b~2*d*f*h*x~5 + a~2kcxfxg*xx + (b~2*xd*fxg + (b~2%c + 2*%axbxd)*fxh)*x~4 + ((

b~2%c + 2xaxb*d)*xf*xg + (2*axbxc + a~2*d)*f*h)*x"3 + (a"2xcxfxh + (2%a*b*xc +
a~2xd) *xfxg)*x~2 + (b~2xd*h*x"4 + a~2*ckg + (b"2xdxg + (b~2%c + 2xaxb*d)*h)
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*x~3 + ((b"2xc + 2*axbxd)*g + (2%axb*c + a~2xd)*h)*x"2 + (a"2xc*h + (2%a*bx*
c + a”2xd)*g)*x)*e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Bz i
(a+bx)% Ve+ds e+ fr \/g+hx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)**(3/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(hxx+g)**(1/
2),x)

[Out] Integral((A + B*x)/((a + bxx)**(3/2)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")
[Out] integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(fxx + e)*sqrt(h*x +
g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
A+ Bzx

/ Vet fz \/g+hz (a+bz)**Vetdz &

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~(1
/2)) ,%x)

[Out] int((A + B*xx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~(1
/2)), %)
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3.10 A+Br -d
/ (a+b2)524/Cc+ dx /e + fr \/g+ hx v

Optimal. Leaf size=1081

2d(3a3Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(dfg + deh + cfh)) — ab
3(bc — ad)?(be — af)?(bg — ah)?Vc+ dx

[Out] 2/3*d*(3*a”~3*B*d*f*h+b~3* (3*%B*xcxexg-2%A* (ckexh+cxf*g+dxexg))-a*xb™ 2 (Bx (cxex
h+c*f*xg+dxexg) —4xA* (cxfxh+d*exh+d*xf*g) ) —a~2xb* (6xA*xd*f*h+B* (cxf*h+d*exh+d*f
xg) ) ) x (b*xx+a) = (1/2) * (£xx+e) = (1/2) * (h*x+g) ~(1/2) / (—axd+b*c) ~2/ (-axf+bxe) ~2/(
—axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b* (Axb-B*a) * (d*x+c) ~(1/2) * (f*x+e) = (1/2) *x (h*xx+
g)~(1/2)/ (—axd+b*c) / (—a*f+b*e) / (-axh+b*xg) / (b*xx+a) ~ (3/2) -2/3%b* (3*xa~3*B*d*f*
h+b~3% (3*Bkc*exg-2%A* (ckexh+cxfxg+dkexg) ) —axb™2* (B* (ckexh+cxfxgtdkexg) —4xA%
(cxfxh+d*exh+d*f*g) ) —a~2xb* (6xA*xd*f*h+Bx (cxf*xh+d*exh+d*f*g)))*(d*x+c)~(1/2)
x (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (-axd+b*c) ~2/ (—a*f+bxe) "2/ (—a*xh+b*g) ~2/ (b*x+a)
~(1/2)-2/3*(3*%a"~2xd* (~A*d+Bxc) *fxh+b~2% (3*¥B*ckd*exg—A* (2xd~2*e*xg—c~2*f*h+c*
d* (exh+fxg)))+axb* (3*xA*d~2* (exh+f*g) -Bx (d~2*exg+c~2*xf*h+2xc*d* (exh+f*g)))) *
EllipticF((-axh+b*g)~(1/2)*(f*x+e) ~(1/2) /(—exh+f*xg)~(1/2) /(b*xx+a)~(1/2), (-(
-axd+bkc) *x (-exh+fxg) / (-cxf+d*e) / (-a*h+b*xg)) ~(1/2) ) * ((-axf+bke) * (d*x+c) / (-c*
f+dxe)/(b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) "2/ (-axf+b*e) / (-a*h+bxg) = (3/2
)/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—a*xf+b*e) * (h*x+g) / (~exh+fxg) / (b*x+a)) ~(
1/2)-2/3%(3*a”~3*Bxd*f*h+b~ 3% (3xBxckxexg—2xAx (ckexh+ckxf*g+d*e*g) ) —a*b~2* (B* (c
*xexh+c*xfxg+dxexg) —4*A* (c*xf*h+d*exh+d*f*g))-a~2*b* (6*xA*d*f*h+B* (cxf*xh+d*exh+
d*fxg)))*EllipticE((-cxh+dxg) ~(1/2) * (f*x+e) ~(1/2)/ (-exh+f*g) ~(1/2)/(d*x+c)”
(1/2), ((-a*d+bxc) * (—exh+f*g) / (-axf+bxe) / (-c*h+d*g)) ~(1/2) ) * (-cxh+d*g) ~(1/2)
* (—exh+f*g) ~(1/2) x (bxx+a) = (1/2) * (- (-cxf+dxe) x (h*xx+g) / (—exh+f*g) / (d*x+c) )~ (1
/2) / (—a*xd+b*c) "2/ (-axf+b*e) “2/ (-axh+bxg) “2/ ((-cxf+d*e) * (bxx+a) / (—a*xf+b*e) / (
d*x+c))~(1/2) / (h*xx+g) = (1/2)

Rubi [A]
time = 2.11, antiderivative size = 1080, normalized size of antiderivative = 1.00, number

number of rules _ 0.167,

of steps used = 8, number of rules used = 7, integrand size = 42, = :
integrand size

Rules used = {1613, 1616, 12, 176, 430, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(A + B*xx)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] (2%d*(3*a~3*B*d*fxh + b~3*%(3*%Bkckexg — 2%Ax(d*exg + c*f*g + cxexh)) - axb~2
*x (Bx(d*e*xg + cxf*g + cxexh) - 4xA*x(dxf*g + dxexh + ckxfxh)) - a~2xbx(6xAxdxf
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xh + B*x(d*f*g + dxexh + cxfxh)))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])
/(3x(bxc - axd) ~"2*(bxe - a*xf) 2*x(b*g - axh) 2xSqrt[c + d*x]) - (2*bx(A*b -

a*B)*Sqrt [c + d*x]*Sqrt[e + f*x]*Sqrtlg + hx*x])/(3*(bxc - a*d)*(bxe - axf)*
(bxg - axh)*(a + b*x)~(3/2)) - (2%bx(3*%a~3*Bkd*f*h + b~3%(3*Bxckexg - 2xAx(
dxexg + cxf*xg + cxexh)) - axb~2*(Bx(d*exg + cxfxg + cxexh) - 4xAx(dxf*xg + d
xexh + ckfxh)) - a~2xbx(6%Axdxfxh + Bx(d*f*g + d*exh + cxfxh)))*Sqrtlc + dx*
x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(3*(b*xc - axd) “2x(b*e - axf) " 2x(bxg - a*h)~
2xSqrt[a + bxx]) - (2#Sqrt[d*g - cxh]*Sqrt[f*g - exh]*(3*a~3*Bkd*f*h + b~ 3%
(3*xBxckexg - 2xAx(dxexg + cxfxg + ckexh)) - a*b™2x(Bkx(d*exg + cxf*g + ckxexh
) — 4xAx(d*f*g + dxexh + c*fxh)) - a~2%bx(6xAxdxf*xh + Bx(d*f*g + d*xexh + c*
fxh)))*Sqrt[a + b*x]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*xg - exh)*(c + d*x))
)1*EllipticE[ArcSin[(Sqrt [d*g - c*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtlc
+ d*x])], ((bxc - axd)*(f*g - e*h))/((b*e - a*xf)*(d*xg - c*h))])/(3*(b*c -

axd) "2x(bkxe - axf) 2x(bxg - axh) "2*Sqrt[((d*e - cxf)*(a + b*x))/((bxe - axf
)x(c + d*x))]*Sqrt[g + h*x]) - (2*%(3*a~2*d*(Bxc - Axd)*f*h + b"2x(3*B*cxd*e
xg — 2%A*d"2xexg + Axc”2xfxh - Axcxdx(fxg + exh)) + axb*(3*xA*d~2*x(f*g + exh
) — Bk(d"2%exg + c~2*f*xh + 2%c*d*x(f*g + exh))))*Sqrt[((bxe - a*f)x(c + d*x)
)/ ((d*e - c*f)*x(a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - a*h]*
Sqrt[e + fxx])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((b*c - axd)*(f*g - exh)
)/ ((d*e - cxf)*(bxg - a*h)))])/(3*(b*xc - a*d) "2*(bxe - a*f)*(bxg - axh)~(3/
2)*Sqrt [f*g - exh]l*Sqrt[c + d*x]*Sqrt[-(((bxe - a*f)*(g + h*x))/((f*g - exh
)¥(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 176

Int[1/(Sqrtl[(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt[(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))1)), Subst[Int[1/(Sq
rt[1 + (b*c - a*d)*(x"2/(d*e - c*f))I*Sart[1 - (bxg - axh)*(x"2/(f*g - exh)
1), x1, x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrt[(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bke - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))]1/((b*e - axf)*Sqrtlg + h
*x]*Sqrt [(bxe - axf)*((c + d*x)/((d*xe - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
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, X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] & !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqgrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/(@ + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h))), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp [A*(2%a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*g + ckxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckexh) + 2xb*ckexgk(m + 1)) - 2%x((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*xg + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&% LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xc*fxh) + (2¥b*Bxdxf
*h - Cx(axd*f*h + b*(dxf*xg + d*xexh + c*xfxh)))*x, x], x], x] + Dist[C*(d*e -
cxf)*((d*g - cxh)/(2¥bxd*f*h)), Int[Sqrt[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rubi steps
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f —3a2 Adj

+

/ A+ Bz dx__2b(Ab—aB)\/c—|—dx‘\/e—l—fx‘\/g—l—h:c‘
(a+bz)52vct+dz \Je+ fx /g+ht  3(bc—ad)(be —af)(bg — ah)(a + bx)3/?

2b(Ab — aB)Vc+dx \/e+ fr \/g+hr  2b(3a’B
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)32

_ 2d(3a*Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?(

2d(3a®Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab?(

_ 2d(3a*Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?(

_ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab®(

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 10667 vs.

2(1081) = 2162.
time = 39.70, size = 10667, normalized size = 9.87

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + Bxx)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]
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[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 104800 vs.

2(1009) = 2018.
time = 1.07, size = 104801, normalized size = 96.95

method | result size
elliptic | Expression too large to display | 3389
default | Expression too large to display | 104801

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*xx+A)/(b*xx+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x
, algorithm="fricas")

[Out] integral((B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b~3*d*f*h*x~6 + a~3*kcxfxgxx + (b~3*d*fxg + (b~3%c + 3*axb~2%d)*f*h)*x~5 +
((b~3*%c + 3*a*xb~2xd)*fxg + 3*(a*xb~2*kc + a~2+b*d)*f*h)*x"4 + (3*(a*b™2*c + a
~2xbxd) *f*g + (3*a"2%bxc + a~3*d)*fxh)*x"3 + (a~3xcxfxh + (3*%a"2*b*c + a”3%

d) *f*g)*x"2 + (b~3*d*h*x~5 + a~3*cxg + (b~3*d*g + (b~3*c + 3*axb~2%d)*h)*x"

4 + ((b"3*%c + 3*axb~2*xd)*g + 3x(a*b™2*c + a~2*b*d)*h)*x"3 + (3*x(a*b™2*c + a
“2xb*d) *g + (3*a”2%b*c + a~3*d)*h)*x"2 + (a”3%cxh + (3*a"2%b*c + a~3x*d)*g)*
x)*e), X)
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Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)**(5/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(hxx+g)**(1/
2) ,x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3007 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")
[Out] integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
A+ Bzx

/ Ve+fz Vg+hz (a+bz)?Vet+dz &

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~(1
/2)),x%)
[Out] int((A + Bxx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(56/2)*(c + d*x)~(1
/2)), x)
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3.11 f a+bx)3/ 2(de+cf+2dfx) dx
Ve+do e+ fx g+ hx

Optimal. Leaf size=898

(5adfh — b(3dfg + deh + cfh))Va+bx \/e+ fx \/g+hz +b\/a+bx‘\/c+dx‘ Vet+fz Vg+he

2fh?Ve+dx h

[Out] -1/2%(6*a*xb*d~2*f~2*g*h-3*a~2%d~2*f " 2xh~2+b~ 2% (2*kc*kd*exf*h~2-c~2*xf~2*¥h~2-d~
2% (e"2¥h~2+3*f"2%g~2) ) ) * (b*x+a) *E11lipticPi ((-a*d+b*c) = (1/2) * (h*x+g) ~(1/2)/(
cxh-dxg) = (1/2) / (bxx+a) ~(1/2) ,-b* (-c*h+d*g) / (—a*xd+b*c) /h, ((—a*f+b*e) * (-cxh+d
xg) / (—axd+b*c) / (—exh+f*g)) ~(1/2) ) *(cxh-d*g) ~(1/2) * ((—a*h+b*g) * (d*x+c) / (-c*h
+d*g) / (bxx+a) )~ (1/2) *((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (bxx+a))~(1/2) /b/d/f/h~
3/ (—a*xd+b*c) ~(1/2) / (d*x+c) " (1/2) / (f*x+e) " (1/2) +1/2% (5*axd*fxh-bx (c*f*h+d*e*
h+3*d*xf*xg) ) * (bxx+a) =~ (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h~2/ (d*x+c) ~(1/2)+b
* (bxx+a) = (1/2) * (d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) = (1/2) /h-1/2% (—axf+b*e) * (
3kaxd*f*h+b* (cxfxh-d* (exh+3*f*g) ) ) *E1llipticF ((-axh+b*g) ~(1/2)* (f*x+e)~(1/2)
/ (—exh+fxg)~(1/2) / (bxx+a) ~(1/2) , (- (—a*xd+b*c) * (-exh+f*g) / (—-cxf+d*e) / (-a*h+b*
g))~(1/2) ) *(—axh+b*g) ~ (1/2) * ((—axf+b*e) * (d*x+c) / (-c*xf+d*xe) / (b*x+a) ) ~(1/2) *(
h*x+g)~(1/2) /v/£/h~2/ (-exh+f*xg) ~(1/2) / (d*x+c) = (1/2) / (- (-a*xf+bxe) * (h*x+g) / (-
exh+fxg) / (b*xx+a)) ~(1/2)-1/2* (5xaxd*f*h-b* (cxf*h+d*xe*h+3*d*xf*g) ) *E11lipticE ((
-c*h+d*g) = (1/2) * (fxx+e) " (1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c) * (-
exh+fxg) /(-axf+bxe) / (-cxh+d*g) ) ~(1/2) ) * (-cxh+d*g) ~(1/2) * (-exh+f*g) ~(1/2) * (b
*xx+a) " (1/2) ¥ (- (-cxf+dxe) * (hxx+g) / (—exh+f*g) / (d*x+c)) ~(1/2) /d/£/h~2/ ((-c*f+d
xe) * (b*xx+a) / (-axf+bxe) / (d*x+c)) ~(1/2) / (h*xx+g) ~(1/2)

Rubi [A]

time = 1.63, antiderivative size = 897, normalized size of antiderivative = 1.00, number of

_ _ : . number of rules
steps used = 10, number of rules used = 10, integrand size = 49, integrand size = 0.204,

Rules used = {1611, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[((a + b*x)~(3/2)*(d*e + c*f + 2xd*f*x))/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + h*x]),x]

[Out] ((5*axd*fxh - b*(3xd*fxg + dxexh + cxfxh))*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt
[g + hxx])/(2*xfxh~2*xSqrt[c + d*x]) + (b*Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrtlg + h*x])/h - (Sqrtl[d*g - c*h]*Sqrt[f*g - exh]*(5*xaxd*xfxh - b*(
3xd*xf*g + dkexh + c*f*h))*Sqrt[a + bxx]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f*
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g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqr
t[fxg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - e*h))/((bxe - axf)*(d*g -
c*h))]1)/(2xd*xfxh~2*Sqrt [((d*e - c*f)*(a + b*x))/((bxe - a*xf)*(c + d*x))]*S
qrtlg + h*x]) - ((b*e - axf)*Sqrt[bxg - axh]*(bxckxf*h + 3xaxd*fxh - bxd*(3*
fxg + exh))*Sqrt[((bxe - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrtlg +
h*x]*E11lipticF [ArcSin[(Sqrt[b*g - a*h]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt
[a + b*x])], -(((b*c - axd)*(fxg - exh))/((d*xe - cxf)*(bxg - axh)))])/(2xb*
f*h~2*xSqrt [fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - a*xf)*x(g + h*x))/((f*g -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]*(6*axbxd~2*f~2xgxh - 3*%a~2xd~2*f"2
*h~2 + b72%(2%c*kd*e*f*xh~2 - c”2xf72xh"2 - d72x(3*%f"2%g"2 + e72%h"2)))*(a +
b*x) *Sqrt [((b*g - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*xg - a*h
)*x(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc -
axd)*h)), ArcSin[(Sqrt([b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrt[a
+ bxx])], ((bxe - axf)*(d*g - c*h))/((b*c - axd)*(f*g - exh))])/(2*b*d*Sqr
t[b*c - axd]*f*h~3xSqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - c*h)*(a + b*x)))]*(Sqrt[(bxg - axh)*((e + f*x)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, b}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - e*h)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*e - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*d)*(x"2/(d*e - c*£))]1/Sqrt[1l - (b*g - a*h)*(x"2/(f*g - exh))]
, X1, x, Sqrtle + f*x]/Sqrtla + bxx]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]
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Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [al *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)~2]*Sqrtl(e ) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] &% GtQ[c, 0] && GtQle, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1611

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sq
rt[g + h#*x]))*Simp[a*A*d*fxh*(2*m + 3) + (A*b + a*B)*dxfxh*(2*m + 3)*x + bx*
Bkdxfxh*(2+m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*Db
- a*B)/b, Int[1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrt[
(c_.) + (d_.)*(x_)]*Sqrt[(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*x(x_)]), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
dxfxhx(2xm + 3))), x] + Dist[1/(d*fxh*x(2xm + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(d*exg + cxfxg + ckexh) + 2%bxckexgxm) + ((A*b + a*B)*d*xf*h*x(2*xm + 3) - Cx*(
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2xax(dxfxg + d*exh + c*xf*h) + b*(2#m + 1)*(d*e*xg + cxfxg + cxexh)))*x + (bx
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1616

Int [(CA_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},
x]

Rubi steps
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f va+ bz (6adf (de+cf)h+6df (bde+bcf+2adf ) ha+12bd? f2hz?) de
(a + bz)*?*(de + cf + 2dfz) dp — Ve+dz \Je+ fxr \/g+hz
Ve+dz e+ fx /g+hx 6dfh

B bWa+bx Vet+dx e+ fr \/g+hx +
B h

f 12d2 f2h (202 (de+cf)h—b(bceg-

(5adfh — b(3dfg + deh + cfh))Va + bz \/e + fx /g + hx N bVa
2fh%Vc+ dx

_ (5adfh — b(3dfg + deh + cfh))Va+bz e+ fo \/g+hz N bVa

2fh2Vc+ dx

_ (5adfh — b(3dfg + deh + cfh))Va+bz \/e+ fo \/g+he N bV

2fh?Ve+dx

(5adfh — b(3dfg + deh + cfh))Va + bz /e + fx /g + hz N bVa
2fh?Vc+ dx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 14893 vs.
2(898) = 1796.
time = 34.53, size = 14893, normalized size = 16.58

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + b*x)~(3/2)*(d*e + cxf + 2xdxfxx))/(Sqrtlc + d*x]*Sqrt[e + £
*x]*Sqrt [g + h*x]),x]
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[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 35481 vs.
2(817) = 1634.
time = 0.14, size = 35482, normalized size = 39.51

method | result size
elliptic | Expression too large to display | 1809
default | Expression too large to display | 35482

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(3/2)*(2*d*f*xx+c*xf+dxe)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”~(3/2)*(2xd*f*x+cxf+d*e)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((2xd*f*x + cxf + d*e)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(2xdxf*x+c*xf+dxe)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+
g)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3
2

(a+bzx)2 (cf + de + 2df )
Ve+dr \Je+ fx \/g+hx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)**(3/2)* (2*d*f*x+cxf+d*e)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*xx+g) **(1/2) ,x)

[Out] Integral((a + b*xx)**(3/2)*(cxf + dxe + 2xdxfxx)/(sqrt(c + d*x)*sqrt(e + f*x
)*sqrt(g + h*x)), x)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(2xd*xf*x+c*xf+dxe)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2xd*f*x + cxf + d*e)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(a+b2)*?(cf+de+2dfz)
Vet fr Jg+hz Vetdr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)~(3/2)*(cxf + d*xe + 2*xd*xf*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2
)¥(c + d*x)~(1/2)),x)
[Out] int(((a + b*x)~(3/2)*(c*f + dxe + 2xd*xfxx))/((e + £xx)~(1/2)*(g + h*x)~(1/2
Yk(c + d*x)~(1/2)), x)
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3.12 f vV a —‘|— bx (de+cf+2dfz) dx
Ve+dx e+ fr /g+ hx

Optimal. Leaf size=472

— [ (be - af)(g + ha) ( /b
2bvVc +dz /e + fxr \/g+hz 2v/bg —ah \/fg = ch \/c—l—dm\/ (fg—eh)(a-l—bx)E o

hva+ bz - h\/(be—af)(c+dx)
(de — cf)(a + bx)

g+ hz

[Out] -2%d*(-a*h+b*g)~(3/2)* (f*x+e)*EllipticPi((-axf+bxe)~(1/2)*(h*x+g)~(1/2)/(-a
*h+bxg) = (1/2) / (f*x+e) ~(1/2) ,£*(~axh+bxg) / (-axf+b*e) /h, ((-c*xf+d*e) * (—a*h+b*g

)/ (maxf+bxe) / (—cxh+d*g) )~ (1/2) ) * ((—exh+f*g) * (bxx+a) / (—axh+b*g) / (f*xx+e) )~ (1/

2) * ((—exh+f*g) * (d*x+c) / (—~cxh+d*g) / (f*x+e)) ~(1/2) /h~2/ (—axf+b*xe) ~(1/2) / (b*xx+
a)~(1/2) / (d*x+c) = (1/2) +2xb* (d*x+c) = (1/2) * (£*x+e) = (1/2) * (h*x+g) " (1/2) /h/ (b*x

+a) ~(1/2)-2*EllipticE((-a*h+b*g) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*xg) ~(1/2) / (b*x+
a)~(1/2), (-(-axd+bxc) * (~exh+f*g) / (—cxf+d*e) / (-a*h+b*g) ) ~(1/2) ) * (—axh+b*xg) ~(

1/2) * (—exh+f*g) ~(1/2) * (d*x+c) = (1/2) * (- (~axf+bxe) x (h*x+g) / (—exh+f*g) / (bxx+a)
)7(1/2) /h/ ((-a*f+bxe) * (d*x+c) / (-cxf+dxe) / (bxx+a) )~ (1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.34, antiderivative size = 472, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.102,

steps used = 5, number of rules used = 5, integrand size = 49,
Rules used = {1609, 171, 551, 182, 435}

—_—— ————— —
2 [(atbe)(fg—eh) [(c+dz)(fg—eh) ( /////// ( (decf)(bo—ah) i e |_(g+hz)(be —af) —ad)(fo-e!
2d(e + fz)(bg — ah)*’?, | / 1 Bt ArcSi A 2ve+dz \/bg — ah —eh’y/ e —t
dle + 12)(ba = o) T g —ah) | (e Fa)ldg — ey |\ Beoonn A8\ 7= Ve o ) leemeiaen et dz /by —ahfg -~ ch \ " (axb2)(fg —eh) Vig—chVatba) EDR) | pordn Jer Fr \Jy+he
h2Va+bx'Ve+dz \/be —af T ;(H z)(be—a/)‘ hva+bx

\ (@+bz)(de - cf)

E( “Sm< bg — ah e+fx)‘ (be—ad)(fg—ch)
d&

Antiderivative was successfully verified.

[In] Int[(Sqrt[a + b*x]*(d*e + c*f + 2xdxf*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt
[g + h*x]),x]

[Out] (2*b*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/(h*Sqrt[a + b*x]) - (2*Sqrt
[b*g - a*h]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((

fxg - exh)*x(a + b*x)))]*EllipticE[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(S

qrt [fxg - exh]l*Sqrt[a + b*x])], -(((bxc - a*d)*(fxg - exh))/((d*e - cxf)*(b

xg — a*h)))])/(h*Sqrt[((b*e - axf)*x(c + d*x))/((d*xe - c*f)*(a + b+*x))]*Sqrt

[g + h*x]) - (2*d*(b*xg - axh)~(3/2)*Sqrt[((f*g - exh)*(a + b*x))/((b*xg - ax
h)x(e + £xx))I*Sqrt[((f*g - exh)*(c + d*x))/((d*g - c*h)*(e + f*x))]*(e + f
*x)*E1lipticPi[(f*(b*g - a*h))/((bxe - a*xf)*h), ArcSin[(Sqrt[b*e - a*f]x*Sqr

tlg + h*x])/(Sqrt[b*g - axh]*Sqrtle + f*x])], ((d*e - cxf)*(b*g - axh))/((b

xe — a*f)*(dxg - c*h))])/(Sqrt[bxe - a*f]*h~2*Sqrt[a + b*x]*Sqrt[c + d*x])

Rule 171
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Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + £*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrt[e + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (bxc - axd)*(x"2/(d*g - c*h))1*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrt[(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*xe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*x]*Sqrt [(bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x~2/(d*e - cx£))]1/Sqrt[l - (bxg - a*xh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
» X1

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1609

Int[(Sqrtl(a_.) + (b_.)*(x_)I*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)1*Sqrtl(e_.) + (f_.)*(x_)I1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[b*
BxSqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + hxx]/(d*fxh*Sqrt[a + b*x])), x] + (
-Dist [B*((b*g - a*h)/(2*f*h)), Int[Sqrtle + f*x]/(Sqrtl[a + b*x]*Sqrt[c + d*
x]*Sqrt[g + h*x]), x], x] + Dist[B*(bxe - a*f)*((bxg - axh)/(2*d*fxh)), Int
[Sqrtlc + d*x]/((a + b*x)~(3/2)*Sqrt[e + f*x]*Sqrtlg + h*x]), x], x]) /; Fr
eeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && EqQ[2xAxd*f - Bx(d*e + cxf), 0]

Rubi steps
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_ ve+ f

Va+bz (de+ cf + 2dfx) dp — 2bvVc+dz \/e+ fr \/g+hz B (d(bg —ah)) | va+br Ve+d
Vetdz e+ fx \/g+ht hva + bz h

(fg —eh)(a+t

(2d(bg—ah) (bg —ah)(e + ]

B 2bvVc+dz \/e+ fxr \/g+hz
hva+ bz

21/bg —ah \/fg—eh Vc+ dx

_ 20Vc+dz e+ fr \/g+ha
hva + bx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 6583 vs.
2(472) = 944.
time = 39.15, size = 6583, normalized size = 13.95

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[a + b*x]*(d*e + c*f + 2*xd*f*x))/(Sqrtlc + d*x]*Sqrtle + f*x
1xSqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 13175 vs.
2(426) = 852.
time = 0.13, size = 13176, normalized size = 27.92

method | result size
elliptic | Expression too large to display | 1560

default | Expression too large to display | 13176

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(2*d*f*x+cxf+d*e)/(d*x+c)”(1/2)/(f*xx+e)~(1/2)/ (h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)
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[Out] result too large to display
Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)~(1/2)*(2xd*xfxx+c*xf+dxe)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2xd*f*x + cxf + d*e)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)x*
sqrt (h*x + g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(2xdxf*x+c*xf+dxe)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
Va+bx (cf + de + 2dfx) da

Ve+dz \Je+ fr \/g+hx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**(1/2)* (2xd*f*x+cxf+d*e)/ (d*x+c)**(1/2)/(fxx+e)*x(1/2)/(h
*xx+g) **(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*(c*f + d*e + 2*d*f*x)/(sqrt(c + d*x)*sqrt(e + f*x)*s
qrt(g + h*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((brx+a)” (1/2)% (2Hdxfxxtcrfrdre)/ (dxxec) " (1/2)/ (Erxre)~(1/2)/ (hwcr
g)~(1/2) ,x, algorithm="giac")
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[Out] integrate((2xd*f*x + cxf + d*e)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*
sqrt (h*x + g)), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
Va+bx (cf+de+2dfz)
Ve+fr Jg+hz Vetdr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)~(1/2)*(c*xf + d*e + 2xd*xf*x))/((e + f*x)~(1/2)*(g + h*xx)~(1/2
)x(c + d*x)~(1/2)),%)
[Out] int(((a + b*x)~(1/2)*(c*f + dxe + 2xd*xf*xx))/((e + £xx)~(1/2)*(g + h*x)~(1/2
)x(c + d*xx)~(1/2)), x)
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j‘ de+cf+2dfz dr
va+br Ve+dz e+ fxr g+ hx

Optimal. Leaf size=449

3.13

d — | | —a g—e
2(bde+bcf—2adf)\/ e bg Varhe P(sn (VL e )| pdt) o
+_

(be—af)(g+hz)
(fg —eh)(a+ bx)

b\/bg —ah \/fg—eh Vc+dz

[Out] 4*d*xf*(b*x+a)*EllipticPi((-a*d+bxc)~(1/2)*(h*x+g)~(1/2)/(c*h-d*xg)~(1/2)/(b*
x+a)~(1/2) ,-bx(-c*h+d*g) / (-a*xd+b*c) /h, ((—axf+b*e) * (-cxh+d*g) / (—a*xd+b*c) /(-e
xh+f*g) )~ (1/2))*(cxh-d*g) ~ (1/2) * ((—a*xh+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a)) ~(1/
2) % ((-axh+b*g) * (fxx+e) / (-exh+fxg) / (bxx+a) ) ~(1/2) /b/h/ (-axd+b*c) ~(1/2) / (d*x+
c)~(1/2) / (fxx+e) ™ (1/2) +2x (-2xaxd*f+b*cxf+bxd*e) *E1lipticF ((-axh+b*g) ~(1/2) *
(fxx+e)~(1/2)/(-exh+fx*g) ~(1/2)/(b*x+a) ~(1/2) , (-(—a*d+b*c) * (—exh+f*g) / (—c*f+
dxe)/(—axh+b*g) )~ (1/2)) *((-axf+b*e) * (d*x+c) / (—cxf+d*e) / (bxx+a) )~ (1/2) * (h*x+
g)~(1/2) /v/ (-axh+bxg) = (1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*
x+g) / (—exh+f*xg) / (bxx+a))~(1/2)

Rubi [A]

time = 0.31, antiderivative size = 449, normalized size of antiderivative = 1.00, number of

number of rules — 0.102,
integrand size

steps used = 5, number of rules used = 5, integrand size = 49,
Rules used = {1612, 176, 430, 171, 551}

—
Yyl (c+dz)(be — af) Vbg—ah'\Jet fz' —ad)(fg-ch [(c+dn)bg—ah)' [(e+ f)(bg — ah) sdg-ch). i [ Vbe—ad \/g+ ha
2\/g+ha (—2adf+bcf+bde)\f!( Thde—e) F(Ar Sm( = h — )‘ vt A;) +4df(a+b @) \/ch — dg \( o) dg— ch) \( T n( h m",,‘,.Arc&n(vr & Jaits )|§u ol ’)
o de [ (g+ha)be—ap)’ bhve+dz \/e+ fz vVbc—ad
Ve b = ol 19 = [ = ety

Antiderivative was successfully verified.

[In] Int[(d*e + c*f + 2xd*f*x)/(Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]) ,x]

[Out] (2*(bxd*e + bxcxf - 2kaxd*xf)*Sqrt[((b*e - a*f)*x(c + d*x))/((d*e - c*f)*(a +
b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + fx*x])/(Sqr
t[fxg - exh]l*Sqrtl[a + b*x])], -(((b*c - a*d)*(f*g - e*h))/((d*e - c*f)*(bxg

- a*h)))])/(b*Sqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e -
axf)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + (4xdxf*Sqrt[-(dxg) + c*hlx*(a

+ bxx)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*xg - a
xh)*(e + f£xx))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g - c*h))/((b*c

- axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrt

[a + bxx])], ((bxe - a*f)*(dxg - c*h))/((b*xc - axd)*(f*g - exh))])/(b*Sqrt[

bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171
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Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)x(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(bxg - a*h)*((e + £*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*3qrt[1 + (bxc - axd)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl[(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - ex*h)*Sqrtlc + d*x]*
Sqrt[(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*d)*(x"2/(d*e - c*f))I*Sart[1 - (bxg - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, ¢, d, e, £, g,
h}, x]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi [bx*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !1GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Axb
- a*B)/b, Int[1/(Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x]

Rubi steps
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va+bx _
/ de +cf +2dfz d — (24f) f\/c+dx \/e+fx\/g+h:cdx+( 2adf + blde
Va+bz Ve+dr e+ fr \/g+hz b

(bg — ah)(c + dx) | (bg — ah)(e + fx)
<4df(a+bac)\/ \/(fg—eh)(a+bx)

(dg — ch)(a + bx)

)

)(a + bx)

bv

2(bde + bef — 2adf)\/ c—|—d:1: Vg+hz F(sm

Mathematica [A]
time = 24.68, size = 724, normalized size = 1.61

Antiderivative was successfully verified.

[In] Integrate[(d*e + c*f + 2kd*f*x)/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtl[e + f*xx]=*

Sqrt[g + h*x]),x]

[Out] (2xSqrt[a + b*x]*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]1*(-(b

xdxex* (bxe - axf)*h*Sqrt[((bxg - ax*h)*(e + f*x))/((fxg - exh)*(a + b*x))]1*(g
+ hxx)*EllipticF[ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a +
b*x))]], ((-(bxc) + axd)*(-(fxg) + exh))/((b*e - axf)*x(d*g - c*h))]) + 2xax
dxfx(bxe - a*f)*h*Sqrt[((bxg - a*h)*(e + f*x))/((fxg - exh)*(a + b*x))]1*(g
+ hxx)*EllipticF[ArcSin[Sqrt[((-(b*e) + a*xf)*(g + h*x))/((f*g - exh)*(a + b
*x))11, ((-(b*c) + axd)*(-(f*g) + exh))/((bxe - a*f)*(d*g - cxh))] + bxcxfx*
(-(bxe) + axf)xh*Sqrt[((b*g - axh)*(e + fxx))/((f*g - exh)*(a + b*x))I*(g +
h*x)*E11lipticF [ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + bx*
x))1], ((-(bkc) + a*xd)*(-(f*g) + e*h))/((bkxe - a*xf)*(dxg - cxh))] - 2xd*fx*(
bxg - axh)*(fxg - exh)*(a + b*xx)*Sqrt[((-(b*e) + axf)*(g + h*x))/((fxg - ex
h)*(a + b*x))]1*Sqrt[-(((bxe - axf)*(bxg - a*h)*(e + f*xx)*(g + h*x))/((f*g -
exh) "2*(a + bx*x)"2))]1*EllipticPi[(bx(-(f*g) + e*h))/((b*e - axf)*h), ArcSi
n[Sqrt[((-(b*xe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((-(b*c) + axd
)*(-(f*g) + exh))/((bxe - a*xf)*(d*g - c*h))]))/(b*(b*e - axf)*hx(b*g - axh)

b\/bg—ah\/fg—ehx/c+dx\/
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xSqrt [c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*xx]*Sqrt[((-(b*e) + a*f)*(g + h*x))/
((fxg - exh)*(a + bxx))])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2453 vs.

2(411) = 822.
time = 0.12, size = 2454, normalized size = 5.47

method | result

2(cf+de)(—%+%) =

V(bz +a) (dz +c) (fr +e) (hz+g)

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2xdxf*xx+cxf+dxe)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/ (h*x+g)~(1/

2) ,x,method=_RETURNVERBOSE)

[Out] 2*(EllipticF(((c*h-d*g)*(b*x+a)/(axh-b*g)/(d*x+c))~(1/2), ((cxf-dxe)* (a*h-b*

g)/ (a*xf-bxe)/(c*¥h-d*g)) ~(1/2)) *a*xb*cxd~2xf*xh*x"2-E11ipticF (((cxh-d*g) * (bxx+
a)/ (axh-b*g) / (d*x+c) )~ (1/2) , ((cxf-d*e) * (a*h-b*g) / (a*f-b*e) / (c¥h-d*g)) ~(1/2)
) *a*bxd~3*exh*x~2-E11ipticF (((cxh-d*g)* (bxx+a)/ (a*h-b*g) / (d*x+c))~(1/2), ((c
xf-dx*e) * (axh-bx*g) / (a*xf-bxe) / (cxh-d*g)) ~(1/2) ) ¥b~2xcxd~2*f*g*x~2+E1lipticF ((
(cxh-d*g) * (bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2) , ((cxf-d*e) * (axh-b*g) / (axf-bx*e) /(
cxh-d*g) ) ~(1/2))*b~2*d"3*exgxx~2+2*E11lipticPi (((cxh-d*g) * (bxx+a)/(axh-bxg)/
(d*x+c))~(1/2) , (axh-b*g) *d/b/ (c*¥h-d*g) , ((cxf-d*e) * (axh-bxg) / (a*f-bxe)/(c*h-
d*g))~(1/2))*a~2xd"3*fxh*x~2-2+%E11ipticPi (((cxh-d*g) * (bxx+a) / (a*h-b*g) / (d*x
+c))~(1/2), (axh-b*g) *d/b/ (c*h-d*g) , ((cxf-d*e) * (axh-bxg) / (a*f-bxe) / (c*h-d*g)
)~ (1/2) ) *a*bxcxd~2*f*h*x~2-2+%E11ipticPi (((cxh-d*g) * (bxx+a) / (axh-bxg) / (d*x+c
))~(1/2), (a*h-b*g) *d/b/ (c*h-d*g) , ((cxf-d*e) * (axh-b*g) / (axf-bxe) / (cxh-d*g) )~
(1/2) ) *a*b*d~3*f*g*x~2+2*xE11ipticPi (((c*h-d*g) * (bxx+a) / (a*h-bxg) / (d*x+c)) ~(
1/2) , (a*h-bxg) *d/b/ (cxh-dxg) , ((c*xf-d*e) * (a*xh-b*g) / (a*f-b*e) / (c*h-d*g)) ~(1/2
)) *b~2%c*kd~2xfxgxx~2+2*E11lipticF (((cxh-d*g) * (bxx+a) / (a*h-b*g) / (d*x+c)) ~(1/2
), ((cxf-dxe) * (axh-bxg) / (a*f-bxe) / (c¥h—-d*g)) ~(1/2) ) *a*b*c~2*d*f*h*x-2*xE11lipt
icF(((cxh-d*g) * (bxx+a) / (a*h-bxg) / (d*x+c)) ~(1/2), ((cxf-d*e) * (axh-b*g) / (a*xf-b
xe) / (cxh-d*g) )~ (1/2) ) *axb*c*d~2*exh*x-2*E11lipticF (((cxh-d*g)* (b*x+a) /(a*h-b
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xg) /(d*x+c))~(1/2), ((cxf-d*e) * (axh-b*g) / (axf-bxe) / (cxh-d*g) ) ~(1/2) ) ¥b~2xc~2
*xdxf*g*x+2*xE11ipticF (((cxh-d*g) * (bxx+a) / (axh-bx*g) / (d*x+c)) ~(1/2) , ((c*xf-dx*e)
* (axh-bxg) / (axf-bxe) / (cxh-d*g)) ~(1/2) ) b~ 2xcxd~2*e*g*x+4xE11ipticPi (((cxh-d
*xg) * (b*x+a) / (a*xh-b*g) / (d*x+c) )~ (1/2) , (axh-b*g) *d/b/ (c¥h-d*g) , ((cxf-d*e) * (a*
h-b*g) / (a*f-bxe) / (cxh-d*g) ) ~(1/2) ) *a~2*c*d~2*f¥h*x-4*E11lipticPi (((cxh-d*g) *
(bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2) , (a*h-b*g) *d/b/ (cxh-d*g) , ((c*f-d*e) * (a*h-b*
g)/ (a*xf-b*xe)/(cxh-d*g)) ~(1/2)) *a*xb*c~2xd*f*h*x-4*E11ipticPi (((c*h-d*g) * (b*x
+a) / (axh-b*g) / (d*x+c) )~ (1/2) , (axh-b*g) *d/b/ (cxh-d*g) , ((cxf-dxe) * (axh-bxg) / (
axf-bxe)/(cxh-d*g)) ~(1/2) ) *axbxc*xd~2*xf*gxx+4*E11ipticPi (((c*h-d*g) * (b*xx+a)/
(axh-bxg) / (d*x+c)) ~(1/2) , (a*h-b*g) *d/b/ (c*h-d*g) , ((cxf-d*e) * (axh-bxg) / (a*f-
bxe) / (cxh-d*g) )~ (1/2) ) ¥b~2xc~2*d*f*gxx+E11ipticF (((c*h-d*g) * (b*x+a) / (axh-b*
g)/(d*x+c))~(1/2), ((cxf-dxe) * (axh-bxg) / (a*f-bxe) / (c*h—-d*g)) ~(1/2) ) *a*b*c”~3*
fxh-E11lipticF(((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2), ((c*xf-d*e) * (axh-b
xg) / (axf-bxe) /(cxh-d*g) ) ~(1/2) ) *axb*c~2xd*exh-E1lipticF (((cxh-d*g)* (b*x+a)/
(axh-bxg) / (d*x+c)) ~(1/2) , ((cxf-d*e) * (axh-b*g) / (axf-bxe) / (cxh-d*g) ) ~(1/2)) *b
~2xc~3*f*g+E11ipticF (((c*h-d*g) * (bxx+a) / (axh-bx*g) / (d*x+c)) ~(1/2), ((c*xf-d*e)
* (axh-bxg) / (a*xf-bxe) / (cxh—-d*g)) ~(1/2) ) #*b~2*c~2xd*e*g+2*xE11ipticPi (((c*h-d*g
) * (bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2) , (a*h-b*xg) *d/b/ (cxh-d*g) , ((c*f-d*e) * (a*h-
b*g) / (a*f-b*e) /(c¥h-d*g)) ~(1/2))*a~2*c~2*d*f*h-2xE11ipticPi (((c*h-d*g) * (b*x
+a) / (a*h-b*g) / (d*x+c)) ~(1/2) , (a*h-b*xg) *d/b/ (cxh-d*g) , ((c*f-d*e)* (a*h-bxg) /(
axf-bxe)/(cxh-d*g) )~ (1/2)) *axb*c~3*f*h-2*%E11ipticPi (((c*h-d*g) * (bxx+a)/(a*h
-b*g) / (d*x+c) )~ (1/2) , (axh-b*g) *d/b/ (cxh-d*g) , ((c*xf-d*e) * (a*xh-b*g) / (a*f-b*e)
/ (cxh-d*g) )~ (1/2) ) *axb*xc~2xd*fxg+2+E11ipticPi (((c*h-d*g) * (b*x+a) / (axh-b*g) /
(d*x+c))~(1/2) , (axh-b*g) *d/b/ (c*¥h-d*g) , ((cxf-d*e) * (axh-bxg) / (a*xf-bxe) / (c*h-
d*g) )~ (1/2) ) ¥b~2xc~3*f*g) * ((a*d-b*c) * (h*x+g) / (a*h-b*g) / (d*x+c)) ~(1/2) *((a*xd
-b*c) * (f*x+e) / (axf-bxe) / (d*x+c)) ~(1/2) * ((cxh-d*g) * (bxx+a) / (a*h-b*g) / (d*x+c)
)7(1/2) /b/ (bxx+a) = (1/2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~ (1/2) / (c¥h-d*g)
/ (a*d-bxc)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2*d*f*xx+c*xf+d*e)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2xd*f*x + cxf + d*e)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*xx + e)*
sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2*d*xf*xx+c*xf+d*e)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cf +de + 2dfx da
Va+bz Ve+dz e+ fr \/g+hz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*xx+g) **(1/2) ,x)

[Out] Integral((c*f + d*e + 2*xd*f*x)/(sqrt(a + bxx)*sqrt(c + d*x)#*sqrt(e + f*x)*s
qrt(g + h*x)), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2rdxfxx+cxf+dre)/ (bxx+a)~(1/2)/(d¥x+c)~(1/2)/ (f¥x+e)~(1/2)/ (hxx+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2xd*f*x + cxf + d*e)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)x*

sqrt(h*x + g)), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
cf+de+2dfz

/\/e+fx Vg+hs Va+bzr Ve+dx &

Verification of antiderivative is not currently implemented for this CAS.
[In] int((cxf + dxe + 2xd*xf*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*xx)~(1/2)*
(c + d*x)~(1/2)),x)

[Out] int((c*f + d¥e + 2xd*f*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*
(c + d*x)~(1/2)), %)
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3.14 de+‘cf+2dfw ‘ d
/ (a+b2)324/c+ dx /e + fr \/g+ hx v

Optimal. Leaf size=625

2d(bde + bef — 2adf)Va+bx e+ fx \/g+ hx _ 2b(bde + bef — 2adf)Vec +dz \/e+ fxr \/g+hx o

(bc — ad)(be — af)(bg — ah)Vc+ dx (bc — ad)(be — af)(bg — ah)Va + bx

[Out] 2*d*(-2*a*d*f+bxcxf+b*xd*e)*(bkx+a)~(1/2)*(f*xx+e) ~(1/2)* (h*x+g) ~(1/2) /(-axd+
bxc) / (-axf+b*e) / (—axh+b*g) / (d*x+c) = (1/2) -2%b* (-2*a*xd*f+bkckxf+bxd*e) * (d*x+c)
~(1/2)* (f*xx+e) " (1/2) * (h*x+g) = (1/2) / (-axd+b*c) / (-a*f+bxe) / (-a*h+b*g) / (bxx+a)
~(1/2)-2*%d* (—c*xf+d*e) *E1lipticF ((—a*h+bxg) = (1/2) * (f*xx+e) ~(1/2) / (-exh+f*g) ~(
1/2)/ (b*xx+a) = (1/2) , (- (ma*d+bxc) * (—~exh+f*g) / (-cxf+dxe) / (—a*xh+b*xg) ) ~(1/2) ) *((
—axf+bke) * (d*x+c) / (-cxf+d*e) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*xd+b*c) / (-a*xh+
bxg) ~(1/2) / (-exh+f*g) = (1/2) / (d*x+c) " (1/2) / (- (—a*f+b*e) * (h*x+g) / (—exh+f*g) / (
bxx+a) )~ (1/2)-2% (-2*axd*f+b*c*xf+bxd*e) *E11ipticE((-c*h+d*g) = (1/2) * (f*x+e)~(
1/2) / (—exh+f*g) ~(1/2) / (d*x+c) " (1/2) , ((—a*xd+b*c) * (~exh+f*xg) / (—axf+b*e) / (-c*h
+d*g) )~ (1/2) ) * (-c*h+d*g) =~ (1/2) * (-e*xh+f*xg) ~(1/2) * (b*x+a) ~ (1/2) * (- (-c*kf+dxe) *
(h*x+g) / (-exh+f*xg) /(d*x+c)) ~(1/2) / (-a*d+b*c) / (-axf+bxe) / (~a*h+b*g) / ((-cxf+d
*e) * (bxx+a) / (-axf+bxe) /(d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.69, antiderivative size = 625, normalized size of antiderivative = 1.00, number of
steps used = 7, number of rules used = 7, integrand size = 49, number of rules _ 0.143,

integrand size
Rules used = {1613, 1616, 12, 176, 430, 182, 435}

2075
e ) Vet dr Vet f2 /gt ha' (~2adf + bef + bde) . 2dva+br \/e+ [z \/g+ ha (=2adf + bef + bde)
h)

N
Va+ bz (be — ad)(be — af)(bg — ah) Ve+dz (b — ad)(be — af)(bg — ah

Antiderivative was successfully verified.

[In] Int[(d*e + c*f + 2xd*f*x)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt
[g + h*x]),x]

[Out] (2xd*(bxd*e + bxcxf - 2*axdxf)*Sqrt[a + b*x]*Sqrt[e + f*xx]*Sqrt[g + h*x])/(
(bxc - a*xd)*(bxe - axf)*(b*xg - axh)*Sqrt[c + d*x]) - (2*%b*(b*d*e + bxc*f -
2xaxdxf)*Sqrt [c + d*x]*Sqrtle + f*xx]*Sqrt[g + h*x])/((b*c - axd)*(bxe - a*f
)*(bxg — axh)*Sqrt[a + bxx]) - (2%(bxd*e + bxcxf - 2*a*xd*f)*Sqrt[d*g - c*h]

*xSqrt [fxg - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*g - exh)x*

(c + d*x)))]1*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrt[e + f*x])/(Sqrtlf*g - e
*h]*Sqrt[c + d*x])], ((bxc - axd)*(fxg - exh))/((b*e - a*xf)x(d*g - c*h))])/

((b*c - a*d)*(bxe - axf)*(bxg - axh)*Sqrt[((d*xe - cxf)*(a + b*x))/((b*e - a
xf)*(c + d*x))]*Sqrtlg + h*x]) - (2*d*x(d*e - c*xf)*Sqrt[((b*xe - axf)*(c + dx*
x))/((d*e - cxf)*(a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h
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1*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtl[a + b*x])], -(((b*c - axd)*(f*xg - ex
h))/((d*e - c*f)*(bxg - a*h)))])/((bxc - a*d)*Sqrt[b*g - axh]*Sqrt[f*g - e*
h]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((fxg - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]x*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]]1, x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrt[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1 - (bxg - axh)*(x~2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(Sqrt[a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x]1 /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1*Sqrtl(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol]l :> Simpl[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtlg + h*x]
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/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - axd)*(b*e - axf)*x(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2*a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + dkexh + c*f*h) + b™2%x(2#m + 3)*(d*e*g + c*f*g + cxexh)) - bxBx(ax(dxe
xg + c*xf*xg + ckxexh) + 2¥bkxckexgx(m + 1)) - 2x((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&% LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl[(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + axckfxh) + (2¥b*Bxdxf
*h - Ck(axd*fxh + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - cxh)/(2¥bxd*f*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps
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/ de + cf + 2dfx dr__2b(bde+bcf—2adf)\/c+dx‘\/e+fx‘\/g+hx‘ —I—:
(a+bx)32v/c+dz \/e+ fr \/g+hx a (bc — ad)(be — af)(bg — ah)Va + bx
_ 2d(bde + bef — 2adf)Va+bz e+ fx \/g+ha 2
(bc — ad)(be — af)(bg — ah)Vc+ dz
_ 2d(bde + bef — 2adf)Va+bz e+ fx \/g+ha 2
- (bc — ad)(be — af)(bg — ah)Vc+ dz
_ 2d(bde + bef — 2adf)Va+bz e+ fz \/g+ha 2
a (bc — ad)(be — af)(bg — ah)Vc+ dz
_ 2d(bde + bef — 2adf)Va +bxr \/e+ fx \/g+hx 2t

(bc — ad)(be — af)(bg — ah)Vc+ dx

Mathematica [A]
time = 25.97, size = 341, normalized size = 0.55

. I
o L (e O W e = ) R G (= e B =)

(be — ad)(fg — eh)(a + bo)2et dr’ (~Lemehloranessrarin)

32

Warning: Unable to verify antiderivative.

[In] Integrate[(d*e + c*f + 2kxd*xf*x)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x
1#Sqrt[g + h*x]),x]

[Out] (2x(b*e - a*f)*Sqrt[((bxg - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f

*x) " (3/2)*%(g + h*x)~(3/2)*((b*d*e + bxcxf - 2xaxd*f)*(dxg - cxh)*EllipticE[
ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*xg - exh)*(a + b*x))]], ((bxc - a
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*xd)*(f*g - exh))/((bxe - a*f)x(d*xg - c*h))] - dx(d*e - cxf)*(b*g - axh)*Ell
ipticF[ArcSin[Sqrt [((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]1], ((

bxc - axd)*(f*g - exh))/((b*e - axf)*x(d*g - c*h))]))/((bxc - a*xd)*(fxg - e*

h)~3x(a + bxx)~(5/2)*Sqrt[c + d*x]*(-(((bxe - a*xf)*(bxg - a*h)*(e + f*x)*(g
+ h*x))/((f*g - exh)~2x(a + b*x)~2)))~(3/2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 21264 vs.

2(571) = 1142.
time = 0.13, size = 21265, normalized size = 34.02

method | result size
elliptic | Expression too large to display | 2298

default | Expression too large to display | 21265

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2%d*f*xx+cxf+d*e)/(bxx+a)~(3/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*f*xx+cxf+d*e)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2xd*fxx + cxf + d*e)/((bxx + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt(h*x + g)), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2),x, algorithm="fricas")

[Out] integral ((2*d*f*xx + c*f + d*xe)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*x + g)/(b~2*d*fxh*x~5 + a~2xcxfxgxx + (b"2*d*f*g + (b"2%c + 2*axbxd)*f
xh)*x~4 + ((b™2%c + 2%a*bxd)*f*g + (2*axbxc + a~2xd)*fxh)*x"3 + (a~2xc*f*h
+ (2xaxbxc + a~2xd)*f*xg)*x~2 + (b~2xd*h*x"4 + a~2*c*xg + (b"2xdxg + (b~2*c +
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2*%axbxd)*h) *x~3 + ((b~2%c + 2%a*b*xd)*g + (2*%axbxc + a~2*xd)*h)*x"2 + (a~2%c
*h + (2%axbxc + a~2*d)*g)*x)*e), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*xx+cxf+d*e)/(b*x+a)**(3/2)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h
*x+g) %% (1/2) ,%)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="giac")
[Out] integrate((2xd*f*x + cxf + d*e)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ cf+de+2dfzx
Ve+fz Jg+hz (a+bz)**Vetdz

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*f + dxe + 2*d*f*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + bxx)~(3/2)*
(c + d*x)"(1/2)),x)
[Out] int((c*f + dxe + 2xdxfxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*
(c + d*xx)~(1/2)), x)
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3.15 d6+‘Cf+2df$ ‘ dw
/ (a+b2)524/c+ dx /e + fr \/g+ hx

Optimal. Leaf size=1090

4d(3a3d® f2h — a®bdf (df g + 4deh + 4cfh) — b3 (d%e?g — cde(fg — eh) + 2 f(fg + eh)) + ab?(2c® f2h + d2e( f
3(bc — ad)?(be — af)?(bg — ah)?Vc + dx

[Out] 4/3*d*(3%a~3%d~2*f~2%h-a~2xbxd*f* (4*c*f*h+d*d*exh+d*f*g)-b~3* (d"2*e~2*g-c*d
xex (—exh+f*xg)+c™2xf* (exh+f*g) ) +axb~ 2% (2xc~2*f ~2xh+d~2*e* (2*xexh+f*g) +cxd*f*(
3xexh+fx*g)) ) * (bxx+a) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*xc) "2/ (-axf+b
xe) "2/ (—axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b* (-2*axd*f+b*cxf+bxd*e) * (d*x+c) " (1/2)
*x (£xx+e) " (1/2) * (hxx+g) ~(1/2) / (-axd+b*c) / (~a*f+bxe) / (-axh+b*g) / (bxx+a) " (3/2)
—4/3xbx (3%a~3%d~2*f ~2¥h-a~2*b*d*f * (4*cxf*h+4*d*exh+d*f*g) -b~3* (d"2%e " 2%g-c*
dxex (—exh+f*xg)+c~2xf* (exh+f*g) ) +axb~2* (2xc~2*f ~2xh+d~2*e* (2xexh+f*g) +cxd*f*
(3xexh+f*g)) ) *(d*x+c) ~(1/2) * (f*xx+e) ~(1/2) * (h*x+g) ~(1/2) / (ma*d+bxc) 2/ (—a*xf+
bxe) “2/ (—a*h+bxg) 2/ (b*x+a) = (1/2) +2/3% (-cxf+d*e) * (3xa~2+d~2*f*xh-axb*d* (2*c*
fxh+3*d*exh+d*f*g) +b~2% (c~2*f *h+c*d*exh-c*xd*f*xg+2+xd~2xexg) ) *E11lipticF ((-a*xh
+bxg) = (1/2) * (fxx+e) ~(1/2) / (-exh+f*g) = (1/2) / (bxx+a) " (1/2) , (- (~a*d+b*c) * (-e*h
+f*g) / (-cxf+dxe) / (—axh+b*xg)) ~(1/2)) * ((-axf+b*e) * (d*x+c) / (-cxf+d*e) / (b*xx+a) )
~(1/2) % (h*x+g) ~(1/2) / (—axd+b*c) ~2/ (-axf+bxe) / (—~a*xh+b*g) ~(3/2) / (—exh+f*g) ~ (1
/2)/ (d*x+c)~(1/2) / (- (maxf+bxe) *x (h*x+g) / (—exh+f*g) / (bxx+a)) ~(1/2)-4/3%(3*xa"3
*d~2xf " 2xh-a”~2xbxd*f* (4*xc*f*xh+4*xd*xexh+d*xf*g) -b~3% (d"2xe~2xg-cxd*e*x (—exh+f*g
)+c”2xfx (exh+f*xg) ) +axb™ 2% (2kc™2xf ~2¥h+d " 2*e* (2xexh+f*g) +ckd*f* (3kexh+f*g)))
*E11lipticE((-c*h+d*xg) ~(1/2)*(f*x+e)~(1/2) / (-exh+fx*g) ~(1/2) / (d*x+c)~(1/2), ((
—a*d+b*c) * (—exh+f*g) / (—a*f+b*xe) / (-cxh+d*g) )~ (1/2) ) * (—~cxh+d*g) ~(1/2) * (—exh+f
*g) = (1/2) % (b*x+a) = (1/2) * (- (-cxf+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c)) ~(1/2) / (-ax*
d+bxc) 2/ (—a*f+bxe) "2/ (—axh+b*g) ~2/ ((-c*f+d*e) * (b*x+a) / (-axf+bxe) / (d*x+c))~
(1/2) / (h*xx+g) ~(1/2)

Rubi [A]

time = 1.98, antiderivative size = 1090, normalized size of antiderivative = 1.00, number

number of rules _
integrand size 0.143,

of steps used = 8, number of rules used = 7, integrand size = 49,
Rules used = {1613, 1616, 12, 176, 430, 182, 435}

Warning: Unable to verify antiderivative.
[In] Int[(d*e + c*f + 2xdxf*x)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrt
[g + h*x]),x]

[Out] (4x*d*(3*a~3*%d~2*xf~2%h - a~2xbxd*f*(d*f*g + 4xd*exh + 4xc*xf*h) - b~3*(d"2*e”
2xg - ckd*ex(f*g - exh) + c”2*f*(f*g + exh)) + a*b™2x(2xc”2xf"2*%h + d"2x%e*(
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fxg + 2%exh) + ckdxfx(fxg + 3%exh)))*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrt[g + h
*x])/(3*x(bxc - a*d) "2*(bxe - a*xf) 2x(b*g - axh) 2xSqrt[c + d*x]) - (2xbx(b*
d*e + bxcxf - 2kxaxdxf)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*xc -

axd) *(b*e - a*f)*(b*g - axh)*(a + b*x)~(3/2)) - (4*b*(3*a~3*xd"2xf"2xh - a~
2xbxd*f* (d*xf*g + 4*xdxexh + 4*xcxfxh) - b~3%(d"2%e”2%g - cxd*ex(f*g - exh) +

c~2xfx(fxg + exh)) + axb™2%(2xc”2*f"2xh + d"2*ex(f*xg + 2xexh) + ckd*xf*x(f*xg

+ 3xexh)))*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x])/(3*(b*xc - axd) ~2*(b*e

- a*f)"2x(b*g - a*h)"2xSqrt[a + b*x]) - (4*Sqrt[d*g - cxh]*Sqrt[f*g - exhl]
*x(3%a~3%d"2+f"2%h - a"2%b*d*f*(d*f*xg + 4*xd*kexh + 4*ckfxh) - b~ 3x(d"2%e”2x*g

- cxdxex(fxg - exh) + c”2xfx(fxg + exh)) + a*xb”™2x(2*%c™2*xf72xh + d"2xex(f*g

+ 2xexh) + ckdxfx(fxg + 3xexh)))*Sqrtla + bxx]*Sqrt[-(((d*xe - c*f)*(g + h*x
))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtle + f*x
1)/(Sqrt[f*xg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - exh))/((b*xe - axf)
*x(d*g - c*h))])/(3*(b*xc - axd) "2*x(bxe - axf) 2*x(bxg - axh) 2*Sqrt[((d*e - c
*xf)x(a + bxx))/((bxe - a*xf)*(c + d*x))]*Sqrt[g + h*x]) + (2*(d*e - cxf)*(3*
a~2xd"2*f*h - axbxd*(d*f*g + 3xdxexh + 2xcxfxh) + b~2%(2*d"2%exg - ckxd*xf*g
+ cxd*exh + c”2xf*h))*Sqrt[((bxe - a*xf)*(c + d*x))/((d*e - cxf)*(a + b*x))]
*xSqrt [g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - a*h]*Sqrt[e + f*x])/(Sqrt[f*xg -
exh]*Sqrt[a + b*x])], -(((b*c - a*d)*(f*g - exh))/((d*e - cxf)*(bxg - axh)
))1)/ (3*(b*c - a*xd) "2x(bxe - a*f)*(b*g - axh)~(3/2)*Sqrt[f*xg - exh]*Sqrtlc
+ d*x]*Sqrt [-(((b*xe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - exh)*Sqrt[c + d*x]*
Sqrt [(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1)), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(dxe - cxf))]*Sqrt[1 - (bxg - axh)*(x"2/(fxg - exh)
1), x1, x, Sqrtle + f*x]1/Sqrtla + b*x]1]1, x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int [Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*d)*(x"2/(d*e - c*£))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - e*h))]
» x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]
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Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [al *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 1613

Int [((Ca_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqrtl(e_.) + (£_.)*x(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x) " (m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - a*d)*(bxe - axf)*(bxg - a*h)), Int[((a + bxx)~(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*fxh*(m + 1) - 2%a*xbx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*xg + cxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckxexh) + 2*bkxckxexgx(m + 1)) - 2x((A*b - axB)*(a*xd*fxhx(m + 1)
- bx(m + 2)*(dxfxg + dxexh + cxfxh)))*x + d*f*h*(2*m + 5)*(A*b~2 - a*xb*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1), x] + (Dist[1/(2xb*d*f*h), Int[(1/(Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle +
fxx]*Sqrt[g + h*x]))*Simp [2¥A*b*d*fxh — Ck(b*d*exg + a*xckxfxh) + (2¥b*Bxdxf
xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxdxf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rubi steps
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+ B

/ de + cf + 2dfx dx__2b(bde+bcf—2adf)\/c+dx‘\/e—l—fx‘\/g—l—hx‘
(a+bz)52vc+dz \Je+ fx /g+hst 3(bc — ad)(be — af)(bg — ah)(a + bx)>/

B 2b(bde + bef — 2adf) Ve +dx /e + fx /g+hx
~ " 3(bc— ad)(be — af)(bg — ah)(a + bz )?/? —

_ 4d(3a*d? f>h — a?bdf (df g + 4deh + 4cfh) — b*(d?e?g — ¢

_ 4d(3a*d? f>h — a®bdf (df g + 4deh + 4cfh) — b*(d?e’g — ¢

_ 4d(3a*d? f>h — a®bdf (df g + 4deh + 4cfh) — b*(d?e?g — ¢

_ 4d(3ad® f?h — a?bdf (df g + 4deh + 4cfh) — b*(d?e’g — c

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 10629 vs.
2(1090) = 2180.
time = 37.45, size = 10629, normalized size = 9.75

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[(d*e + cxf + 2xd*fxx)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + f*x
1xSqrt[g + h*x]),x]
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[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 87909 vs.
2(1018) = 2036.
time = 0.54, size = 87910, normalized size = 80.65

method | result size
elliptic | Expression too large to display | 3571
default | Expression too large to display | 87910

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2xdxf*x+cxf+dxe)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/ (h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2kdxf*x+cxf+dxe)/(bxx+a)~(5/2)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/(h*x+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((2xd*xf*x + cxf + d*e)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xd*xf*xx+cxf+d*e)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] integral ((2*d*f*x + c*f + d*xe)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*x + g)/(b"3*d*xfxh*x"6 + a~3*c*f*xgxx + (b~3xd*f*g + (b~3*%c + 3*a*b~2%d)
xfxh)*x~5 + ((b"3xc + 3*axb~2xd)*fxg + 3*%(a*b™2%c + a~2*b*d)*f*h)*x"4 + (3%
(axb™2%c + a~2*%bkxd)*xfxg + (3*%a~2*b*c + a~3*d)*f*xh)*x~3 + (a"3*cxfxh + (3xa”

2xbxc + a”3*d)*f*xg)*x"2 + (b~3*d*h*x”5 + a~3*ckg + (b"3*dxg + (b~3*c + 3*ax
b~2%d)*h)*x~4 + ((b73*c + 3%axb~2*d)*g + 3x(a*b~2%c + a~2xbxd)*h)*x~3 + (3%
(axb™2%c + a~2xb*d)*g + (3*a~2*%bxc + a~3*d)*h)*x"2 + (a~3*cxh + (3*xa~2*b*c

+ a”3*d)*g) *x) *e), x)
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Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*fxx+c*xf+d*e)/(b*x+a)**(5/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*x+g) *¥*(1/2) ,x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3007 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2*d*xf*xx+cxf+d*e)/(b*xx+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="giac")
[Out] integrate((2xd*f*x + cxf + d*e)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ cf+de+2dfz
Vet fz \Jg+hz (a+bz)*Vetdz

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((cxf + dxe + 2xd*xf*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + bxx)~(5/2)*
(c + d*x)~(1/2)),x)
[Out] int((c*xf + dke + 2xd*f*x)/((e + f*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*
(c + d*x)~(1/2)), x)
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(a+bx) abB a2C+b2Bx—|—b2Ca:)

\/c—|—d:13 ve+ fx g+ hx

Optimal. Leaf size=721

3.16 |

20%(5bBdfh + 2C (adfh — 2b(df g + deh + cfh)))Ve+dz /e + fx \/g+hzx  20°C(a+br)Ve+dz /e
158212 + 5dfh

[Out] 2/15%b~2% (5xb*Bkd*f*h+2*C* (axd*f*h-2xbx (cxf*xh+d*exh+d*f*g)))* (d*x+c)~(1/2)*
(fxx+e)~(1/2) * (h*x+g) ~(1/2) /d~2/£72/h~2+2/5%b~2*%C* (b*x+a) * (d*x+c) ~(1/2) x (£*
x+e) " (1/2) * (h*x+g) ~(1/2) /d/f/h-2/15xb* (15*%a”~2xC*d~2*f ~2xh~2-10*a*b*d*f*h* (3
*Bxd*f*xh-C* (c*f*h+d*exh+d*f*g) ) +b~2* (10*B*xd*f*h* (cxf*h+d*exh+d*f*g) —Cx (8*c™
2%f"2¥h~2+7*ckd*f*h* (exh+f*g) +d~2% (8*e~2xh~2+7*exf*gxh+8*f~2%xg~2)) ) ) *Ellipt
icE(£7(1/2) *(d*x+c)~(1/2) / (cxf-d*e) " (1/2) , ((-c*f+d*e) *h/f/ (-c*h+d*g) ) ~(1/2)
)*(cxf-dxe) ~(1/2) * (d* (£*x+e) / (-cxf+dxe) )~ (1/2) * (h*x+g) ~(1/2)/d~3/£7(5/2) /h~
3/ (f*xx+e) ~(1/2) / (d* (h*x+g) / (-cxh+d*g) )~ (1/2)-2/15% (15%a~3*xC*d~2*f " 2xh~3-15%
a~2%bxd~2*f ~2xh”~ 2% (Bxh+C*g) +5*a*xb~2xd*f*h* (6%B*xd*f*g*h-Cx (c*h* (—exh+f*g) +d*
g*x (exh+2xf*g) ) ) -b~ 3% (5*B*xd*f*h* (cxh* (~exh+f*xg)+d*g* (exh+2xf*g) ) —Ck (4*c~2xf*
h~2x (—exh+f*g) +ckd*h* (-4*e~2%h~2+e*xf*xgxh+3*f ~2xg~2) +d~2%g* (4*xe~2xh~2+3*exf*
gxh+8*f~2%g~2))) ) *E1lipticF (£~ (1/2)*(d*x+c)~(1/2)/(cxf-dxe) ~(1/2), ((-cxf+d*
e)*h/f/(-cxh+d*g) )~ (1/2)) *(cxf-dxe) ~(1/2) * (d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d*(
h*x+g) / (-c*h+d*g))~(1/2)/d~3/£7(5/2) /h~3/ (f*x+e) ~(1/2) / (h*x+g) = (1/2)

Rubi [A]
time = 1.20, antiderivative size = 720, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.121

steps used = 8, number of rules used = 7, integrand size = 58,
Rules used = {1614, 1629, 164, 115, 114, 122, 121}

)

Antiderivative was successfully verified.

[In] Int[((a + b*x)*(axb*B - a~2xC + b~2xBxx + b~2xC*x~2))/(Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + hx*x]),x]

[Out] (2%b~2x(5xb*Bxd*f*h + 2%axCkdxf*h — 4*bxCk(d*f*g + dxexh + c*fxh))*Sqrtlc +
d*x] *Sqrt[e + f*x]*Sqrtlg + h*x])/(156%d"2*f"2xh~2) + (2*b~2xC*(a + b*x)*Sq
rt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(5xdxf*h) - (2xb*Sqrt[-(d*e) + cx*f
1% (16%a~2*%C*d~2*xf"2¥h~2 - 10*axbxd*f*h* (3*Bkd*xfxh — Ck(d*f*g + dxexh + cxfx
h)) + b™2x(10*B*d*fxh*(d*xf*xg + dkexh + c*xfxh) - Ck(8%c™2*xf72xh~2 + Txcxd*f*
hx(f*g + exh) + d72x(8*f"2%g~2 + Txexf*gxh + 8%e~2xh~2))))*Sqrt[(d*x(e + f*x
))/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
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[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*xg - c*h))])/(15%d~3*f~(5/2)*h~3*Sqrt
[e + £xx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2+Sqrt[-(d*e) + c*xf]l*(15*a~3*
Cxd~2xf~2+%h~3 - 15%a~2xb*d~2*f~2xh~2%(C*g + Bxh) + 5xaxb~2*d*fxhx (6*Bxd*f*g
xh — c*Cxhx(f*g - exh) - Ckxd*gk(2*f*g + exh)) - b~ 3*(5xBxd*f*h*(c*xh*(f*g -
exh) + dxgx(2+fxg + exh)) - Ck(4*xc™2+fxh~2*(f*g - exh) + cxdxh*(3*xf~2*g~2 +
exfxgxh — 4*%e"2xh~2) + d"2*gk(8*f~2%xg~2 + 3kexfxgxh + 4*e~2xh~2))))*Sqrt[(
dx(e + fxx))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - cx*h)]*EllipticF[ArcSin[
(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)xh)/(fx(d*g - c*h)
)1)/(16%d~3*£~(5/2) *h~3*Sqrt [e + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x]/Rt[-(bxc - a*d)/d, 211, f*((b*c - a*d)/(d*(bxe - a*xf)))], x] /; Free
Ql{a, b, c, 4, e, £}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(b*e - axf), 0]

&% LtQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] & GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtl[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
xf*(x/(b*e - a*xf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(b*xc - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x

_)1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(bxe - a*f)/b]l))*EllipticF[A

rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*x((b*c - a*xd)/(dx*(

bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*d), 0]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_ ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla

+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq

rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQl[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)]*Sqrtl(e_.) + (£_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
d*fxh*(2*m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*xA*d*f*xh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*g*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax (dxfxg + d*exh + c*xf*h) + b*(2#m + 1)*(d*e*g + cxf*g + cxexh)))*x + (bx
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + D*((e + £xx)"(p +

1)/(d*f*b~(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*xb"g*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a"2*d*f*(m + n + p + q + 1) - bx(b*cxex(m + q - 1) + a*x(dxex(n + 1) +

cxfx(p + 1))) + bx(axd*f*x(2*x(m + q) + n + p) - b*(d*ex(m + q + n) + cxf*(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
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5a2(bB—aC)
(a + bzx) (abB — a*C + v*Bz + b*Cz?) 26°C(a + bzx)Ve+dr /e + fx \/g+ hx /
‘ ‘ ‘ dx = +

Ve+dr \Je+ fx \/g+hx 5dfh

_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dx
N 15d2 f2h?

_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh)) Ve + da
- 1542 f2h2

_ 26*(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dx
- 15d2 f2h?

_ 26*(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dx
- 15d2 f2h?

_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh)) Ve + da
- 1542 f2h2

Mathematica [C] Result contains complex when optimal does not.
time = 28.13, size = 825, normalized size = 1.14

Antiderivative was successfully verified.

[In] Integratel[((a + b*x)*(axb*xB - a~2xC + b~2*Bxx + b~2xC*x~2))/(Sqrt[c + d*x]=*
Sqrt[e + fxx]*Sqrtlg + h*x]),x]

[Out] (-2*%(b*d~2xSqrt[-c + (d*e)/f]*(15%a~2xCxd~2*f~2xh~2 + 10*a*b*d*fxh*(-3*B*xd*
fxh + Cx(dxf*g + d*exh + c*xfxh)) - b~2%(-10*Bxdxf*h*(d*f*g + dxexh + cxfxh)
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+ Cx(8xc™2+f"2%h~2 + T*ckd*fxhx(fxg + exh) + d™2%x(8*f~2xg~2 + T*xexfxgxh +
8*e~2xh~2))))*(e + fxx)*(g + h*x) + b~2+%d"2*Sqrt[-c + (d*e)/fl*fxhx(c + d*x
)*(e + f*x)*(g + h*x)*(-5*b*Bxd*xf*h - 5xaxCxd*f*h + b*Ck(4dxc*f*h + dx(4xfxg

+ 4xexh - 3*xfxhxx))) + I*bk(d*e - c*xf)*hx(15*%a~2%Cxd~2*xf~2¥h~2 + 10*axb*dx*
fxh* (-3*Bkd*fxh + Ck(d*f*g + dxexh + c*fxh)) - b~2x(-10*%Bxd*f*hx (d*xf*g + d*
exh + c*xfxh) + Ckx(8*%c™2*xf72xh~2 + Txcxd*xf*h*(f*g + exh) + d~2x(8xf"2%g™2 +
Txexfxgxh + 8%e~2xh~2))))*(c + d*x)~(3/2)*Sqrt[(dx(e + f*x))/(f*(c + d*x))]
*Sqrt [(d*x(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]/S
qrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)] + I*d*h*(15%xa~3*%C*xd~2xf~3*h
~2 - 15%a”2%b*d"2*xf"2%(Cxe + B*f)*h~2 - 5xa*b~2kd*fxh*(-6*Bxdxexf*h + cxCxf
x(—(fxg) + exh) + Cxd*ex(f*g + 2%exh)) + b~ 3x(-5*Bkd*fxhx(cxfx(-(fxg) + exh
) + dxex(fxg + 2xexh)) + Cx(4xc™2+f~2xh*(-(f*g) + exh) + cxd*f*(-4*xf~2xg~2
+ exf*xgxh + 3xe”2+¥h"2) + d"2xex(4xf72%g”2 + 3xexf*gkh + 8xe~2*¥h~2))))*(c +
d*x)~(3/2)*Sqrt [(dx(e + £*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x
))I*E1llipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxf*h)/
(d*xexh - cxfxh)]))/(156%d~4*Sqrt[-c + (dxe)/f]l*f~3xh~3*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 8420 vs.
2(667) = 1334.
time = 0.12, size = 8421, normalized size = 11.68

method | result

J@z+c) (fz+e) (hz +g) 20v’er/df ha® + cfhx? + deh x? + df g 2? + cehx + cf gz + degz -

5dfh

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (Ckb~2xx~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*
X+g) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)*(Ckb~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - Cxa~2 + Bxaxb)*(bxx + a)/(sqrt(d*x + c)*sq
rt(f*x + e)*sqrt(h*x + g)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.60, size = 1344, normalized size = 1.86

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(C*xb~2%x~2+B*xb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] 2/45%(3*(3*Cxb~3*%d~3*f~3%h~3%x - 4*C*b~3*d~3*f 3*g*h~2 - 4*C*b~3*d~3*f ~2*h~
3xe — (4*Cxb~3*c*d"2 - 5*(Cxa*b~2 + Bxb~3)*d~3)*f~3+%h~3) *sqrt(d*x + c)*sqrt
(fxx + e)*sqrt(h*x + g) - (8*C*b~3xd"3*f~3*g~3 + 8*C*b~3*xd~3*%h~3*e”"3 + (3*C
*b~3%c*kd"2 - 10%(C*ka*xb~2 + B*b~3)*d~3)*f~3*g~2xh + (3*%C*b~3*c~2*d - 5*(Ckax
b~2 + B*b~3)*c*xd"2 - 15%(C*a~2%b - 2xBxa*b~2)*d~3)*f ~3*gxh~2 + (8*C*b~3*c~3
- 10*%(C*a*b~2 + Bxb~3)*c~2*%d - 15%(C*a~2%b - 2%B*a*b~2)*c*d~2 + 45x(C*a”~3
- B*a~2%b)*d"3)*f~3*%h~3 + (3*Cxb~3*%d"3*f*gxh~2 + (3*%C*b~3*cxd~2 - 10*(Cxa*b
~2 + B*b~3)*d"3)*#f*h~3)*e"2 + (3*Cxb~3*%d"3*f"2xg~2*h + (3*Cxb~3*c*d~2 - 5x(
Cxa*b~2 + B*b~3)*d"3)*f~2%g*h~2 + (3*C*b~3*c"2*d - 5*(Cxaxb~2 + Bxb~3)*c*d”
2 - 15%(C*a~2*xb - 2*Bkaxb~2)*d~3)*f~2xh~3)*e)*sqrt (d*f*h)*weierstrassPInver
se(4/3x(d"2%f72%g~2 - c*d*f~2%gxh + c”2xf72xh"2 + d72xh"2%e”2 - (d~2*f*g*h
+ cxd*f*h~2)*e) /(d"2+f"2*%h"2), -4/27*(2*%d"3*f73%g~3 - 3xcxd~2*f"3*g~2xh - 3
*xC"2%d*f"3*gxh~2 + 2%c"3xf"3*%h~3 + 2%d"3*%h"3*e”3 - 3*%(d"3*f*gxh~2 + c*xd"2xf
*h~3)*%e”2 - 3%(d"3*f"2%g"2%h - 4*kckd"2*f"2%g*h~2 + cT2*d*f"2*%h"3)*e)/(d"3*f
~3%h~3), 1/3*(3*d*xfxh*x + dxfxg + cxfxh + d¥hke)/(d*f*h)) - 3*(8*Cxb~3*d~3%
f~3%g~2%h + 8*Cxb~3*%d~3*fxh~3%e”2 + (7*Cxb~3*c*d~2 - 10%(C*a*b~2 + B*b~3)*d
~3)*f73xg*xh~2 + (8*%C*b~3*c~2*d - 10*%(C*a*b~2 + B*b~3)*c*d~2 - 15%x(C*a~2xb -
2*Bxaxb~2) *d~3) *f~3+%h~3 + (7*Cxb~3*d~3*f 2xgxh~2 + (7*C*b~3*c*d~2 - 10%(C*
axb~2 + B*b~3)*d~3)*f~2xh~3)*e) *sqrt (d*f*xh)*weierstrassZeta(4/3*(d~2*f " 2xg~
2 - cxd*f"2xgxh + c"2*xf72*%h"2 + d"2*¥h"2%e”2 - (d"2xf*gxh + cxd*f*xh~2)xe)/(d
“2xf£72xh72), -4/27*%(2%d"3*f73%g"3 - 3xcxd"2*xf"3xg"2xh - 3kcT2xd*f"3xgxh~2 +
2%c~3*xf~"3%h"3 + 2xd"3*%h~3*%e”3 - 3*%(d"3*f*gxh~2 + c*d"2xfxh~3)*e”2 - 3*(d”3
*xf"2%g”2%h - 4*c*d"2xf72xg*h~2 + c”2xd*f"2xh~3)*e)/(d"3*f"3*xh~3), weierstra
ssPInverse(4/3*(d"2*f"2*%g"2 - c*d*f~2xgxh + c"2*xf72x¥h"2 + d"2xh"2%e"2 - (d~
2xfxgxh + ckdxfxh~2)xe)/(d"2xf72xh~2), -4/27*(2xd"3*f"3%g~3 - 3*ckd 2xf"3x*g
“2xh - 3%c"2xd*f"3*gxh"2 + 2%c"3*f"3*%h"3 + 2%d"3*%h"3%e”3 - 3*(d"3xfxgxh~2 +
c*d"2%f*h"3)*e"2 - 3*%(d"3*f"2xg"2xh - 4xcxd"2*xf"2xgxh~2 + c”2xd*f"2xh”~3)*e
)/ (@"3%£73*%h"3), 1/3*%(3*d*f*h*x + d*f*g + cxf*xh + dxhxe)/(d*fxh))))/(d~4*f"
4xh~4)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(a + bz)? (Bb — Ca + Cbz)

‘ ‘ -dz
Ve+dx e+ fx \/g+ hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Ckxb**2*x**2+B*b**2xx+B*axb-Cxa*xx2) / (dxx+c)**(1/2)/(f*x+e
)% (1/2) / (hxx+g) **(1/2) ,x)

[Out] Integral((a + b*x)**2%(Bxb - C*a + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt
(g + h*xx)), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(Cxb~2xx~2+Bxb~2*x+B*axb-Cxa~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x~2 + Bxb~2*x - C*a~2 + B*axb)*(b*x + a)/(sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/(a+bx) (—Ca®>+ Bab+ Cb 2> + Bb*x)
Ve+fzr Jg+hz Vet+dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*x)*(C*b~2%x~2 - C*a~2 + Bxaxb + Bxb~2xx))/((e + f*xx)~(1/2)*(g +
h*x)~(1/2)*(c + d*x)~(1/2)) ,x)
[Out] int(((a + b*x)*(Cxb~2*%x"2 - Cxa~2 + Bxaxb + B*b~2xx))/((e + £xx)~(1/2)*(g +
h*x)~(1/2)*(c + d*x)~(1/2)), x)
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3.17 abB—‘a2C'—|—b2Bw_|_‘bQC$2 | d
/ Verds vet JoJgtha

Optimal. Leaf size=410

2/ _ d(e + fx) |
2b2C\/c+dx\/e—|—fr\/g—|—hx+2b v/ —de+cf (3Bdfh —2C(dfg + deh + cfh)) —de—cf vV g+

3dfh
S f312h2\[e 1 fo dc(zz s ’;

[Out] 2/3*%b~2xCx*(d*x+c) ~(1/2)*(f*x+e) ~(1/2) * (h*xx+g) ~(1/2) /d/f/h+2/3%b~2% (3*B*d*f*
h-2%C* (c*f*h+d*exh+d*f*g) ) *E11ipticE(£~(1/2)*(d*x+c) ~(1/2) / (cxf-dxe)~(1/2),
((-cxf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2) ) * (cxf-d*e) ~(1/2) *(d* (f*x+e) / (-cxf+d*e) ) ~(

1/2) % (h*x+g) ~(1/2)/d~2/£~(3/2) /h~2/ (f*x+e) ~(1/2) / (d* (h*x+g) / (-c*h+d*g) ) ~(1/
2)+2/3% (3ka*xb*Bxd*f*h~2-3*a~2*C*kd*f*h~2-b~2% (3*B*d*f*gxh-C* (c*xh* (-exh+f*g)+

dxg* (exh+2*f*g))))*E1lipticF (£~ (1/2)*(d*x+c) ~(1/2) /(cxf-d*e)~(1/2), ((~c*xf+d
*e)xh/f/(-cxh+d*g))~(1/2) ) * (c*f-d*e) ~(1/2) * (d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (d*
(h*x+g) / (-cxh+d*g) ) ~(1/2)/d~2/£7(3/2) /h~2/ (fxx+e) " (1/2) / (h*x+g) = (1/2)

Rubi [A]
time = 0.36, antiderivative size = 410, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.113,

steps used = 7, number of rules used = 6, integrand size = 53,
Rules used = {1629, 164, 115, 114, 122, 121}

| 2) [dg FVerd N ) L s —— o |de+ /T Ve (de=chh
2y/cf —de \%Z) \‘;% F(ArcSm( \fﬁ’ ) \%) (~3a*Cdfh? + 3abBdfh? — (t*(3Bdfgh — cCh(fg — eh) - Cdgleh +2f9))))  26*\/g + ha \/of — de \dfi; — ’:;) (3Bdfh — 2C(cfh + deh + dfy))E(An;Sm( S et dr ) \Kij)
+

\ef —de WCVerds Vet [z gt hr

'y
3d7h

3o+ [o \Jg+ ha —
JER et Ta o+ he s JeTTR \“‘(l(lgi»/x’rl
| “dg—cn

Antiderivative was successfully verified.

[In] Int[(a*xb*B - a"2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt
[g + h*x]),x]

[Out] (2*%b~2xCxSqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3xdxf*h) + (2xb~2*Sqrt
[-(d*e) + cxf]*(3*Bxd*fxh - 2+Ckx(d*f*g + dxexh + c*fxh))*Sqrt[(d*(e + f*x))

/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-

(dxe) + cxf]], ((d*e - cxf)xh)/(f*(d*g - c*h))])/(3*d~2*£~(3/2)*h~2*Sqrt[e

+ fxx]*Sqrt[(d*(g + h*x))/(d*g - cxh)]) + (2xSqrt[-(d*e) + cxf]*(3*axb*Bxd*

fxh~2 - 3*%a"2*Cxd*f*h~2 - b~ 2% (3*xB*xd*f*gxh - c*Cxh*(f*g - exh) - Cxd*gk(2*f

*xg + exh)))*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - cxh)]
*E1lipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - c*f)

xh) /(fx(d*g - c*h))])/(3*%d~2*£~(3/2)*h~2*Sqrt[e + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
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+ bxx] /Rt [-(bxc - axd)/d, 2]], £*x((b*c - ax*d)/(d*(b*e - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symboll :> Dist[Sqrtle + f*x]*(Sqrt[bx((c + d*x)/(bxc - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*xc - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2%(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[A

rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(

bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0]

&& GtQ[b/(bxe - axf), 0] && SimplerQ[a + bxx, c + d*x] && SimplerQ[a + bx*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1629

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_)*x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + D)*x((e + £*xx)"(p +
1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +
q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
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+p+q+ 1)*Px - dxf*k*(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a"2*d*f*(m + n + p + q + 1) - bx(b*ckex(m + q - 1) + a*(dxex(n + 1) +

ckf*x(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - bk(dkex(m + q + n) + cxf*x(m

+q+ p)))*x), x], x], x] /; NeQIm + n + p + g + 1, 0]] /; FreeQl[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
2 [ 1d(3abBdfh—3a2Cdfh—b2C (deg+
abB — a’C + b*Bzx + b*Cz? g — 202CvVe+dx e+ fx \/g+hx N Ve+dr
Ve+dz e+ fx \/g+hx 3dfh

(b2(3Bdfh — 2C(dfg + deh +

_ 2°CVe+dz e+ fx \/g+hz N
- 3dfh 3

<<3abB — 3¢2C — Y@Bdfgh—

_ 2’CVc+dz e+ fr \/g+hz
- 3dfh

+

252 \/—de + cf (3Bdfh — 2C

_ 2*CVc+dz e+ fr \/g+hz
- 3dfh

+

22 \/—de + cf (3Bdfh — 2C

_28°CVe+dz e+ fx \/g+hs
- 3dfh

_|_

Mathematica [C] Result contains complex when optimal does not.
time = 24.17, size = 442, normalized size = 1.08

Verdz | ROE fhe + fx)(g + ha) + LECBUN e et fallathe) | g2 \‘;“ﬂ + % fh3Bah - 20(drg + deh + efR)VET I \(j((i: Z; \’:((i - «:) B|isinh™

3B et Iz v
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Antiderivative was successfully verified.

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x"2)/(Sqrt[c + d*x]*Sqrtle + f*x
1xSqrt[g + h*x]),x]

[Out] (Sqrtlc + d*xx]*(2¥b~2*Ckd~2*f*h*(e + f*x)*(g + h*x) + (2%b~2%d"2* (3*Bxd*f*h
- 2%Cx (d*fxg + d*exh + cxf*h))*(e + fxx)*(g + h*x))/(c + d*x) + (2*xI)*b~2x
Sqrt[-c + (dxe)/f]l*fxh*(3*xBxd*f*h - 2xCx(d*xf*g + d*exh + c*fxh))*Sqrt[c + d

*xx] *Sqrt[(d*(e + f*x))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*Ell
ipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + d*x]], (dxfxg - c*fxh)/(d*e*h

- cxf*h)] + ((2*I)*dxh*(3*%a*b*B*d*f~2%h - 3%a~2+C*d*f~2%h + b~2%(-3*Bxd*exf

*xh + cxCxfx(-(f*g) + exh) + Cxdxex(fxg + 2%exh)))*Sqrt[c + d*x]*Sqrt[(d*(e

+ f£xx))/(f*x(c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticF[I*ArcSin
h[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - c*fxh)/(d*exh - cxfxh)])/Sqrt

[-c + (dxe)/£f]))/(3*d"3*xf~2+%h~2*xSqrt[e + f*x]*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2824 vs.
2(364) = 728.
time = 0.12, size = 2825, normalized size = 6.89

method | result

J@dz+c) (fz+e) (hz +g) 20b2\/dfhx3+cfhx2+deha:2+gjjgz2+cehx+cfgx+degx+

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g) ~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] -2/3%(-2*%C* (- (h*x+g)*f/(exh-f*g) )~ (1/2)*((d*x+c)*h/ (c*h-d*g)) ~(1/2) * ((f*x+e
)*h/ (exh-f*g))~(1/2) *E1lipticE( (- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/
(cxh-d*g) )~ (1/2)) *b~2+d~2*f " 2xg~3-C*b~2xd~2*f "2%h~3*x~3-3*B* (- (h*x+g) *f/ (e*
h-f*g) )~ (1/2) * ((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) *Ellip
ticE((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g))~(1/2))*b~2*d~2*
exfxgxh~2-Ck (- (h*xx+g) *f/ (exh-f*g)) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/2) * ((f*x+
e)*h/ (exh-f*g))~(1/2)*E1llipticF ((- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f
/ (cxh-d*g) )~ (1/2) ) *b~2*c*d*f ~2xg~2+h+C* (- (h*x+g) *f/ (exh-f*xg) ) ~(1/2) * ((d*x+c
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)*h/ (c*¥h-d*g)) ~(1/2) * ((£*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/ (exh
-fxg))~(1/2) , ((exh-fxg) *d/f/ (cxh-d*g)) ~(1/2) ) *b~2*d~2*e*f*g~2xh-3*Cx (- (h*x+
g)*f/ (exh-£*g) )~ (1/2)* ((d*x+c)*h/ (cxh-d*g) ) ~(1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/
2)*E1lipticF ((- (h*x+g) *f/ (exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*h-d*xg))~(1/2))*
a~2xd"2*e*f*h~3+3*C* (- (h*x+g) *f/ (exh-f*g)) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/2
) *((f*xx+e)*h/ (exh-f*xg)) ~(1/2)*E1llipticF ((-(h*x+g)*f/(exh-f*xg))~(1/2), ((e*h-
fxg)*d/f/ (cxh-d*g) )~ (1/2) ) *a~2xd~2*f " 2xgxh~2+2*C* (- (h*x+g) *f/ (exh-f*xg)) ~(1/
2) * ((d*x+c)*h/ (cxh-d*g) ) ~(1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x
+g) *f/ (exh-fxg))~(1/2) , ((exh-f*g)*d/f/(c*h-d*g)) ~(1/2) ) *b~2%c™2*exf*xh~3-2%C
* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~(1/2) * ((f*x+e) *h/ (e*h-£
*xg))~(1/2)*E1llipticF ((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*g)*d/f/(c*xh-d*g))
~(1/2)) *b~2%c”2x£ " 2xg*h~2+C* (- (h*x+g) *f / (exh-f*g) ) ~ (1/2) * ((d*x+c) ¥h/ (c*h-d*
g)) "~ (1/2)*((£*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/ (exh-f*g) )~ (1/2
), ((exh-fxg)*d/f/(cxh-d*g) )~ (1/2) ) *b~2*c*d*e~2xh~3-C* (- (h*x+g) *f/ (exh-f*g))
~(1/2) *((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) *E1llipticF ((-
(h*xx+g) *f/ (exh-£*g) )~ (1/2) , ((exh-f*g)*d/f/(c*h-d*g) )~ (1/2))*b~2xd"2*e~2xg*h
~2-2%C* (- (h*x+g) *f/ (exh-f*xg) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~ (1/2) * ((f*x+e) *h/
(exh-f*g))~(1/2)*E1lipticE((- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(cxh
—-d*g) )~ (1/2)) *b~2xc~2*e*xf*h~3+2*%Cx (- (h*xx+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (
cxh-d*g)) ~(1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticE((- (h*x+g) *f/ (exh-f*g)
)~ (1/2), ((exh-f*g) *d/f/ (c¥h-d*g)) ~(1/2) ) ¥*b~2%c~2xf ~2%g*h~2+3*B* (- (h*x+g) *f/
(exh-fxg) )~ (1/2)*((d*x+c) *h/ (c*¥h-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-fxg) )~ (1/2) *E1
lipticE((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*b~2xd
~2xf~2%g”2xh-2*C* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (cxh-d*g) ) ~ (1/2) *(
(fxx+e)*h/(exh-f*g) )~ (1/2) *E1lipticE((- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g
)*d/f/ (c¥h—-d*g)) ~(1/2) ) *b~2*cxd*e~2*¥h~3+2xCx (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((
d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) *E11lipticE( (- (h*x+g)*f
/ (exh-£f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*b~2%d~2%e”2xg*xh~2+3*B* (-
(h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c*h-d*g) ) ~ (1/2) * ((f*x+e) ¥h/ (e*h-f*g)
)~ (1/2)*E1llipticF ((-(h*x+g)*f/(e*h-f*g))~(1/2), ((exh-f*g)*d/f/(cxh-d*g))~ (1
/2))*axb*d~2*xex*xf*h~3-3*B* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c)*h/ (cxh-d*g))
~(1/2) *((fxx+e)*h/ (exh-f*g) )~ (1/2) *E1lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2),(
(exh-f*g)*d/f/(c*h-d*g)) ~(1/2)) *a*b*xd~2xf ~2*g*h~2-3*B* (- (h*x+g) *f/ (exh-f*g)
)~ (1/2)*((d*x+c) *h/ (cxh-d*g) )~ (1/2) * ((£*x+e) *h/ (exh-f*g) )~ (1/2) *E1llipticF ((
- (h*xx+g) *f/ (exh-f*g) )~ (1/2) , ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2) ) *b~2*c*d*e*xf*h~
3+3*B* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c*h-d*g) )~ (1/2) * ((fxx+e)*h/(
exh-fxg) )~ (1/2)*E1lipticF ((-(h*x+g) *f/(exh-f*g) )~ (1/2), ((exh-f*g)*d/f/(cxh-
dxg) )~ (1/2) ) ¥b~2xcxd*f ~2*xgxh~2+3*B* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/
(cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*xg)) ~(1/2)*E11lipticE((-(h*x+g)*f/(exh-f*g
))"(1/2), ((exh-f*xg)*d/f/ (cxh-d*g) ) ~(1/2) ) *b~2*xc*d*exf*xh~3-3*B* (- (h*x+g) *£/ (
exh-fxg) )~ (1/2)*((d*x+c) *h/ (c¥h-d*g)) ~(1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1/2) *E11
ipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-fx*g)*d/f/(cxh-d*g) )~ (1/2))*b~2x*c*
d*f~2%g*h~2-Cxb~2*ckd*exf*h~3*x+2xCx (- (h*xx+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c)*h
/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) *E11lipticE((- (h*x+g)*f/(exh-f*
g))~(1/2), ((exh—f*g)*d/f/ (c*¥h-d*g) )~ (1/2) ) *b~2*c*d*e*xf*g*h~2-Ckb~2*cxd*f ~2x
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h™3%x72-C*b~2*d " 2*e*xf*xh~3*x"2-Cxb~2x%d~2*f " 2*g*h~2%x~2-Cxb~2xcxd*f ~2*xg*xh~2*x
—C*b~2*%d " 2xe*f*gkh~2xx-C*b~2xcxd*e*f*gxh~2) * (d*x+c) ~(1/2) x (fxx+e) " (1/2) * (h*
x+g) ~(1/2) /h~3/£72/d72/ (d*f*h*x~3+c*f*h*x~2+d*e*h*x~2+d*f *g*x~2+c*exh*x+c*f
*xgxx+d*kexgrx+cre*g)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Cxb~2%x~2+Bxb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + B*axb)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt(h*x + g)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.36, size = 921, normalized size = 2.25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] 2/9%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Cxb~2xd~2*f~2*h~2 + (2xCxb
“2xd"2*%f72%g"2 + 2*%Cxb~2%d"2*¥h"2%e”2 + (C*xb~2%kckd - 3*B*b~2xd"2)*f"2%g*h +
(2%C*b~2%c™2 - 3*B*b~2%kckd - 9*%(C*a~2 - Bxaxb)*d~2)*f~2xh~2 + (C*b~2*d~2x*f*
gxh + (Cxb~2*c*d - 3*B*b~2*%d"2)*f*h~2)*e)*sqrt (d*f*h)*weierstrassPInverse(4
/3% (d"2*%f72%g™2 - c*kd*f~2*g*h + c"2+%f"2+%h"2 + d"2xh"2xe"2 - (d"2*f*g*h + c*
dxfxh~2)*e)/(d"2%£72%h~2), -4/27*(2%d"3*f"3%g~3 - 3kc*kd"2*f~3%g~2*h - 3%c"2
*xd*f~3*%g*kh~2 + 2%c~3*f73%h"3 + 2%xd"3*%h~3%e"3 - 3% (d"3*f*gxh~2 + c*d"2xfxh~3
)*¥e”2 - 3x(d"3*xf72%g”"2xh - 4*ckd"2xf72%g*h~2 + c”2*d*f"2xh~3)*e)/(d"3*f"3xh
~3), 1/3%(3*d*xfxhxx + d*xfxg + c*f*h + dxhxe)/(d*fxh)) + 3% (2*%Ckb~2xd~2*f 2%
gxh + 2*%Cxb~2xd~2*f*h"2xe + (2%C*b~2*cxd - 3*B*b~2xd~2) *f~2+¥h~2) *sqrt (d*f*h
)*weierstrassZeta(4/3*(d"2*xf"2%g™2 - c*xd*f~2*%gxh + c~2*f72xh~2 + d~2xh~2x%e”
2 - (d72xfxgxh + cxdxfxh~2)*e)/(d"2%f72%h~2), -4/27*(2*d"3*f"3%g~3 - 3*c*d”
2xf73xg~2%h - 3xc”2*d*f"3xgxh~2 + 2xc~3*%f"3*%h~3 + 2*%d"3*h~3%e”3 - 3x(d"3*f*
gxh~2 + cxd"2xfxh~3)*e”2 - 3x(d"3*f"2%g~2*%h - 4xc*d"2*f"2xg*xh~2 + c"2xd*f"2
xh~3)*e)/(d"3*f"3xh~3), weierstrassPInverse(4/3*(d"2*f"2xg~2 - cxdxf~2*g*h
+ c¢”2%xf72%h"2 + d"2*h"2%e"2 - (d"2*f*gxh + cxd*fxh~2)*e)/(d"2*xf"2xh~2), -4/
27x (2%d"3*f"3%g™3 - 3*c*d"2+f"3%g"2+h - 3%c”2*d*f"3%g*h~2 + 2%c”3*%f"3xh"3 +
2%d"3*%h"3%e”3 - 3%(d"3*f*xgxh~2 + ckd 2*f*h~3)*e”2 - 3x(d~3*f"2%g~2*h - 4x*c
*xd"2%f"2%gxh~2 + c"2xd*xf"2+%h"3)*e)/(d"3*xf"3*%h"3), 1/3%(3*xd*f*h*x + d*f*g +
cxf*h + dxhxe)/(d*fx*h))))/(d"3*f~3*%h~3)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(a + bzx) (Bb— Ca + Cbx)

: ‘ - dz
Ve+ds e+ fr g+ hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckb**2*x**2+B*b**2*x+B*xaxb-Cxax*2)/(d*x+c)**(1/2)/(fxx+e)**(1/2)
/ (h*x+g) **(1/2) ,x)

[Out] Integral((a + b*x)*(B*b - Cxa + C*b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g
+ h*x)), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - Cxa~2 + Bxaxb)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
—Ca’+ Bab+Cbhz?>+Bb’zx
Ve+fr Jg+hz Vetdr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2%x"2 - C*a~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(c + d*x)~(1/2)),%)
[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(c + d*x)~(1/2)), %)
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2 2 2
3.18 abB—a C-l—b Br+b2Cz? d

(atbe) Ve +dx e+ fz g+ hx

Optimal. Leaf size=291

_ d(€+f1') s—1 \/?VC-l-d.'L' (de—cf)h — _ )
26C+/ de—|—cfw/—de_cf \/g-l-hwE sin —de tof |f(dg ay | 2V —de+cf (bCg — bBh

NN d(g—i—hx)

[Out] 2*%b*CxEllipticE(£~(1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*h
+d*g) ) ~(1/2) ) * (cxf-dxe) " (1/2) * (d* (f*x+e) / (—cxf+dxe)) ~(1/2) x (h*x+g) ~(1/2) /d/
h/£~(1/2) / (fxx+e) ~(1/2) / (d* (h*x+g) / (—cxh+d*g) ) ~ (1/2) -2% (-Bxbxh+Cka*xh+Cxb*g)
*E11lipticF (£~ (1/2)*(d*x+c)~(1/2)/(cxf-dxe)~(1/2), ((-cxf+dxe) *h/f/(-c*h+d*g)

)~ (1/2) ) *(cxf-dxe) " (1/2) * (d* (f*x+e) / (—cxf+d*e) )~ (1/2) * (d* (h*x+g) / (—~c*h+d*g)

)~ (1/2)/d/h/£~(1/2) / (£*xx+e) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.18, antiderivative size = 291, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.100,

steps used = 7, number of rules used = 6, integrand size = 60
Rules used = {24, 164, 115, 114, 122, 121}

W0 /g+ ha ef —de ”f’” (ArcSm(CT ”*dj”” \,(dgjﬂ;’; 2\/cf de1/d2+£; ,/dg”’z (aCh — bBh + bCg)F ArcSm(%v )|;fdg f;’;)
d\/ﬁhm¢ (g + ha) dv/f'hve+ fz \/g+h

dg — ch

Antiderivative was successfully verified.

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b*x)*Sqrt[c + d*x]*Sqrt[e +
f*x]*Sqrt[g + h*x]),x]

[Out] (2%b*C*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*Ell
ipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(dxe) + cxf]], ((d*e - cxf)*h)/
(fx(d*g - c*h))]1)/(d*Sqrt [f]1*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)

1) - (2%Sqrt[-(d*e) + cxf]*(bxC*g - b*Bxh + a*Cxh)*Sqrt[(d*(e + f*x))/(d*e

- c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c +
d*x])/Sqrt[-(d*e) + cxf]l], ((dxe - c*xf)*h)/(fx(d*g - c*h))])/(d*Sqrt[f]*h*S

qrtle + f*x]*Sqrt[g + h*x])

Rule 24

Int[(u_.)*((a_) + (b_)*(v_))"(m_ )*x((A_.) + (B_.)*(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*bxB + a~2*xC, 0] && LeQ[
m, -1]
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Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 2]], £x((bxc - axd)/(dx(b*e - a*f)))], x] /; Free
Q[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(bxc
- a*xd), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(bxc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtl[e + f*x]*(Sqrt[b*x((c + d*x)/(b*xc - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-(bxc - axd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2%(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/b])], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxd*(x/(b*c - axd))]*Sqrt[e + fx*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - e*h)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + fx*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rubi steps
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i b%(bB—aC)+b3Cz d
abB — a*’C + b*Bz + b*Cz? d — Ve+dr \/e—l—fx Vg+hx
(a+bx)Ve+dr e+ fr \/g+hz b?
\/ hx
bC i ‘dz  (bCg—bBh+aCh) [ ——
- )f\/c+dx\/e+fx x_(g a )f\/;
B h 1
((bC’g—th+aC’h) d;ii ]‘f) > i
\/c—l—dx\/
de — ¢
a hv/e+ fx

2bC'+\/—de + cf Udc(;%ic;) Vg+ hzx E(sin_1 (%

IVFheT T g+hx)

2bC'\/ —de + cf Udc(;%]cc;) Vg + hz E(sin‘1 <%

AT e i | 20

Mathematica [C] Result contains complex when optimal does not.
time = 21.50, size = 326, normalized size = 1.12

/ de / de
d [a(e [a(g +hs s ) d [d(g+ ) 4 F | e
2 bca?v/-caff (e + f2)(g + ha) + bC(de — cf)h(c + dz)? V f(( :rfiw)) / h((gid )) B| isinh \/\/ﬁ F=n —ul(sz—be+aCf)h(c+dz)3/2v/f((i:Lf;; \/ )lii:d:; F|isinh™ NW =

d
d?VLHTE Fhverds et [z /gt ha

Antiderivative was successfully verified.

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x~2)/((a + b*x)*Sqrt[c + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]),x]

[Out] (2*(b*Cxd~2*Sqrt[-c + (dxe)/fl*(e + f*xx)*(g + h*x) + IxbxCx(dxe - c*f)*hx*(c

+ d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c +
d*x))]*E1llipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*xg - cxfx
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h)/(d*exh - c*f*h)] - Ixd*(bxCxe - b*Bxf + a*xCxf)*h*(c + d*x)~(3/2)*Sqrt[(d
x(e + £xx))/(f*x(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*Ar
cSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*fxg - cxfxh)/(d*xexh - cxfxh)]))
/(d"2xSqrt[-c + (d*e)/fl*f*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 681 vs.

2(257) = 514.
time = 0.11, size = 682, normalized size = 2.34

method | result

z+2 z+< z+%
2(Bb—aC) (- $+7 )4 / _?_f% A/ —%—ll-ig _%_,:? EllipticF

V(dz+c) (fz+e) (hz+g)

g [-%
g > g
_%"'ﬁ -

Vdfhz? + cfhx? + deh 2?2 + df g 22 + cehx + cf gz + degr + «

elliptic

Vdz +

2 <B EllipticF < \/ — (:Zf%f , gf(’;; f Z;‘; > bde h2 — B EllipticF ( \/ — (szg)gf , (fe(};:f % > bdf gh—C EllipticF < v

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2xx~2+B*b~2*x+B*a*b-C*xa~2)/(b*xx+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (hx*

x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -2*(B*EllipticF((-(h*x+g)*f/(exh-f*xg))~(1/2), ((exh-f*xg)*d/f/(c*xh-d*g))~(1/2

)) *bxd*e*h~2-BxE11lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d
*xg) )~ (1/2) ) *b*d*f*g*h-C*xE11lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d
/f/ (cxh-d*g) )~ (1/2)) *a*d*exh~2+C*E11lipticF ((- (h*x+g)*f/(exh-f*g))~(1/2), ((e
xh-f*g)*d/f/(c*xh-d*g)) ~(1/2))*a*xd*f*gxh-C*E1lipticF ((- (h*x+g) *f/(exh-f*g) )~
(1/2), ((exh-f*g) *d/f/ (c*h-d*xg)) ~(1/2) ) ¥b*c*exh~2+C*E1lipticF ((- (h*x+g) *f/ (e
*xh-f*xg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2)) *bxc*xf*gxh+CxE11lipticE((-(h*
x+g) *f/ (exh-fxg))~(1/2), ((exh-f*g)*d/f/(c*h-d*g) )~ (1/2) ) *bkc*exh~2-C*E1llipt
icE((-(h*x+g) *f/(exh-f*xg))~(1/2), ((exh-f*g)*d/f/(c¥h-d*g)) ~(1/2)) *b*c*xf*gxh
-C*E1lipticE( (- (h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(cxh-d*xg))~(1/2))*
bxd*e*xgxh+CxE11ipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g)
)7 (1/2)) *bxdxf*g~2) * ((£*x+e) *h/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c*¥h-d*g) )~ (1/2)
* (- (h*x+g) *f/ (exh-f*xg) )~ (1/2) /h~2/f/d* (d*x+c) ~(1/2) * (f*x+e) = (1/2) * (h*x+g) ~(
1/2) / (d*xfxh*x~3+c*xfxh*xx~2+d*xexh*x~2+d*f*xgkx~2+ckxexhkx+ckfxgrx+d*rexgxx+cke*g

)

Maxima [F]
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time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - Cxa~2 + Bxaxb)/((b*x + a)*sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.40, size = 736, normalized size = 2.53

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*xb-C*a~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] -2/3%(3*sqrt(d*fxh)*Cxbxd*f*h*weierstrassZeta(4/3*(d"2+f72%g"~2 - cxd*f ~2x*gx
h + c™2%f72xh™2 + d"2xh"2%e”2 - (d"2xfxg*h + cxd*xfxh~2)xe)/(d"2*x£"2+¥h"2), -
4/27*%(2%d"3*£"3%g"3 - 3xc*xd~2*f"3*g~2%h - 3*c”2*d*f"3*gxh~2 + 2%c~3xf"3%h~3
+ 2xd"3%h"3*%e”3 - 3*%(d"3*f*gxh~2 + c*d"2xfxh~3)*e”2 - 3*x(d"3*f"2%g”"2*h - 4
*xcxd"2xf"2xgxh"2 + c"2xd*f"2%h"3)*e)/(d"3*xf"3xh"3), weierstrassPInverse(4/3
*(d"2+%£72%g"2 - c*xd*f"2%gxh + c”2xf72xh"2 + d"2xh"2xe”2 - (d"2*f*g*h + c*d*
fxh~2)xe) /(d"2x£72xh"~2), -4/27*(2%d"3*f"3%g~3 - 3xcxd"2xf"3xg~2xh - 3xc~2xd
*f"3%g*h~2 + 2%c”3*%f"3%h~3 + 2*d"3xh"3%e”3 - 3*(d"3xf*g*h~2 + c*d"2*f*h~3)x*
e”2 - 3%(d73*f"2%g"2xh - 4*cxd"2xf"2*g*h~2 + c”2*d*f~2xh~3)*e)/(d"3*f£"3xh~3
), 1/3%(3*d*f*h*x + dxf*g + cxfxh + dxhxe)/(d*fx*h))) + (C*b*d*f*g + C*xb*dxh
*e + (Cxbxc + 3*(Cka - Bxb)*d)*fxh)*sqrt(d*fxh)*weierstrassPInverse(4/3*(d”
2%f"2%g"2 - ckxd¥f 2xgxh + cT2%f"2%h"2 + d"2%h"2%e”2 - (d"2%f*gxh + cxdxfxh”
2)*e) /(d"2x£72%h"2), -4/27*(2%d"3*f"3xg~3 - 3*kcxd"2*f"3*%g~2xh - 3*kc"2xd*xf"3
xgxh~2 + 2xc”3*%f~3*%h"3 + 2*%d"3*h"3%e”3 - 3*(d"3*fxg*xh~2 + cxd"2*f*h~3)*e"2
- 3%(d73*xf72xg"2xh - 4xcxd"2xf"2xgxh~2 + c”2xd*f"2xh~3)*e)/(d"3*%f"3%h"3), 1
/3% (3*%d*f*h*x + d*f*g + c*f*h + dxh¥e)/(d*fx*h)))/(d"2*f~2xh~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Bb—Ca+ Cbz

‘ ‘ -dx
Ve+dz e+ fr \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((C¥b**2*x**2+B*b**2*x+B*axb-Cka*x*2)/(b*x+a)/(d*x+c)*x(1/2)/(f*x+e
)% (1/2) / (hxx+g)**(1/2) ,x)



149

[Out] Integral((B*b - C*a + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x, algorithm="giac")
[Out] integrate((Cxb~2*x~2 + Bxb~2*x - C*a~2 + B*axb)/((b*x + a)*sqrt(d*x + c)*sq
rt(f*x + e)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

—Ca®*+ Bab+Cbt*z* + Bbz

d
Ve+fz Vg+hz (a+bz) Vet+dx ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x"2 - C*a"2 + B*a*b + B*b"2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)*(c + d*x)~(1/2)),x)
[Out] int((Cxb~2%x~2 - C*a~2 + Bxaxb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)*(c + d*x)~(1/2)), %)
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2 2 2
3.19 abB—a C-H) Bz+b2Cz? d

(arbe)2Ve +dx e+ fz g+ hx

Optimal. Leaf size=309

2C+/—de+cf \/d(e—i—fx \/(g+hw) F(Sl (f C+dx)|§cﬁ;fﬁi'§) 2(bB — 2aC)\/ —de + cf

dg — ch \/ —de + cf

d\/?\/e—i-fa:‘\/g—i-hx

[Out] 2*C*EllipticF(£~(1/2)*(d*x+c)~(1/2)/(c*xf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*h+d
*xg)) " (1/2) ) *(cxf-d*xe) ~(1/2) *(d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g) / (—cxh+d
*g))~(1/2)/d/£7(1/2) / (fxx+e) ~(1/2) / (hxx+g) ~(1/2) -2% (B¥b-2xC*a) *E11ipticPi (£
~(1/2)*(d*x+c) " (1/2) / (c*f-d*e) " (1/2) ,-b* (—c*f+d*e) / (-a*xd+b*c) /£, ((-c*xf+d*e)
*xh/f/(-cxh+d*g) )~ (1/2) ) *(cxf-d*xe) ~(1/2) *(d* (f*xx+e) / (-cxf+d*e) )~ (1/2) * (d* (hx*

x+g) / (—cxh+d*g) ) ~(1/2) / (—a*xd+bxc) /£~ (1/2) / (f*xx+e)~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.53, antiderivative size = 309, normalized size of antiderivative = 1.00, number of

number of rules
60, integrand size = 0.133,

steps used = 10, number of rules used = 8, integrand size =
Rules used = {24, 1621, 175, 552, 551, 12, 122, 121}

[d(e+ fz) |d(g+ha) fVC+dz )h dle+fa) [dlg+ha) o ( waeen). f\/ﬁ-dx (d j)h
2C/cf —de “de—cf \dg—ch ArcSm Jof —de f(th) 2(bB — 2aC)+/cf — de de—cf dg—ch (ho—ad)f3 ArcSin of —de |

d\/F e+ fz g+hz ViVe+fz g+hz(bc ad)

Antiderivative was successfully verified.

[In] Int[(a*b*xB - a~2*C + b~2*B*x + b~2*C*x~2)/((a + b*x) "2*Sqrt[c + d*x]*Sqrt[e
+ f*x]*Sqrt[g + h*x]),x]

[Out] (2xC*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/
(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]],
((d*e - cxf)xh)/(f*(d*g - cxh))])/(d*Sqrt[f]1*Sqrtle + f*x]*Sqrt[g + h*x]) -
(2% (b*B - 2xaxC)*Sqrt[-(dxe) + c*f]xSqrt[(d*x(e + f*x))/(d*e - c*xf)]*Sqrt[(
dx(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*f))/((b*c - a*xd)*f)), Ar
cSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]l], ((d*e - cxf)*h)/(f*x(dxg -
c*¥h))]1)/((b*c - axd)*Sqrt[f]l*Sqrt[e + f*x]*Sqrt[g + hx*x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 24

Int[(u_.)*((a)) + (b_)*x(v_))"(m )*((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQ[
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m, -1]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], f*((b*c - axd)/(dx*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(bxe - axf), 0] && SimplerQ[a + bxx, c + d*x] && SimplerQ[a + bx*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x] /; FreeQ[{a, b, c, 4, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, ¢ + d*x] && SimplerQ[a + b*x, e + fxx]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*x(x"2/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x]11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !'SimplerQle + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]1*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQ[c, 0]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_Ox(x ) (p_I)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
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ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x]J, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
x)"n*(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
f b2(bl‘3—aC)+b3Cm‘ dx
abB — a*C + b*Bz + b*Cz? dp — (at+be)Ve +dz /e + fx \/g+ hx
(a+bx)2Ve+dx \/e+ fr \/g+hz b?
f ‘ b2C ‘ dx
_ " Vetds Ve+ fr \/g+hz +(bB—2aC’)/
b? (a+ b:

1
Ve+dx e+ fr \/g+hz

-dz — (2(bB — 2aC))Sub

o d(e + fz) I
de — cf df ‘
Ve+dz Vg +

de —cf de—cf

ve+ fx

C\/d(e+fx) d(g + ha) |
de — cf dg — ch
c+de de—cf
Ve+ fr \/g+hr
d(e + fx) (g—l—hm)‘ 1 \/f
2C+/—de+cf \/de—cf \/dg—ch F(sm (ﬁ
d\/f e+ fz' \/g+hz

Mathematica [C] Result contains complex when optimal does not.
time = 20.97, size = 249, normalized size = 0.81

[a(g + ha) \/_”% _H%

9 d - —c,

2i\/e+ fz h(c+ do) (beC — bBd + aCd)F | isinh™* s |jf§’L %’1 + (—bB +2aC)dll —:df de/: isinh~! Jordr ‘;Z‘ch{f:
bc+ad,/—c+ﬁf iigz Vg
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Antiderivative was successfully verified.

[In] Integrate[(a*b*B - a~2#C + b~2xB*x + b~2xC*x"2)/((a + b*x) "2xSqrt[c + d*x]=*

Sqrt[e + f*xx]*Sqrt[g + h*x]),x]

[Out] ((2*I)*Sqrtle + fxx]*Sqrt[(d*(g + h*x))/(hx(c + d*x))I*(-((b*c*xC - b*B*d +

a*C*d)*E1lipticF [I*xArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*xf*xg - c*f*
h)/(d*exh - c*fxh)]) + (-(b*B) + 2*a*C)*d*EllipticPi[-((bxc*f - axd*f)/(b*d
xe — b*c*f)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxfxh)/
(d*exh - cxfxh)]1))/((-(bxc) + a*d)*Sqrt[-c + (d*e)/fl*f*Sqrt[(d*(e + f*x))/
(f*(c + d*x))]*Sqrtlg + hx*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 665 vs.
2(275) = 550.
time = 0.12, size = 666, normalized size = 2.16

method | result

‘ —Fth V owta ) Rty —FtR O\ TRta
V(dz +c) (fz +e) (ha + g)
Vdfhx3 + cfhx? + deh 2% + df g 2% + cehx + cfgx + degx + c
elliptic : ‘
p Vdz +c fr+e v

ov/hz +g /fr+e Vdr+c \/ - (Z,ff%f (‘Z,ff?gh \/ (ﬁ,"’ff?g" <B EllipticPi(w / ——(szi)gf S tg)

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2*x~2+B*b~2*x+B*axb-C*xa~2)/(bxx+a) "2/ (d*x+c) ~(1/2)/(fxx+e)~(1/2)/(

h*x+g) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -2x(h*x+g)~(1/2)*(f*x+e) ~(1/2)*(d*x+c)~(1/2) /f/h* (- (h*x+g) *f/ (exh-f*g
2) * ((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*g)) ~(1/2) * (B*E1llipticPi((-
(h*x+g) *f/ (exh-f*g) )~ (1/2) , (exh-f*g) *b/f/ (a*h-b*g) , ((exh-f*g) *d/f/ (c*h-d*g)
)~ (1/2) ) *b*exh~2-B*E1lipticPi ((-(h*x+g) *f/(exh-f*g))~(1/2), (exh-f*g)*b/f/(a
xh-b*g) , ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *b*fxgxh+C*E1lipticF ((- (h*x+g)*f/ (e
xh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*axexh~2-C*xE1lipticF ((-(h*x+
g)*f/(exh-fxg))~(1/2), ((exh-f*g)*d/f/(c*h-d*xg)) ~(1/2) ) *a*f*gxh-C+E1llipticF(
(- (h*x+g) *f/ (exh-f*g)) ~(1/2) , ((exh-f*g)*d/f/ (c*h-d*g)) ~(1/2) ) *b*e*xgxh+C+E11
ipticF ((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2)) *b*xf*g™
2-2xCxE11lipticPi ((-(h*x+g)*f/(exh-f*xg)) ~(1/2), (exh-f*g)*b/f/(axh-b*g) , ((e*h
-fxg)*d/f/(cxh-dxg)) ~(1/2) ) *a*e*h”~2+2*C*E1lipticPi ((- (h*x+g) *f/ (exh-f*g)) ~(
1/2), (exh-f*xg) *b/f/ (axh-b*g) , ((exh-f*g)*d/f/(cxh-dx*g) )~ (1/2))*axf*gxh) /(a*h
-bxg) / (d*fxh*x~3+ckfxhkx~2+d*xexh*kx™2+d*f*gkx~2+ckexhkx+ckxfxgkx+d*kexgrx+ckex

g)

)~/



154

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2xx~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(
1/2) / (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + Bxb~2%x - C*a~2 + Bxaxb)/((b*x + a) 2*sqrt(d*x + c)*
sqrt (£xx + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x~2+Bxb~2xx+B*axb-Cxa~2)/(bxx+a) 2/ (d*x+c)~(1/2)/(fxx+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2xx**2+Bxb**2xx+B*axb-Cka**2)/(b*x+a)**2/ (d*x+c)**(1/2)/(£x*
x+e) *x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) ~2/(d*x+c)~(1/2) / (f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2xx~2 + B*b~2*x - Cxa~2 + B¥axb)/((b*x + a) 2*sqrt(d*x + c)*
sqrt(f*x + e)*sqrt(h*x + g)), x)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
—Ca’+ Bab+Cbhz?>+Bb’zx

: ‘ dz
Ve+fzr \Jg+hz (a+bz)’Ve+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2 - C*a"2 + B*a*b + B*b~2*x)/((e + f*x)~(1/2)*(g + h*xx)~(1/2)*
(a + b*x)"2x(c + d*x)~(1/2)),x)
[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)"2%(c + d*x)~(1/2)), x)
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3.20 abB—a2(‘7+b2B:r+b2C‘:c2 dx
/ (a+bx)3vVc+dr e+ fx \/g+ hz

Optimal. Leaf size=680

b(bB — 2aC)\/f \/—de + cf Udc(lc%]cc;) vV g+ hx E(six

_b*(bB —2aC)Ve+dz Ve+ fr \/g+hx
(bc — ad)(be — af)(bg — ah)(a + bx)

(bc — ad)(be — af)(bg — ah)\/e + fx \/

[Out] -b~2%(B*b-2*Cx*a)*(d*x+c)~(1/2)*(f*xx+e) ~(1/2) * (h*x+g) ~(1/2) / (—axd+bxc) / (-a*f
+bxe) / (—axh+b*g) / (bxx+a) +b* (B¥b-2+Cxa) *E11lipticE(£~(1/2) * (d*x+c) ~(1/2) / (cxf
-dxe) " (1/2), ((-cxf+d*e) *h/f/(-cxh+d*g) ) ~(1/2) ) *£~ (1/2) * (cxf-d*e) ~ (1/2) * (d*(
fxx+e)/(-cxf+d*e)) " (1/2) * (h*xx+g) ~(1/2) / (-axd+b*c) / (-a*xf+bxe) / (—axh+b*g) / (£*
x+e) ~(1/2) / (d* (h*x+g) / (-cxh+d*g) ) ~ (1/2) - (4*xa~3*xCxd*fxh+2xaxb~2xB* (c*f*h+d*e
*xh+d*f*g) -b~3% (B*d*exg—c* (-Bkexh-Bxf*g+2*Ckexg) ) —a~2%b* (3*Bxd*f*h+2*C* (c*xf*
h+dxexh+d*f*g)))*E1lipticPi (£~ (1/2)*(d*x+c)~(1/2)/(cxf-dxe)~(1/2) ,-bx(-cxf+
dxe)/(-axd+b*c) /f, ((-c*f+d*e) *h/f/(-cxh+d*g)) ~(1/2)) *(cxf-d*e) ~(1/2) * (d* (£*
x+e)/ (-cxf+d*e) )~ (1/2) *(d* (h*x+g) / (—~cxh+d*g) ) ~(1/2) / (-axd+b*c) “2/ (—a*f+bxe)
/ (—axh+bxg) /£~ (1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) - (B¥b-2*C*a) *E11lipticF (£~ (1/
2)*(d*x+c) ~(1/2) /(cxf-d*e)~(1/2) , ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2))*£~(1/2)
*(cxf-dxe) ~ (1/2) ¥ (dx (£*x+e) / (-cxf+d*e) )~ (1/2) *(d* (h*x+g) / (-cxh+d*g) ) ~(1/2)/
(-axd+b*c) / (—axf+bxe) / (fxx+e) " (1/2) / (h*xx+g) ~(1/2)

Rubi [A]

time = 1.12, antiderivative size = 680, normalized size of antiderivative = 1.00, number of

_ _ . e number of rules _
steps used = 13, number of rules used = 11, integrand size = 60, integrand size 0.183,

Rules used = {24, 1613, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.

[In] Int[(a*xbxB - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b#*x) "3*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + hx*x]),x]

[Out] -((b~2%(b*B - 2*a*C)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/((b*c - axd
)*(bxe - axf)*(bxg - axh)*(a + b*x))) + (b*(b*B - 2*xaxC)*Sqrt [f]*Sqrt[-(d*e
) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sq
rt[£1#Sqrt[c + d*x])/Sqrt[-(d*e) + c*xfl], ((dxe - c*f)*h)/(fx(d*g - cxh))])
/((bxc - axd)*(bxe - axf)*(bxg - axh)*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g
- cxh)]) - ((b*B - 2*a*C)*Sqrt[f]*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d
xe — c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt(c
+ d*x])/Sqrt[-(d*e) + cxf]], ((dxe - cxf)*h)/(fx(d*g - cxh))])/((bxc - a*xd
)*(bxe - axf)*Sqrt[e + fxx]*Sqrtl[g + h*x]) - (Sqrt[-(d*e) + cxf]*(4*a~3*Cxd
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xfxh + 2%axb~2+B*(d*f*g + dxexh + ckfxh) - b~3*(Bxdxe*xg — cx(2kCkxexg — B*fx*
g - Bxexh)) - a”2#b*x(3*%Bkd*fxh + 2*%Ckx(d*f*g + d*exh + cxfxh)))*Sqrt[(d*(e +
f*xx))/(d*xe - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -
c*f))/((b*c - axd)*f)), ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]],
((d*e - c*f)*h)/(£x(d*xg - c*h))])/((b*c - axd) "2xSqrt[f]*(bxe - a*f)x*(bxg
- axh)*Sqrt[e + f*x]*Sqrt[g + h*x])

Rule 24

Int[(u_.)*((a)) + (b_)*(v_))"(m )*((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*xb*B + a~2*C, 0] && LeQ[
m, -1]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ bxx] /Rt [-(bxc - axd)/d, 2]], f£*x((b*c - ax*d)/(dx(b*e - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- a*xd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(bxc - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(bxc - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !LtQ[-(bxc - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*xc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[b*((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]x*Sqrt[e + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si



158

mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] &% SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - cxf)/d + f*(x"2/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + h*x(x~2/d), x]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[e]*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && !GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 1GtQ[c, O]

Rule 1613

Int[((C(a_.) + (b_)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2%(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*x]*Sqrtlg + hx*x]))*Simp[Ax(2*a~2*d*f*h*(m + 1) - 2%a*xb*x(m + 1)=*(dx*
fxg + dkexh + c*f*h) + b™2%(2#m + 3)*(d*e*xg + c*f*g + c*xexh)) - bxBx(ax(dxe
xg + cxfxg + cxexh) + 2xbxcxexgx(m + 1)) - 2x((A*b - a*B)*(a*xd*f*h*(m + 1)

- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
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&& LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_Ox(x))"(p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + dx*
x)"n*(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] & PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
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f b2(bB—aC)+b3C’x‘ dx
abB — a’C + b*Bz + b*Cz? dp — (atbe2Ve +dx /e + fx \/g+ hx
(a+bx)3vVe+dx e+ fr \/g+hz b?
I b2 (2C(2bc
_ V(bB—2aC)Vc+dz e+ fx \/g+hz
~ (bc— ad)(be — af)(bg — ah)(a + bz) +
f ab® Bdfh—2
_ Y(bB—2aC)Vc+dz e+ fx \/g+hz Ve+
~ (bc— ad)(be — af)(bg — ah)(a + bx) + 2b%(be -
((bB — 2a(

_b’(bB —2aC)Vc+dx Ve+ fr \/g+hx
(bc — ad)(be — af)(bg — ah)(a + bzx)

((bB — 2a

b?(bB — 2aC)Vc+dx \/e+ fx \/g+hz
~ (bc— ad)(be — af)(bg — ah)(a + bz)

‘ ‘ . b(bB — 2a(
_b*(bB —2aC)Vc+dz Ve+ fr \/g+hx (

(bc — ad)(be — af)(bg — ah)(a + bx)

b(bB — 2a(

_b’(bB —2aC)Ve+dx Ve+ fx \/g+hx
(bc — ad)(be — af)(bg — ah)(a + bx)

Mathematica [C] Result contains complex when optimal does not.
time = 34.26, size = 3409, normalized size = 5.01

Result too large to show
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Antiderivative was successfully verified.

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2*%C*x~2)/((a + b*x) 3*Sqrt[c + d*x]=*
Sqrt[e + fxx]*Sqrtl[g + hx*x]),x]

[Out] -((b~2*(b*B - 2*a*C)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/((b*c - axd
)x(bxe - axf)*(bxg - a*h)*(a + b*x))) - ((c + d*x)7(3/2)*(-(b~3*Bkc*f*Sqrt [
-c + (d*g)/h]l*h) + 2xaxb~2*xc*xCxf*xSqrt[-c + (d*g)/hl*h + axb~2*B*xd*f*Sqrt[-c
+ (d*g)/h]l*h - 2*a~2xb*Ckd*f*Sqrt[-c + (d*g)/h]l*h - (b~3*Bkcxd~2xe*g*Sqrt[
—-c + (d*g)/h]l)/(c + d*x)~2 + (2*a*b~2xc*xC*d~2*xexgxSqrt[-c + (d*g)/hl)/(c +
d*x) "2 + (axb~2*B*d~3*exgkSqrt[-c + (d*g)/h])/(c + d*x)~2 - (2%a~2xb*Cxd~3*
exg*xSqrt[-c + (d*g)/h])/(c + d*x)~2 + (b~3*Bxc~2*xd*f*g*Sqrt[-c + (d*g)/h])/
(c + d*x)72 - (2%axb”~2*c~2xCxd*f*g*Sqrt[-c + (d*g)/h])/(c + d*x)"2 - (axb~2
*Bxc*xd~2xfxgxSqrt[-c + (d*g)/h])/(c + d*x)~2 + (2%a~2*b*c*Cxd~2*f*g*Sqrt[-c
+ (d*g)/h])/(c + d*x)~2 + (b~3*xBxc~2*d*exSqrt[-c + (d*g)/h]l*h)/(c + dxx)~2
- (2xaxb~2xc~2xCxd*exSqrt[-c + (d*g)/h]l*h)/(c + d*x)~2 - (axb~2xBxcxd 2%ex*
Sqrt[-c + (d*g)/hl*h)/(c + d*x)~2 + (2*%a~2%bkc*Ckd~2*e*xSqrt[-c + (d*g)/h]*h
)/(c + d*x)~2 - (b~3*Bxc~3*fxSqrt[-c + (d*g)/hl*h)/(c + d*x)~2 + (2*a*b~2*c
~3xCxf*Sqrt [-c + (d*g)/hl*h)/(c + d*x)~2 + (a*b~2xBxc~2*d*f*Sqrt[-c + (d*g)
/hl*h)/(c + d*x)~2 - (2*a~2xb*c~2*Cxd*xf*Sqrt[-c + (d*g)/h]l*h)/(c + d*x)~2 -
(b~3*Bxcxd*f*xgxSqrt[-c + (d*g)/h])/(c + d*x) + (2xaxb~2xcxCxdxf*xgxSqrt[-c
+ (d*g)/h])/(c + d*x) + (axb~2xBxd~2*xf*xgxSqrt[-c + (d*g)/h])/(c + d*x) - (2
*a~2%b*Cxd~2*xf*g*Sqrt [-c + (d*g)/h])/(c + d*x) - (b~3*Bkckd*exSqrt[-c + (d*
g)/hl*h)/(c + d*x) + (2xaxb~2*c*xCxd*e*Sqrt[-c + (d*g)/h]l*h)/(c + d*x) + (a*
b~2#B*d~2*exSqrt[-c + (d*g)/hl*h)/(c + d*x) - (2*a~2*b*C*d~2xexSqrt[-c + (d
xg)/h]l1*h)/(c + d*x) + (2%b~3*Bkc~2xf*Sqrt[-c + (d*g)/hl*h)/(c + d*x) - (4*a
*b~2xc"2xCxfxSqrt [-c + (d*g)/hl*h)/(c + dxx) - (2xaxb~2xBxcxdxf*Sqrt[-c + (
d*g) /h]*h)/(c + d*x) + (4*a~2*bkcxCkxd*xf*Sqrt[-c + (d*g)/hl*h)/(c + d*x) + (
I*b*(b*B - 2*%axC)*(b*c - axd)*fx(-(dxg) + cxh)*Sqrt[1l - c/(c + d*x) + (dxe)
/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticE[I*Arc
Sinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (dxexh - cxfxh)/(dxfxg - c*f*h)])/S
qrtlc + d*x] - (I*d*(-(bxe) + a*f)*(2*a*xb*Bxd*h - 2¥a~2xCxdxh + b~ 2% (2*c*Cx
g - Bxd*g - Bkcxh))*Sqrt[1 - c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[1l - c/
(c + d*xx) + (d*g)/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqr
tlc + d*x]], (d*exh - cxfxh)/(dxfxg - c*f*h)])/Sqrtlc + d*x] - ((2*I)*b~3*c
*xCxd*xe*xg*Sqrt[1 - c/(c + d*x) + (dxe)/(f*x(c + d*x))]1*Sqrt[l - c/(c + d*x) +
(d*g)/(h*(c + d*x))]*EllipticPi[-((b*c*h - a*d*h)/(b*d*g - b*c*h)), I*ArcS
inh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cxfxh)/(d*fxg - c*fxh)])/Sq
rtlc + d*x] + (I*b~3*Bxd~2*exg*Sqrt[1 - c/(c + d*x) + (dxe)/(£f*(c + d*x))]*
Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-((b*c*h - a*dxh)/(b
*xdxg — bkxcxh)), IxArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*e*h - cxfxh
)/ (dxfxg - c*fxh)])/Sqrtlc + d*x] + (I*b"3*Bxcxd*f*g*Sqrt[l - c/(c + d*x) +
(dxe)/(f*x(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticP
i[-((b*cxh - axd*h)/(b*d*g - bkxc*h)), I*ArcSinh[Sqrt[-c + (d*g)/hl/Sqrtlc +
d*x]], (d*exh - c*fxh)/(dxf*g - cxfxh)])/Sqrtlc + d*x] - ((2%I)*a*xb~2xBxd"~
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2xfxgxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[l - c/(c + d*x) + (d
xg)/(h*(c + d*x))]*EllipticPi[-((bxc*h - a*dxh)/(b*d*g - b*c*h)), I*ArcSinh
[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - c*fxh)/(d*f*g - cxf*h)])/Sqrtl
c + d#x] + ((2%I)*a~2%b*Cxd~2*f*g*Sqrt[1l - c/(c + d*x) + (dxe)/(fx(c + d*x)
)1#Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))I*EllipticPi[-((bxcxh - a*dxh)
/(bxd*g - bkcxh)), IxArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cx
fxh)/(d*f*g - cxfxh)])/Sqrtlc + d*x] + (I*b~3*Bxcxd*exh*Sqrt[l - c/(c + d*x
) + (d*e)/(f*x(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*Ellipt
icPi[-((b*c*h - a*dxh)/(b*d*g - b*c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtl[
c + dxx]], (dxexh - cxfxh)/(d*fxg - c*fxh)])/Sqrtlc + d*x] - ((2xI)*axb~2*B
*d"2*exh*Sqrt[1 - c/(c + d*x) + (dxe)/(f*x(c + d*x))]*Sqrt[l - c/(c + d*x) +
(dxg)/(h*(c + d*x))]*EllipticPi[-((b*c*h - a*dxh)/(b*d*g - b*c*h)), I*ArcS
inh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (dxexh - c*xfxh)/(d*f*g - cxfxh)])/Sq
rtlc + d*x] + ((2%I)*a~2*%b*xCxd~2*exh*Sqrt[1l - c/(c + d*x) + (d*e)/(fx(c + d
*x))]1*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*cxh - axd
xh) /(b*d*g - b*c*h)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh -
cxf*xh)/(d*f*g - cxfxh)])/Sqrtlc + d*x] - ((2%I)*axb~2*B*ckd*fxh*Sqrt[l - ¢
/(c + d*x) + (dxe)/(f*x(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (d*g)/(h*x(c + d*x)
)1*E1llipticPi[-((b*c*h - a*d*h)/(b*d*g - b*c*h)), I*ArcSinh[Sqrt[-c + (dx*g)
/h]/Sqrtlc + d*x]], (dxexh - cxfxh)/(dxfxg - cxfxh)])/Sqrtlc + d*x] + ((2%I
) ¥a~2xbxcxCxd*xfxhxSqrt[1 - c/(c + d*x) + (dxe)/(fx(c + d*x))]*Sqrt[l - c/(c
+ dxx) + (d*g)/(h*(c + d*x))]*EllipticPi[-((b*cxh - a*d*h)/(b*d*g - bxcxh)
), IxArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc + d*x]], (d*exh - cxfxh)/(dxfxg - c*
f*h)])/Sqrtlc + d*x] + ((3+I)*a”2xb*B*d~2*fxh*Sqrt[1l - c/(c + d*x) + (dxe)/
(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*
cxh - a*d*h)/(b*d*g - b*cxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrtlc + d*x]],
(dxexh - cxfxh)/(d*f*g - c*f*h)])/Sqrtlc + d*x...

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 13368 vs.
2(623) = 1246.
time = 0.12, size = 13369, normalized size = 19.66

method | result

V@z+c) (fz+e) (hz + g) v2(Bv—200)\/df h &3 + cfha? + deh 2% + df g 2> + cehx + cfgx + de

((13dfhfazbcfhfa2 bdeh—a2bdfg+a b2ceh+ab2cfg+a b2degfb3ceg) (bz+a)

elliptic

default | Expression too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) ~3/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(
h*x+g) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "3/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + Bxaxb)/((b*x + a) 3*sqrt(d*x + c)*
sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxb~2*x"2+Bxb~2*x+B*axb-C*a~2)/(bxx+a) 3/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2xx**2+Bxb**2xx+B*axb-Cka**2)/(b*x+a)**3/ (d*x+c)**(1/2)/(£x*
x+e) **(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "3/ (d*x+c)~(1/2)/(f*x+e)~(

1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - C*a~2 + Bxaxb)/((b*x + a) " 3*sqrt(d*x + c)*

sqrt (£xx + e)*sqrt(h*x + g)), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
—Ca®*+Bab+CWz*+ Bbz

: ‘ dz
Ve+fz Vog+hz (a+bz)’Ve+da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxb~2%x"2 - Cxa~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*xx)"3*(c + d*x)~(1/2)),x)
[Out] int((Cxb~2*x"2 - C*a”~2 + Bxaxb + Bxb~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)"3x(c + d*x)~(1/2)), x)
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a + bCE (abB a2C+b2Bz+b2C2? ) dx

Ve+dx e+ fxr /g +hx

Optimal. Leaf size=980

3.21 |

b(4bBdfh + C(adfh — 3b(dfg + deh + cfh)))Va+ bz /e + fr \/g+hx sz\/a +bx Ve+dzr e+

4df2h2v/c + dx 2dfh

[Out] -1/4%((a*xd*fxh+b* (c*f*h+d*exh+d*f*g))* (4*xb*xBxd*f*h+C* (a*d*fxh-3*b* (c*f*h+d*
exh+d*f*g) ) ) +4*d*xfxhx (2%xa~2*C*xd*f*xh+b~2%C* (c*exh+cxfxg+d*e*xg) —axb* (4*Bxdf*
h-Cx (c*f*h+d*exh+d*f*g))) ) * (bxx+a) *E11lipticPi ((-a*d+b*c) ~(1/2) * (h*x+g) ~(1/2
)/ (cxh-d*g) ~(1/2) / (b*x+a) ~(1/2) ,-b* (-c*h+d*g) / (-a*d+b*c) /h, ((-axf+b*e) * (-c*
h+d*g) / (-a*xd+b*c) / (-exh+fxg) )~ (1/2) ) *(c*h-d*g) = (1/2) * ((—axh+bxg) * (d*x+c) /(-
cxh+d*g) / (bxx+a) )~ (1/2) * ((-a*h+b*g) * (f¥x+e) / (-exh+f*g) / (bxx+a))~(1/2)/d~2/f
~2/h~3/(-axd+b*c) ~(1/2)/(d*x+c) ~(1/2) / (£*x+e) = (1/2) +1/4%b* (4*b*Bxd*f*h+C* (a
*d*f*h-3*b* (ckfxh+d*exh+d*xf*g)))* (b*x+a) ~(1/2) % (f*x+e) ~(1/2) * (h*x+g) ~(1/2)/
d/£72/h72/ (d*x+c)~ (1/2)+1/2*b~2*%C* (bxx+a) ~ (1/2) * (d*x+c) ~(1/2) * (f*xx+e) ~(1/2)
*x (hxx+g) ~(1/2) /d/f/h+1/4* (—a*f+bxe)* (a*Ckd*fxh-b* (4*B*d*f*h-C* (c*xf*h+3*d*e*
h+3*d*f*g)))*E1lipticF ((-axh+b*g) ~(1/2)*(f*x+e) ~(1/2) /(—exh+f*xg)~(1/2) / (b*x
+a)~(1/2), (- (—a*xd+b*c) * (~exh+f*g) / (—~cxf+d*e) / (-axh+bxg) ) ~(1/2) ) * (—axh+b*g) ~
(1/2)*((~axf+bxe) x (d*x+c) / (-cxf+d*e) / (bxx+a) )~ (1/2) * (hxx+g) ~(1/2) /d/£"2/h~2
/ (—exh+f*xg) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*xx+g) / (-exh+f*g) / (b*x+a)) ~ (1
/2)-1/4%b* (4xb*B*d*f*h+C* (a*xd*f*h-3*b* (cxfxh+d*exh+d*f*g)))*E1lipticE((-c*h
+d*g) ~(1/2) *(fxx+e) ~(1/2) / (-exh+fxg) = (1/2) / (d*x+c) " (1/2) , ((-axd+b*c) * (-e*h+
fxg)/(-axf+bxe) /(—c*h+d*xg)) ~(1/2) ) * (-cxh+d*g) ~ (1/2) * (—exh+fx*g) ~(1/2) * (b*x+a
)~ (1/2) % (- (-cxf+d*e) * (h*x+g) / (-exh+fxg) / (d*x+c))~(1/2) /d"2/£72/h"2/ ((-c*xf+d
*e) * (bxx+a) / (-axf+bxe) /(d*x+c))~(1/2) / (h*x+g) ~(1/2)

Rubi [A]

time = 1.88, antiderivative size = 976, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.145,

steps used = 9, number of rules used = 9, integrand size = 62
Rules used = {1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(Sqrt[a + b*x]*(a*b*xB - a~2*C + b~2*B*x + b~2*C*x~2))/(Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (b*(4xbxB*d*f*h + a*xCkd*xfxh - 3*b*Ckx(d*f*g + d*exh + cxfxh))*Sqrt[a + bxx]*
Sqrt[e + fxx]*Sqrt[g + h#*x])/(4*d*f~2xh~2*Sqrt[c + d*x]) + (b~2*C*Sqrt[a +
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bxx]*Sqrt [c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hxx])/(2*d*f*h) - (b*Sqrtld*g - c
xh] *Sqrt [fxg - e*h]*(4xbxBxd*f*h + axCkd*fxh - 3*b*Ck(d*f*g + dxexh + cxfxh
))*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*(g + h*x))/((fxg - exh)*(c + d*x)))]*E
1lipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[c + d
*x]1)], ((bxc - axd)*(f*g - exh))/((b*e - a*f)*(d*xg - c*h))])/(4*d~2%f"2xh"2
*Sqrt [((d*xe - cxf)*(a + b*xx))/((b*e - axf)*(c + d*x))]*Sqrt[g + h*x]) - ((b
xe — a*f)*Sqrt[b*g - axh]*(4*b*Bxdxfxh - a*Cxdxfxh - b*Cx(cxfxh + 3*d*(f*g
+ exh)))*Sqrt [((b*e - a*f)*x(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + hx*x
1*EllipticF[ArcSin[(Sqrt [bxg - axh]*Sqrt[e + f*x])/(Sqrt[f*g - ex*h]*Sqrt[a
+ b*x])], -(((b*xc - a*xd)*(fxg - e*h))/((d*e - cxf)*(b*g - axh)))])/(4*d*f~2
*h~2%Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - axf)*(g + hx*x))/((f*g - e
xh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]x((a*d*fxh + b*(dxf*g + d*exh + c*fx*
h) ) * (4xb*B*d*fxh + a*Ckdxfxh - 3*%b*Cx(d*f*g + d*exh + cxf*h)) + 4xd*f*h* (2%
a"2xCxd*f*h + b~2%Ck(d*e*g + cxfxg + ckexh) - axb*(4xBxd*fxh - Cx(d*xfxg + d
*xexh + cxfxh))))*(a + bxx)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b
*x))]*Sqrt [((b*xg - axh)*(e + f*xx))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b
*x(d*g - c*h))/((bxc - a*d)#*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + hx*x])/(Sqr
t[-(d*g) + c*h]*Sqrtla + b*x])], ((b*e - axf)x(d*g - c*h))/((bxc - a*xd)*(f*
g - exh))])/(4xd"2xSqrt[b*c - a*d]*f~2xh~3xSqrt[c + d*x]*Sqrtle + fx*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - c*h)*(a + b*x)))]*(Sqrt[(bxg - axh)*((e + f*x)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - e*h)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, ¢, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]/((bxe - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]



167

, x], x, Sqrtle + fxx]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrt[el*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2+Cx(a + b*x) “m*xSqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(
dxfxh*(2*m + 3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(8
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[axA*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*g*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax(dxfxg + d*exh + c*xf*h) + b*(2+m + 1)*(d*e*xg + cxfxg + cxexh)))*x + (bx
Bxdxfxh* (2+m + 3) + 2*%Ck(axd*fxh*m - bx(m + 1)*x(d*f*g + d*exh + c*f*h)))*x"
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1616
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Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

f 4a?(bB—aC)d,

/\/a—l—bx (abB — a®C + b*Bz + b*Cx? )dx_b2C\/a—|—bx‘\/c—|—d:L"\/e—l—fx‘\/g—l—h:v‘ N
Ve+dx e+ fr \/g+hz 2dfh

_ b(4bBdfh + aCdfh — 3bC(dfg + deh + cfh))Va + bz \/e
4df?h?vc+ dx

_ b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va+ bz \/e
4df?h2®vc + dx

_ b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va+ bz /e
4df?h%+v/c + dx

_ b(4bBdfh + aCdfh — 3bC(dfg + deh + cfh))Va + bz \/e
4df2h2Vc + dz

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 21611 vs.
2(980) = 1960.
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time = 35.94, size = 21611, normalized size = 22.05

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[a + b*x]*(a*b*B - a~2*%C + b~2*B*x + b~2xC*x~2))/(Sqrtlc + d
*x]*Sqrt [e + f*x]*Sqrt[g + h*x]),x]

[Out] Result too large to show
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 56431 vs.

2(897) = 1794.
time = 0.13, size = 56432, normalized size = 57.58

method | result size
elliptic | Expression too large to display | 1834
default | Expression too large to display | 56432

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)~(1/2)*(Cxb~2*x~2+B*b~2*xx+B*a*b-Cxa~2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2#x~2 + Bxb~2*x - Cxa~2 + Bxaxb)*sqrt(b*x + a)/(sqrt(d*x + c
)*sqrt (f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Cxb~2*x~2+B*b~2*xx+B*a*b-Cxa~2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")
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[Out] Timed out
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(a+ bz)? (Bb— Ca + Chz)

: ‘ -dx
Ve+dz e+ fx \/g+hz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)**(1/2)* (Cxb**2*x**2+B*b**2*x+B*axb-C*a**2) / (d*x+c)**(1/2)
/ (£xx+e) *xx(1/2) / (hxx+g) **(1/2) ,x)

[Out] Integral((a + b*x)**(3/2)*(Bxb - Cxa + Cxbxx)/(sqrt(c + d*x)*sqrt(e + f*x)x*
sqrt(g + h*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*x+a)~(1/2)*(Cxb~2*x~2+B*b~2*x+B*a*b-Cxa~2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2#x~2 + Bxb~2*x - Cxa~2 + B*axb)*sqrt(b*x + a)/(sqrt(d*x + c
)ksqrt (f*x + e)*sqrt(h*x + g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/\/a—i-bx (-Ca*+ Bab+Cb z*>+ Bb*z)
ve+fz \Jg+hz Vet+dr

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((a + b*x)~(1/2)*(Cxb~"2%x"2 - C*a~2 + Bxa*b + B*b~2*x))/((e + fx*x)~(1/2
)*x(g + h*x)~(1/2)*(c + d*x)~(1/2)),%)

[Out] int(((a + b*x)~(1/2)*(Cxb~2*x~2 - C*xa~2 + Bxaxb + B*xb~2%x))/((e + f*xx)~(1/2
)*¥(g + h*xx)~(1/2)*(c + d*x)~(1/2)), x)
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f | abB—a2Cfb2Bx+b2Cx2 dz
va+bx vVe+dx e+ fx \/g+ hx

Optimal. Leaf size=734

3.22

O\ /dg — o /Fg — ek va i |- e~ e+ ho)

bCVa+bz e+ fr \Jg+hs (fg —eh)(c + dz)
fhve+dz ih (de — cf)( a+ba:
f (be — af)(c+ dz)

[Out] -(a*Cxd*f*h-b*(2*B*d*fxh-C* (c*f*h+d*exh+d*f*g)))*(b*x+a)*E1llipticPi((-axd+b

*c) ~(1/2) % (h*x+g) ~(1/2) / (c¥h-d*g) = (1/2) / (b*x+a) = (1/2) ,-b* (-c*h+d*g) / (-a*d+b
xc) /h, ((-axf+b*e) x (~c*h+d*g) / (-axd+b*c) / (—exh+f*xg)) ~(1/2)) * (cxh-d*g) ~(1/2) *
((-axh+b*g) * (d*x+c) / (-c¥h+d*g) / (b*x+a) ) ~(1/2) * ((-a*h+b*g) * (f*x+e) / (-exh+f*g
)/ (b*x+a))~(1/2)/d/£/h~2/ (—a*d+b*c) = (1/2) / (d*x+c) = (1/2) / (fxx+e) = (1/2) +b*Cx (
bxx+a) ~(1/2) % (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) ~(1/2) -Cx (—a*f+b*e) *E11l
ipticF ((~a*h+bxg) = (1/2) *(f*xx+e) ~(1/2)/(-exh+f*g) ~(1/2)/(b*x+a) ~(1/2), (-(-a*
d+bxc) *x (—exh+f*g) / (-cxf+dxe) / (—a*xh+b*xg)) ~(1/2) ) * (~a*h+bxg) ~ (1/2) * ((—axf+b*e
)*(d*x+c)/ (-cxf+dxe) / (b*x+a)) " (1/2) * (h*x+g) ~(1/2) /£/h/ (-exh+f*g) ~(1/2) / (d*x
+c)~(1/2) / (- (—axf+bxe) *x (hxx+g) / (—exh+f*xg) / (b*x+a)) ~(1/2) -b*xC*E11lipticE((-c*
h+d*g) ~(1/2) % (f*x+e) ~(1/2) / (—exh+£f*g) ~(1/2) / (d*x+c)~(1/2) , ((—a*xd+b*c) * (-e*xh
+f*g) / (-axf+bxe) / (-c*h+d*g) ) ~(1/2) ) * (-c*h+d*g) = (1/2) * (~exh+f*g) = (1/2) * (b*x+
a) "~ (1/2) * (- (~c*f+d*e) * (h*x+g) / (-exh+f*xg) / (d*x+c)) ~(1/2) /d/£f/h/ ((—c*xf+d*e) * (
bkx+a)/(-axf+bxe) / (d*x+c) )~ (1/2) / (h*x+g) ~(1/2)

Rubi [A]

time = 0.47, antiderivative size = 732, normalized size of antiderivative = 1.00, number of

number of rules — 0.129
’ integrand size ’

steps used = 8, number of rules used = 8, integrand size = 62
Rules used = {1600, 1610, 176, 430, 182, 435, 171, 551}

I ) BN e NN rr

Warning: Unable to verify antiderivative.

[In] Int[(axb*B - a"2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt

[e + £xx]*Sqrt[g + h*x]),x]

[Out] (b*C*Sqrtla + b*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(f*h*Sqrtlc + d*x]) - (b*Cx

Sqrt [d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x)
)/ ((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrt[e + f*x]
)/ (Sqrt [f*g - exh]l*Sqrtlc + d*x])], ((b*c - axd)*(fxg - exh))/((bxe - axf)*
(d*g - cxh))])/(d*f*h*Sqrt[((d*e - cxf)*(a + bxx))/((b*xe - a*f)*(c + d*x))]
*xSqrt [g + h*x]) - (Cx(bxe - axf)*Sqrt[bxg - axh]*Sqrt[((bxe - axf)*(c + d*x
))/((d*e - cxf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]
*Sqrt[e + fxx]1)/(Sqrtlf*g - exhl*Sqrtla + b*x]1)], -(((bxc - axd)*(f*g - e*h
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))/((d*e - cxf)*(b*g - axh)))])/(fxhxSqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-((
(bxe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (Sqrt[-(dxg) + c*h]*(2x%
bxBxdxfxh - axCxdxfxh - b*Ckx(d*f*g + dxexh + cxfxh))*(a + b*x)*Sqrt[((b*g -
axh)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((bxg - ax*h)*(e + f*xx))/((f*
g - exh)x(a + b*x))]*EllipticPi[-((b*(d*g - c*h))/((b*c - a*d)*h)), ArcSin[
(Sqrt [bxc - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]xSqrtla + b*x])], ((b*e
- axf)*(d*g - cxh))/((bxc - a*d)*(fxg - e*h))])/(d*Sqrt[bxc - a*xd]*f*h~2xSq
rt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - e*h)*Sqrtlc + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1 - (bxg - axh)*(x~2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435
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Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)~"2]*Sqrtl[(e_ ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1600

Int[(u_.)*(Px_)~(p_.)*(Qx_)"(q_.), x_Symbol] :> Int[u*PolynomialQuotient [Px
, Qx, x]17p*xQx~(p + q), x] /; FreeQlq, x] &% PolyQ[Px, x] && PolyQ[Qx, x] &%
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 1610

Int[(Sqrtl(a_.) + (b_.)*(x_)I*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)1*xSqrt(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[B*
Sqrt[a + bxx]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(fxhxSqrt[c + d*x])), x] + (-Dis
t [Bx(b*xe - axf)*((bxg - axh)/(2¥b*f*h)), Int[1/(Sqrt[a + bxx]*Sqrtlc + d*x]
*xSqrt[e + f*x]*Sqrtlg + h*x]), x], x] + Dist[B*(dxe - cxf)*((d*g - c*h)/(2x
dxf*h)), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[e + f*x]*Sqrtlg + h*x]), x
1, x] + Dist[(2xAxb*d*fxh + B*(axd*f*h - bx(d*fxg + d*exh + c*xfxh)))/(2%b*d
xfxh), Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]), x], x
1) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] &% NeQ[2xAxdxf - Bx(d*e + cx
£), 0]

Rubi steps
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abB — a*C + b*Bz + b?Cz? p Va+bz (bB — aC + bCx)

: : ‘ -dr = : : - dz
Va+bz Ve+dr e+ fr \/g+ha Ve+dx e+ fr \/g+hz

(C(be — af)(bg — ah)).

_bCVa+bz \e+ fr \/g+hz
fhvec+dx

<(2b(bB — aC)dfh + b

_ bCVa +bx \Je+ fr \/g+hx
fhve+dx

+

‘ ‘ . bC+/dg —ch —e
_ bCVa+ bz Ve+ fr \/g+hx Vg Vig=e

fhvec+dx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 6667 vs.
2(734) = 1468.
time = 39.66, size = 6667, normalized size = 9.08

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a*b*B - a~2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[a + bxx]*Sqrt[c + d*x
1#Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 20100 vs.
2(669) = 1338.
time = 0.12, size = 20101, normalized size = 27.39

method | result size

elliptic | Expression too large to display | 1552
default | Expression too large to display | 20101

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((Cxb~2xx~2+B*b~2*x+B*ax*b-C*xa~2)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2#x~2 + Bxb~2*x - Cxa~2 + B*axb)/(sqrt(b*x + a)*sqrt(d*x + c
)*¥sqrt (f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va+ bz (Bb— Ca+ Cbz)
Ve+dr \Je+ fx \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckb**2*x**2+B*b**2*x+Bxaxb-Cka**2) /(b*x+a)**(1/2)/(d*x+c)**(1/2)
/ (£xx+e)*x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*(B*b - C*a + Cxbxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqr
t(g + h*x)), x)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



176

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - C*a~2 + Bxaxb)/(sqrt(b*x + a)*sqrt(d*x + c
)*¥sqrt (f*x + e)*sqrt(h*x + g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ —Ca®*+Bab+CWz*+ Bbz i
Ve+fz Vg+hz Va+bz Vet+dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2 - C*a~2 + B*a*xb + Bxb~2+x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(1/2)*(c + d*x)~(1/2)),x)
[Out] int((C*¥b~2*x~2 - C*a~2 + B¥a*b + Bxb~2*x)/((e + fxx)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)~(1/2)*(c + d*x)~(1/2)), x)
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3.93 abB—a2Cgrb2Bx+b20@2 dr
/ (a+bx)324/c + dx /e + fx /g + hx

Optimal. Leaf size=436

2(bB — 2a C’)\/ —af)(c+ dx vVg+hr F (sm ( V/bg — ah ‘\/e + fx‘ > |_EZZ:Z?)((£§:ZZ§) 2C v/ —

—cf)(a+ bz) V. fg—eh Va+bx N

\ \ [ _(be—af)(g+ha)
\Vbg —ah \/fg—eh Vc+dz \/_(fg—eh)(a—l—bm)

[Out] 2*C*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*xg)~(1/2)/(b*x+
a)~(1/2) ,-b*(-cxh+d*g) / (~a*d+bxc) /h, ((-axf+b*e) * (~c*h+d*g) / (-axd+b*c) / (-e*h
+£*g)) " (1/2) ) * (c*h-d*g) ~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) )~ (1/2)

* ((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (bxx+a) )~ (1/2) /h/ (-a*xd+b*c) ~(1/2) /(d*x+c) ~(

1/2) / (f*xx+e) = (1/2) +2% (Bxb-2*C*a) *E11lipticF ((-axh+bxg) =~ (1/2) * (f*x+e) ~(1/2)/(
—exh+f*xg) ~(1/2) / (bxx+a) = (1/2) , (- (-axd+b*c) * (—~exh+f*g) / (-cxf+d*e) / (~a*h+b*g)

)~ (1/2) ) *((—a*f+bxe) * (d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*h+

bxg) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) " (1/2) / (- (—a*f+b*e) * (h*x+g) / (—exh+f*g) / (
bxx+a))~(1/2)

Rubi [A]
time = 0.35, antiderivative size = 436, normalized size of antiderivative = 1.00, number of

number of rules — 0.097,
integrand size

steps used = 6, number of rules used = 6, integrand size = 62,
Rules used = {24, 1612, 176, 430, 171, 551}

EE—T
o [er da)be—af) NeerNas s " o [exdn)lg—ah) [et[r)bg—ah) Vol [T ecspian
2Vt he (08 =200\ [y de = ef) F(Aresin (m Vi )it *ﬂh*)fc(”“’”"" 9\ araodg—ch) | @+ bais— h)”( L5 AreSin (Vh U ) )
Sl e M S
Verdr \/bg —ah \/fg—eh [+ h)be ~ap)’ Wetds et fa

\ " @+b2)(fg - eh)

Antiderivative was successfully verified.

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*xx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]),x]

[Out] (2*(b*B - 2*a*C)*Sqrt[((bxe - a*f)*(c + d*x))/((d*xe - c*xf)*(a + b*x))]*Sqrt
[g + hxx]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + bxx])], -(((bkc - axd)*(f*g - e*h))/((d*e - c*f)*(bxg - axh)))])/

(Sqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - axf)*(g + h*x
))/((fxg - exh)*(a + b*x)))]) + (2xC+Sqrt[-(d*g) + c*h]*(a + b*x)*Sqrt [((b*

g - axh)*(c + d*x))/((dxg - c*h)*(a + b*x))]*Sqrt[((b*g - axh)*(e + f*x))/(

(fxg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]l*Sqrtl[a + b*x])], ((b

xe — axf)*(d*g - c*xh))/((b*c - a*xd)*(f*g - e*h))])/(Sqrt[b*c - a*xd]*h*Sqrt[

c + d*x]*Sqrt[e + f*x])

Rule 24
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Int[(u_.)*((a)) + (b_)*(v_ )" (m )*((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*bxB + a~2*C, 0] && LeQ[
m, -1]

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)I1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f£*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)xSqrt[1 + (bxc - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - a*xf)*x(x"2/(f*g -
exh))]1), x], x, Sqrt[g + h*x]/Sqrt[a + bxx]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrt[c + d*x]=*
Sqrt [(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - ex*h)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, 0] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
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h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rubi steps
f b2(bB—aC)+b3Cx dz
abB — a’C + b’ Bz + b*Cz” dp — Va+bz Ve+dz e+ fxr \/g+ha
(a+bx)32V/c+dx \/e+ fxr \/g+hz b?

—C/ va+bx
B Ve+dz e+ fx /g+hx

(bg — ah)(c + dx) | (bg — ah)(e + fx) |
<2C(a +bo) \/(dg — ch)(a + bx) \/(fg — eh)(a + bx)

dz + (bB—ZaC’)/-

2(bB—2aC’)\/Ee_Z;) Ziii Vg+hz F(sm (

\/bg—ah\/fg—eh\/c+dac\/:

Mathematica [A]
time = 23.88, size = 583, normalized size = 1.34

Antiderivative was successfully verified.

[In] Integrate[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + bxx)~(3/2)*Sqrtlc + d
*xx]*Sqrt [e + fxx]*Sqrtlg + h*x]),x]

[Out] (2x(a + b*x)~(3/2)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(-
((b*B*Sqrt [((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt [((-(b*e) + a*xf)*(g + h*x))/((f*g - exh)*(a + b*x))]1], ((-(
bxc) + a*d)*(-(fxg) + exh))/((bxe - a*xf)*(d*g - c*h))])/((b*g - a*xh)*x(a + b
*xx)*3qrt [((-(bxe) + axf)*(g + hxx))/((f*g - exh)*(a + b*x))])) - (2xa*CxSqr
t[((b*xg - a*h)*(e + £*x))/((f*g - e*h)*(a + b*x))]*(g + h*x)*EllipticF[ArcS
in[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*xg - exh)*(a + b*x))]1], ((-(b*c) + ax
d)*(-(f*g) + exh))/((b*e - axf)*(d*g - cxh))])/((-(bxg) + axh)*(a + bx*x)*Sq
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rt[((-(bxe) + axf)*x(g + hx*x))/((fxg - exh)*(a + b*x))]) + (Cx(-(f*xg) + exh)
*Sqrt [-(((b*e - axf)*(b*g - axh)*(e + fxx)*(g + h*x))/((f*xg - exh)"2+%(a + b
*x)~2) ) ]*E1lipticPi[(bx(-(f*g) + exh))/((b*e - a*xf)xh), ArcSin[Sqrt[((-(bxe
) + axf)*(g + h*xx))/((f*g - exh)*(a + bxx))]], ((-(b*c) + axd)*(-(f*g) + ex
h))/((b*e - a*f)*(d*g - cxh))])/((bxe - axf)*h)))/(Sqrtlc + d*x]*Sqrtle + f
*xx]*Sqrt [g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 2954 vs.

2(398) = 796.
time = 0.12, size = 2955, normalized size = 6.78

method | result

(~f+5) =+ (-5+8) (o+5)
250-00) (- §+ )\ [ (838 ) (are) (++8) (—%+%)(z+f§)
V(b +a) (dz + ) (fz +e) (ha +g)
(~7+5)(-&+%) \/bdfh (z +

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2+B*b~2*x+B*axb-C*a~2)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/

2) / (h*x+g) ~(1/2) ,x ,method=_RETURNVERBOSE)

[Out] -2/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) /d* ((cxh-d*g) * (b*

x+a) / (a*h-b*g) / (d*x+c) )~ (1/2) * ((a*d-bxc) * (f*x+e) / (axf-bxe) / (d*x+c) ) ~(1/2) *(
(axd-b*c) * (hxx+g) / (axh-bxg) / (d*x+c) ) ~(1/2) * (-B*¥E11lipticF (((c*h-d*g) * (b*x+a)
/ (axh-b*g) / (d*x+c)) ~(1/2) , ((c*f-d*e) * (a*h-b*g) / (a*f-b*e) /(c*h-d*xg)) ~(1/2)) *
b~2+d"3*g*x~2-C*xE1lipticF (((c*h-d*g) * (b*x+a) / (a*h-bxg) / (d*x+c)) ~(1/2), ((c*f
-dx*e) * (axh-b*g) / (axf-bxe) / (cxh-d*g) )~ (1/2) ) *a~2xd~3*h*x~2-C*E1lipticPi (((c*
h-dx*g) * (bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2) , (a*h-b*g) *d/b/ (cxh-d*g) , ((c*f-d*e) *
(axh-b*g) / (axf-b*e) / (cxh-d*g) )~ (1/2) ) *a~2*d~3*h*x~2-B*E1lipticF (((c*h-d*g) *
(bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2) , ((c*xf-d*e) * (axh-b*g) / (a*xf-b*e) / (cxh-d*g) )~
(1/2))*b~2xc~2xd*g-C*xE11lipticF (((cxh-d*g) * (bxx+a) / (a*h-bxg) / (d*x+c)) ~(1/2),
((cxf-dxe)* (a*h-bxg) / (a*f-b*e) /(c*h-d*g)) ~(1/2))*a~2*c~2xd*h-C*E1lipticF (((
cxh-dxg) * (b*x+a) / (axh-b*g) / (d*x+c) )~ (1/2) , ((cxf-d*e) * (a*h-bxg) / (a*f-b*e) /(c
xh-d*g) )~ (1/2) ) *axb*c~3*h-C*xE11lipticPi (((cxh-d*g) * (b*x+a)/(a*h-b*g)/(d*x+c)
)~ (1/2), (a*h-b*g) *d/b/ (c¥h-d*g) , ((c*xf-d*e) * (axh-b*g) / (a*xf-b*e) / (cxh-d*g) )~ (
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1/2))*a”~2xc~2*d*h+C*E11lipticPi (((c*h-d*g) * (b*x+a)/(a*h-b*g) /(d*x+c))~(1/2),
(axh-b*g) *d/b/ (c¥h-d*g) , ((cxf-d*e) * (axh-bx*g) / (a*xf-bxe) / (cxh-d*g) ) ~(1/2) ) *ax
bxc~3xh-2*B*E1lipticF (((cxh-d*g) * (b*x+a) / (a*h-b*g) / (d*x+c) ) ~(1/2), ((c*f-d*e
) * (axh-b*g) / (a*f-b*e) / (c*h-d*g) ) ~(1/2) ) *b~2*c*d~2*g*x-2*C*E1lipticF (((c*h-d
xg) * (bxx+a) / (axh-bxg) / (d*x+c)) " (1/2) , ((cxf-d*e) * (axh-b*g) / (a*f-b*e) / (c*h-d*
g))~(1/2))*a"2*cxd~2xh*x+2*CxE11ipticF (((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)
)~ (1/2), ((c*xf-d*e) * (axh-b*g) / (axf-b*e) / (cxh-d*g) )~ (1/2) ) b~ 2*c~2*d*gxx—-2%C*
EllipticPi(((c*h-d*g)* (b*x+a)/(a*h-bxg)/(d*x+c))~(1/2), (a*h-b*g)*d/b/ (c*h-d
*xg) , ((cxf-d*e) * (axh-b*g) / (a*xf-bxe) /(cxh-d*g) ) ~(1/2) ) *a~2xc*d~2*¥h*x-2*xC*E11i
pticPi(((c*h-d*g)*(b*x+a)/(a*h-b*g)/(d*x+c))~(1/2), (a*h-b*g) *d/b/ (cxh-d*g) ,
((cxf-dxe)* (a*h-bxg) / (a*f-b*xe)/(c*h-d*g)) ~(1/2) ) *b~2%c~2xd*g*x+B*E1lipticF(
((c*h—-d*g) * (b*x+a) / (a*h-b*g) / (d*x+c) )~ (1/2) , ((cxf-dxe) * (a*xh-bxg) / (a*xf-bxe)/
(c*h-d*g) )~ (1/2) ) *axb*c~2*d*h+CxE11lipticF (((cxh-d*g) * (bxx+a) / (axh-b*g) / (d*x
+c))~(1/2) , ((cxf-dxe) * (axh-bxg) / (a*f-b*e) / (c¥h-d*g) ) ~(1/2) ) *a*b*c~2*d*g+C*E
1lipticPi(((c*h-dxg)* (bxx+a)/(a*h-b*g)/(d*x+c))~(1/2) , (axh-b*xg) *d/b/ (cxh-d*
g) , ((c*xf-dx*e) * (axh-bxg) / (axf-bxe) / (cxh-d*g) )~ (1/2) ) *a*b*c~2*d*g+B*E1llipticF
(((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2) , ((c*f-d*e) * (a*h-b*g) / (a*xf-b*e)
/ (cxh-d*g) )~ (1/2) ) *axb*d~3*h*x~2+C*E1llipticF (((c*h-d*g)* (b*x+a) / (a*h-b*g) / (
d*x+c))~(1/2), ((c*f-dxe) * (a*xh-b*g) / (a*xf-bxe) / (c¥h-d*g) ) ~(1/2) ) kaxb*d~3*g*x~
2+CxEllipticF (((cxh-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2), ((c*xf-d*e) * (a*xh-b
xg) / (axf-bxe) /(cxh-d*g) )~ (1/2) ) *b~2*c*d~2*g*x~2+CxE11ipticPi (((c*h-d*g) * (b*
x+a)/ (a*h-bxg) / (d*x+c)) ~(1/2), (a*h-b*g) *d/b/ (c*h-d*g) , ((cxf-d*e) * (axh-b*g) /
(axf-b*e) /(cxh-d*g) )~ (1/2))*axb*d~3*g*x~2-C*E1lipticPi (((c*h-d*g) * (bxx+a) /(
axh-bxg) / (d*x+c)) ~(1/2), (a*h-bxg) *d/b/ (cxh-d*g) , ((c*f-d*e) * (a*xh-b*g) / (a*xf-b
*xe) / (cxh-d*g) )~ (1/2) ) *b~2*c*d~2*g*x~2-C*xE11lipticF (((c*h-d*g) * (bxx+a) /(a*h-b
*xg) /(d*x+c))~(1/2) , ((c*xf-dxe) * (a*h-bxg) / (a*f-bxe) /(c*h-d*g)) ~(1/2) ) *a*xbxc*d
~2xh*x~2+C*E11ipticPi (((c*h-d*g) * (b*x+a)/(a*h-b*g) / (d*x+c)) ~(1/2), (a*xh-b*g)
*d/b/ (cxh-d*g) , ((cxf-d*e)* (a*h-bxg) /(a*f-b*e)/(c*h-d*g)) ~(1/2)) *a*b*c*d~2xh
*x~2+2*%B*E11lipticF (((cxh-d*g) * (bxx+a) / (a*h-bxg) / (d*x+c)) ~(1/2), ((cxf-d*e) *(
axh-b*g) / (a*f-b*e) / (c*h-d*g) ) ~(1/2) ) *a*b*c*xd~2xh*x-2*C*E11lipticF (((c*h-d*g)
* (bxx+a) / (a*h-b*g) / (d*x+c)) ~(1/2) , ((c*kf-dxe) * (a*h-bxg) / (a*f-bxe) / (c*h-d*g))
~(1/2)) *a*xb*c~2xdxh*x+2*C*E1lipticF (((cxh-d*g) * (bxx+a) / (a*h-bxg) / (d*x+c)) ~(
1/2), ((c*xf-d*e) * (axh-b*g) / (axf-b*e) / (cxh-d*g) )~ (1/2) ) xaxb*c*d~2xgxx+2*C*E11l
ipticPi(((c*h-d*g) * (bxx+a) / (axh-b*g) / (d*x+c)) ~(1/2), (a*h-bxg) *d/b/ (cxh-d*g)
, ((c*f-dxe) * (a*h-bxg) / (a*f-bxe) / (c¥h-d*g) ) ~(1/2) ) ¥axb*c~2*d*h*x+2*C+E11lipti
cPi (((c*h-d*g)* (b*x+a) / (axh-bxg) / (d*x+c)) ~(1/2) , (a*h-b*g) *d/b/ (c*h-d*g) , ((c
xf-dxe) * (axh-b*g) / (axf-bxe) / (cxh-d*g) ) ~(1/2) ) *axbxc*xd~2*g*x+CxE11lipticF (((c
xh-dx*g) * (bxx+a) / (axh-bxg) / (d*x+c)) ~(1/2), ((cxf-d*e) * (axh-b*g) / (axf-bx*e) / (c*
h-d*g) )~ (1/2))*b~2%c~3*g-CxE11lipticPi (((cxh-d*g) * (bxx+a)/(a*h-b*xg)/(d*x+c))
~(1/2) , (a*h-b*g) *d/b/ (cxh-d*g) , ((cxf-d*e) * (a*xh-b*g) / (a*xf-b*e) /(cxh-d*g)) ~ (1
/2))*b~2xc”~3%g) / (cxh-d*g) / (a*xd-b*c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*xx+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + B*axb)/((b*x + a)~(3/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out
Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckb**2*x**2+B*b**2%x+B*axb-Cka*x*2)/(b*x+a)**(3/2)/(d*x+c)**(1/2)
/ (fxx+e)**(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*xa*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")
[Out] Exception raised: RuntimeError >> An error occurred running a Giac command:

INPUT:sage20UTPUT:index.cc index_m operator + Error: Bad Argument Valueinde
x.cc index_m operator + Error: Bad Argument Valueintegrate(1l/abs(sageVARD)*

sageVARb™
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
—Ca*+ Bab+Cb 1+ Bbx i
vVe+fz \Jg+ho (a+bx)3/2m
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x"2 - C*a~2 + B*a*b + Bxb~2+x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(3/2)*(c + d*x)~(1/2)),x)
[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(3/2)*(c + d*x)~(1/2)), x)
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3.94 abB—a2Cgrb2Bx+b2Cg2 dr
/ (a+bx)52/c + dx /e + fx +/g+ hx

Optimal. Leaf size=616

‘ ‘ ‘ ‘ ‘ . 2b(bB — 2aC
2b(bB — 2aC)dVa + bz \/e + fx \/g+ hx _2b2(bB—2aC)\/c+dx Ve+ fr \/g+ hx B ( |

(bc — ad)(be — af)(bg — ah)Vc+ dz (bc — ad)(be — af)(bg — ah)Va + bz

[Out] 2%b*(B*b-2xCxa)*d* (bxx+a)~ (1/2)*(f*x+e) ~(1/2)* (h*x+g) ~(1/2) /(—a*d+b*c)/(-ax
f+bxe) / (—axh+b*g) / (d*x+c) ~(1/2) -2%b~ 2% (Bxb-2*C*a) * (d*x+c) ~(1/2) * (f*x+e) ~(1/
2) * (h*x+g) ~(1/2) / (—axd+bxc) / (-a*f+b*e) / (-axh+b*g) / (b*x+a) ~(1/2) +2% (-B*b*d+C
*xa*xd+Cxb*c) *E1lipticF ((-a*h+b*g) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*xg) ~(1/2) / (b*x+
a)~(1/2), (-(-a*d+b*c) * (—exh+f*g) / (-cxf+d*e) / (—axh+b*g) )~ (1/2) ) * ((-axf+b*e) *
(d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) / (-axh+b*xg) ~(1/2)
/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—axf+b*e) * (h*x+g) / (—exh+f*g) / (b*x+a) )~ (1
/2) -2%b* (B¥b-2*C+*a) *E1lipticE((-c*h+d*g) ~(1/2) * (f*x+e) " (1/2) / (—exh+f*g) ~(1/
2)/(d*x+c)~(1/2) , ((-a*xd+b*c) * (-exh+f*g) / (-axf+b*e) / (-c*h+d*g) )~ (1/2) ) *(-c*h
+d*g) ~(1/2) * (-exh+f*g) = (1/2) * (bxx+a) = (1/2) * (- (-c*xf+d*e) *x (h*x+g) / (-exh+f*g) /
(d*x+c))~(1/2) / (—a*d+b*c) / (-axf+b*e) / (~a*h+bxg) / ((-c*xf+d*e) * (b*x+a) / (-axf+b
*e) / (d*x+c))~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 0.77, antiderivative size = 616, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.129,

steps used = 8, number of rules used = 8, integrand size = 62,
Rules used = {24, 1613, 1616, 12, 176, 430, 182, 435}

T2 | geonie-en) oy T (0B — 20C) /dg = T — e 1 |- (de — cf) ,,,(Ar m( dg — ch r‘+f:r) Mdyuwm)
VR ) ) e 08 a0 T T s (VISR i)

Antiderivative was successfully verified.

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + bxx)~(5/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2*b*(b*B - 2*xa*C)*d*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrtlg + h*x])/((b*c - axd
)*(bxe - axf)*(bxg - axh)*Sqrtlc + d*x]) - (2%b~2%(b*B - 2*axC)*Sqrt[c + d*
x]*Sqrt[e + fxx]*Sqrtlg + h*x])/((bxc - a*d)*(bxe - axf)*(b*xg - axh)*Sqrt[a
+ b*xx]) - (2%bx(b*B - 2*a*C)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]l*Sqrtle + f*x])/(Sqrtl[f*g - exh]*Sqrtlc + d*x])], ((b*c - a
*xd)*(f*g - exh))/((bxe - a*xf)x(dxg - c*h))])/((b*c - axd)*(b*e - axf)*(b*g
- axh)*Sqrt[((dxe - c*xf)*(a + b*x))/((b*xe - axf)*(c + d*x))]*Sqrtl[g + h*x])
+ (2% (b*c*C - bxB*d + axCxd)*Sqrt[((bxe - axf)*(c + d*x))/((d*e - cxf)*(a
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+ bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*xg - axh]*Sqrt[e + f*x])/(Sq
rt[fxg - exh]*Sqrt[a + b*x])], -(((b*c - axd)*(fxg - exh))/((dxe - c*f)*(bx
g - axh)))])/((bxc - axd)*Sqrt[bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqr
t[-(((bxe - axf)*(g + hxx))/((fxg - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]1]

Rule 24

Int[(u_.)*((a)) + (b_.)*x(v_))"(m_)*((A_.) + (B_.)*x(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2+C, 0] && LeQ[
m, -1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]x*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*xe - a*xf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
, X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
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)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*xx]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2%(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2*a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + dkexh + c*f*h) + b™2%(2#m + 3)*(d*e*g + c*f*g + cxexh)) - bxBx(ax(dxe
xg + cxfxg + ckxexh) + 2¥bkckexgx(m + 1)) - 2x((A*b - a*B)*(a*xd*fxhx(m + 1)

- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&% LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl[(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*xx]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp[2*A*b*d*f*h - Cx(b*d*exg + axckxfxh) + (2¥b*B*xd*f
xh - Ck(axd*fxh + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2¥b*d*f*h)), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps
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f b2(bB—aC)+b3Cx dz
abB — a?C + b?Bzx + b*Cz? g (b Ve+dz e+ fr \/g+ha
(a4 b2)52Vc+dz \/e+ fr \/g+ hx b?

_20°(bB = 2aC) Ve +dz. Ve+ fr \/g+hx
a (bc — ad)(be — af)(bg — ah)Va + bz

_ 2b(bB —2aC)dVa+bz \/e+ fx \/g+hz  26*(bB-
a (bc — ad)(be — af)(bg — ah)Vc+ dx (be -

_ 2b(bB —2aC)dvVa+bz \e+ fz \/g+he  20°(bB-
- (bc — ad)(be — af)(bg — ah)Vc+ dx (be -

_ 2b(bB —2aC)dVa+bz e+ fx \/g+hz  26*(bB-
a (bc — ad)(be — af)(bg — ah)Vc+ dx (be -

2b(bB — 2aC)dva + bz \/e+ fr \/g+he  26°(bB-
(bc — ad)(be — af)(bg — ah)Vc+ dz (be -

Mathematica [A]
time = 26.15, size = 340, normalized size = 0.55

I[P N T L
20—\ = e ) ¢ 10 ) (b(bB —2u0)(dg ~ W)E (m—l (V/ Grtepue) ) 1 EZ:::%:?Z%) +(beC ~bBd-+ aCd)(bg — ah)F <s;n—1 (\/ Getepure) ) 152::3?15,’@:223) )

' 2\ 32
(be - ad)(fg — eh)¥(a+ ba)/2 Vet do (Lol lusie))

Warning: Unable to verify antiderivative.

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x~2)/((a + bxx)~(5/2)*Sqrt[c + d
*x]*Sqrt [e + f*x]*Sqrt[g + h*x]),x]
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[Out] (2x(bxe - a*f)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f
*x) " (3/2)*(g + h*x)~(3/2)*(b*(b*B - 2*a*C)*(d*g - cxh)*EllipticE[ArcSin[Sqr
t[((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((bxc - axd)*(f*g -
exh))/((bxe - axf)*(d*g - c*h))] + (bkcxC - b*Bxd + axC*d)*(bxg - axh)*Ell
ipticF[ArcSin[Sqrt[((-(bxe) + axf)*(g + hx*x))/((f*g - exh)*(a + b*x))]], ((
bxc - axd)*(f*g - exh))/((b*e - axf)*x(d*g - c*h))]))/((bxc - a*xd)*x(fxg - ex
h)~3x(a + bxx)~(5/2)*Sqrt[c + d*x]*(-(((bxe - a*f)*(bxg - a*h)*(e + f*x)*(g
+ h*x))/((f*g - exh)”2x(a + b*x)~2)))~(3/2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 18866 vs.
2(562) = 1124.
time = 0.14, size = 18867, normalized size = 30.63

method | result size
elliptic | Expression too large to display | 2249

default | Expression too large to display | 18867

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2+B*b~2*x+B*axb-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g) ~(1/2) ,x ,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2#x~2 + B*b~2%x - Cxa~2 + Bxaxb)/((b*x + a)~(5/2)*sqrt(d*x +
c)xsqrt (f*x + e)*sqrt(h*x + g)), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] integral((C*b*x - C*a + Bxb)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*xx + g)/(b~2xd*f*h*x"5 + a~2kcxfxgxx + (b~2*d*fxg + (b~2%c + 2*axbxd)*fxh
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)*¥x”4 + ((b™2%c + 2xaxb*d)*f*g + (2%axbxc + a~2*d)*f*h)*x~3 + (a"2%cxfxh +
(2xaxb*c + a~2xd)*fxg)*x~2 + (b~2*d*h*x~4 + a~2*xcxg + (b~ 2xd*g + (b"2%c + 2
*xaxbxd) *h)*x~3 + ((b"2%c + 2*xaxbkxd)*g + (2*%a*b*c + a~2*d)*h)*x"2 + (a~2*c*h
+ (2%axb*xc + a~2xd)*g)*x)*e), Xx)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckb**2*x**2+B*b**2*x+B*axb-Cka*x*2) /(b*x+a)**(5/2)/(d*x+c)**(1/2)
/ (£xx+e) *xx(1/2) / (hxx+g) **(1/2) ,x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3007 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + Bxaxb)/((b*x + a)~(5/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
—Ca*+Bab+Ch 2>+ Bbz

Ve+fz \/g+hz (a+bz)?Vetdz

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2%x"2 - C*a~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*xx)~(1/2)*
(a + bxx)~(5/2)*(c + d*x)~(1/2)),x)

[Out] int((Cxb~2%x~2 - C*a~2 + Bxaxb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)~(5/2)*(c + d*x)~(1/2)), x)
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3.95 abB—a2Cgrb2Bx+b2Cg2 dr
/ (a+bx) 2/ c + dx /e + fx +/g+ hx

Optimal. Leaf size=1128

20d(9a3Cdfh — b3(2Bdeg — c(3Ceg — 2Bfg — 2Beh)) + ab*(C(deg + cfg + ceh) + 4B(df g + deh + cfh)) -
3(bc — ad)?(be — af)?(bg — ah)?vc + da

[Out] 2/3*b*xd*(9%a~3*Ckd*f*h-b~3* (2*B*d*e*xg-c* (-2*Bkexh-2*B*f*g+3*Cke*g) ) +a*xb™2x (
Ck (ckexh+cxfxg+d*kexg) +4*Bx (cxfxh+d*xexh+d*f*xg) ) —a~2%b* (6*Bxd*f*xh+5*C* (cxf*h+
dxexh+d*f*xg)) ) * (b*x+a) ~(1/2) x (fxx+e) = (1/2) * (h*xx+g) ~(1/2) / (-axd+b*c) ~2/ (-axf
+b*e) "2/ (-axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b~2* (Bxb-2*C*a) * (d*xx+c) ~(1/2) * (f*x+e
)~ (1/2) % (h*x+g) ~(1/2) / (~axd+b*c) / (-a*xf+b*e) / (-axh+bxg) / (bxx+a) ~(3/2)-2/3%b~
2% (9*a~3*Cxd*f*xh-b~3* (2%B*d*e*g-c* (-2*B*e*h-2*B*f*g+3*Cxexg) ) +axb~2x (C* (c*xe
*h+cxf*g+drexg) +4*B* (ckf*h+d*exh+d*f*g))-a~2%b* (6*Bxd*f*h+5xCk (cxf*h+d*e*h+
dxfxg)))*(d*x+c) = (1/2) *(fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) "2/ (-axf+b*e) ~
2/ (—axh+b*g) ~2/ (b*x+a) ~(1/2)-2/3* (3*a~3*C*d~2*fxh-b~3% (2*%B*d~2*e*xg-B*c~2xf*
h-c*d* (-Bxexh-B*f*g+3xCxe*g) ) —3*xa~2*b*d* (B*d*f*h+C* (-cxf*h+d*xexh+d*f*xg))+a*
b~2% (3*B*d~2% (exh+f*g) +C* (-2*c~2*f*h-cxd*exh-cxd*xf*xg+d~2*e*xg) ) ) *E1lipticF ((
-axh+b*g) = (1/2) * (fxx+e) " (1/2) / (-exh+f*xg) ~(1/2) / (b*xx+a) = (1/2) , (- (-a*xd+b*c) *(
—exh+f*g) / (-cxf+dxe) /(—a*xh+b*xg)) ~(1/2)) * ((—axf+b*e) * (d*x+c) / (—c*f+d*e) / (b*x
+a) )~ (1/2) * (h*x+g) ~(1/2) / (-axd+b*c) ~2/ (-axf+bxe) / (—a*xh+b*g) ~(3/2) / (—e*h+f*g
)~ (1/2) / (d*x+c) " (1/2) / (- (-axf+bxe) * (h*x+g) / (—exh+f*g) / (bkxx+a) ) ~(1/2) -2/3%bx
(9*a~3*Ckxd*f*xh-b~3% (2*%B*d*exg—c* (-2*B*exh-2*B*f*g+3*xCxe*g) ) +axb~2* (Cx (ckexh
+cxfxg+dxexg) +4*B* (cxf*h+d*exh+d*f*g) ) —a~2*b* (6*%B*d*f*h+5%C* (c*f*h+d*exh+d*
f*g)))*E1l1lipticE((-cxh+d*g) ~(1/2) * (f*x+e) ~(1/2) / (-exh+f*xg)~(1/2)/(d*x+c)~ (1
/2) , ((maxd+bx*c) * (—~exh+f*g) / (-axf+b*e) / (—~c¥h+d*g) ) ~(1/2) ) * (-cxh+d*g) ~ (1/2) *(
—exh+f*xg) = (1/2) * (bxx+a) = (1/2) * (- (-cxf+d*e) x (h*x+g) / (—exh+f*g) / (d*x+c) )~ (1/2
)/ (ma*d+bxc) ~2/ (—a*f+b*e) 2/ (-axh+b*g) “2/ ((—c*f+d*e) * (b*x+a) / (-a*f+bxe) / (d*
x+c))~(1/2) / (h*x+g) ~(1/2)

Rubi [A]
time = 2.79, antiderivative size = 1119, normalized size of antiderivative = 0.99, number

number of rules _ ( 199
integrand size ’

of steps used = 9, number of rules used = 8, integrand size = 62,
Rules used = {24, 1613, 1616, 12, 176, 430, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b*x)~(7/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrtl[g + h*x]),x]
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[Out] (2xb*d*(9*a~3*Cxd*xf*xh + b~3x(3*cxCxe*xg — 2xBxd*e*xg - 2xBxc*(fxg + exh)) + a
*b~2% (Cx(d*exg + cxfxg + c*exh) + 4*Bx(d*fxg + d*exh + cxf*h)) - a~2%b*(6+B
*xdxfxh + 5xCx(d*f*g + dxexh + cxfxh)))*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrtlg +
h*xx]) /(3% (b*c - axd) “2x(bxe - axf) 2*(b*g - axh) “2xSqrt[c + d*x]) - (2xb~2
*(bxB - 2%axC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(3*(b*c - axd)*(b
xe — a*xf)*(bxg - axh)*(a + b*x)~(3/2)) - (2¥b~2%(9*a~3*xCxd*f*h + b~3*(3xc*C
xexg — 2kBxdxexg — 2xBxcx(fxg + exh)) + a*xb”™2x(Ck(dxe*xg + cxfxg + ckxexh) +
4xBx (d*f*g + d*exh + cxfxh)) - a~2xbx(6*%Bkd*f*h + 5*Ck(dxfxg + dxexh + cxfx
h)))*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrt[g + h*x])/(3*(b*c - axd) 2x(bxe - a*f
)"2%(b*g - axh)~2*xSqrt[a + b*x]) - (2%b*Sqrt[d*g - c*h]*Sqrt[f*g - exh]* (9%
a~3xCxd*f*h + b~3*(3xcxCkexg — 2xBxd*e*xg - 2*Bkckx(f*g + exh)) + a*b™2x(Cx(d
xexg + cxfxg + ckexh) + 4*xBx(d*fxg + d*exh + cxf*h)) - a~2%b*(6*B*d*f*h + 5
*Cx (dxfxg + d*exh + c*f*h)))*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/(
(fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*xx])/(
Sqrt [f*g - exh]*Sqrtlc + d*x])], ((b*c - a*xd)*(fxg - e*h))/((b*xe - axf)x*(d*
g - c*h))]1) /(3% (b*c - axd) 2x(b*e - axf) 2x(bxg - a*h) 2*Sqrt[((d*e - cx*f)=*
(a + b*x))/((bxe - axf)*(c + d*x))]*Sqrtl[g + h*x]) - (2*%(3*a~3*Cxd~2*f*h -
b~ 3% (2xB*d"2*%exg — B*c"2xfxh - c*d*(3*%Ckexg — B*f*g - Bxexh)) - 3*a~2%b*dx*(
Bxdxf*h + Cx(d*fxg + d*exh - cxfxh)) + axb™2%(3*B*d~2*x(f*g + exh) + Cx(d~2*
exg — cxdxf*g — ckdkexh - 2kc”2xfxh)))*Sqrt[((b*e - axf)*(c + d*x))/((dxe -
cxf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e +
fxx])/(Sqrt[fxg - exh]*Sqrtla + b*x])], -(((bxc - a*d)*(fxg - e*h))/((d*e -
cxf)*(bxg - a*h)))])/(3*(bxc - axd) "2*(b*e - axf)*(b*g - axh)~(3/2)*Sqrt[f
*xg — exh]*Sqrt[c + d*xx]*Sqrt[-(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + b*
x)))1)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]1]

Rule 24

Int[(u_.)*((a_) + (b_.)*(v_))"(m_ )*((A_.) + (B_.)*(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + bxv)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*xbxB + a~2+C, 0] && LeQ[
m, -1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - ex*h)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
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h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
> ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(Sqrt [a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] & !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*xx]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*x]*Sqrtlg + hx*x]))*Simp[Ax(2*a~2*%d*f*h*(m + 1) - 2%a*b*x(m + 1)*(d*
fxg + dkexh + c*f*h) + b™2%x(2#m + 3)*(d*e*xg + c*f*g + cxexh)) - bxBx(ax(dxe
xg + ckfxg + cxexh) + 2xbkcxexgx(m + 1)) - 2+%((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
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xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2¥bxd*f*h)), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps
f b2(bB—aC)+b3Cx dz
abB — a’C + Bz + b*Cz? gp — Vet dr et fo\/g+ha
(a+bx)/2\/c+dx \/Je+ fxr \/g+hz b?
b2 (%
_20°(bB —2a0)Vc+dx Ve+ fr \/g+hs N /

3(bc — ad)(be — af)(bg — ah)(a + bz)3/?

2b2(bB—2aC)\/C+dx‘\/e+fx‘\/g+hx‘ 2b?(9a
~ 3(bc — ad)(be — af)(bg — ah)(a + bz)32

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + a

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + a

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + a

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + a
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 10675 vs.

2(1128) = 2256.
time = 39.75, size = 10675, normalized size = 9.46

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x~2)/((a + bxx)~(7/2)*Sqrtlc + d
*x]*Sqrt [e + f*x]*Sqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 110288 vs.

2(1056) = 2112.
time = 1.11, size = 110289, normalized size = 97.77

method | result size
elliptic | Expression too large to display | 3425
default | Expression too large to display | 110289

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g) "~ (1/2) ,x ,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2xx~2 + B¥b~2*x - Cxa~2 + B¥axb)/((bxx + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")
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[Out] integral((C*b*x - C*a + Bxb)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*xx + g)/(b~3xd*f*h*x"6 + a~3*kcxfxgxx + (b~3*d*fxg + (b~3*c + 3*axb~2*d)*f
*h)*x75 + ((b~3%c + 3%axb~2xd)*f*g + 3*(axb~2xc + a~2xbxd)*f*h)*x"4 + (3x(a
*b~2%c + a~2xbxd)*f*g + (3*%a"2%bkc + a~3*d)*fxh)*x"3 + (a"3xcxfxh + (3*%a”2*

bxc + a”3xd)*fxg)*x"2 + (b~3*d*h*x~5 + a”3xcxg + (b~3*d*g + (b~3xc + 3%axb”
2xd)*h)*x"4 + ((b~3%c + 3xaxb~2*d)*g + 3*(a*b~2xc + a~2*xbxd)*h)*x~3 + (3*(a
*b~2%c + a"2xbxd)*g + (3*a”2*bxc + a~3*d)*h)*x"2 + (a”~3*cxh + (3*xa"2*b*c +

a”~3*d) *g) *x) *e), X)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxb**2xx**2+B*b*x2*x+B*axb-Ckax*2)/(b*x+a)**(7/2)/(d*x+c)*x(1/2)
/ (£xx+e)**(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/ (f*x+
e)~(1/2)/ (h*xx+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2xx"2 + B*b~2*x - Cxa”2 + Bkaxb)/((b*x + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
—Ca’+ Bab+Cbz?>+ Bb’zx i
Ve+fz Jg+hz (a+bz)*Vetdz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*b~2*x"2 - C*a"2 + B*a*b + B*b~2*x)/((e + f*x)~(1/2)*(g + h*xx)~(1/2)*
(a + b*x)~(7/2)*(c + d*x)~(1/2)),x)

[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(7/2)*(c + d*x)~(1/2)), x)
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(a+bz)?(A+Cz?)
3026 1 1 1 d
f\/c—|—d:13 ve+ fx v/g+ hx ’

Optimal. Leaf size=1097

2(4C (2adfh — 3b(df g + deh + cfh))(adfh — 2b(df g + deh + cfh)) + 5bdfh(7Abdfh — C(5b(deg + cfg + ce
1053 f3h3

[Out] 2/105%(4*Cx (2*axd*f*h-3*%b* (ckf*xh+d*xexh+d*f*xg))* (axd*f*h-2xbx (cxfxh+d*exh+d*
fxg) ) +5*b*d*fxhx* (7*xAxb*xd*f*h—C* (5xb* (ckexh+c*f*g+drexg) +2xax* (cxf*h+d*exh+d*
f*xg))))*(dxx+c) " (1/2) *(£xx+e) ~(1/2) * (h*x+g) ~(1/2) /d~3/£73/h"3+4/35*C* (2*xaxd
*fxh-3%b* (cxf*h+d*exh+d*f*g) ) * (bkx+a)* (d*x+c) ~(1/2) * (fxx+e) ™ (1/2) * (h*x+g) ~ (
1/2)/d~2/£72/h72+2/T*C* (b*x+a) “2x (d*x+c) = (1/2) * (f*x+e) = (1/2) * (h*x+g) ~(1/2)/
d/f/h-4/105% (35%a~2*Cxd~2*f ~2*¥h~ 2% (cxf*xh+d*exh+d*f*g) —T*axb*d*f*h* (15xA*d~2
*f72xh"2+C* (8%c™2+f "2+h~2+7*c*xd*f*xh* (exh+f*g) +d~2* (8ke~2¥h~2+7*e*f*gkh+8*f "~
2%g~2) ) ) +b~2x (35xAxd~2xf " 2xh~ 2% (c*f *h+d*e*xh+d*f*g) +2*C* (12%c~3*f ~3*h~3+10%c
~2xd*f~2xh~2% (exh+f*g) +cxd~2xf*xh* (10ke~2¥h~2+9*ke*xf*gkh+10*f ~2xg~2) +2%d 3% (6
*xe~3%h~3+5%e~2*f*gkh~2+5xe*f ~2%g~2xh+6*f~3*g~3))) ) *E1lipticE (£~ (1/2) * (d*x+c
)7(1/2) / (cxf-d*e) " (1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/2) ) * (cxf-d*e) ~ (1/2) *
(d* (f*x+e) / (-cxf+dxe))~(1/2) * (h*x+g) ~(1/2)/d~4/£7(7/2) /h~4/ (f*x+e)~(1/2)/(d
* (h*x+g) / (—cxh+d*g) )~ (1/2)+2/105% (35%a~2*%d~2*f ~2*¥h~ 2% (3kA*d*f*xh~2+C* (c*h* (-
exh+f*g) +dxgx (exh+2*f*g) ) ) —~14*a*xb*d*f*h* (15%A*d~2*f ~2%g*xh~2+Cx (4*c~2%f*h~ 2%
(—exh+f*g) +cxd*xh* (-4*e~2¥h~2+e*f*gkh+3*f ~2%g~2) +d~2xg* (4*e~2*¥h~2+3*e*f *g*h+
8xf72xg~2) ) ) +b~2% (35xA*d~2*f ~"2xh~2* (cxh* (~exh+f*g) +d*xg* (exh+2*f*g) ) +Cx (24*c
~3xf"2%h" 3% (—exh+f*g) +c"2xd*xfxh~2% (-23*%e~2%xh~2+6*e*fxgxh+17*f ~2%g~2) +2*c*d”
2xh* (-12%e~3%h~3+3*%e~2*f*g*h~2+exf ~2%g~2xh+8*f "3%g~3) +d~3*g* (24*e~3*xh~3+17*
e”2%fxgxh~2+16%e*xf ~2xg~2xh+48%f ~3%g~3))) ) *E11lipticF (£~ (1/2) * (d*x+c)~(1/2) /(
cxf-dxe)~(1/2), ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2)) *(cxf-dxe) = (1/2) * (d* (f*x+e
)/ (-cxf+dxe))~(1/2) *(d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /d~4/£~(7/2) /h~4/ (f*x+e)~ (1
/2)/ (h*x+g) ~(1/2)

Rubi [A]

time = 2.14, antiderivative size = 1083, normalized size of antiderivative = 0.99, number

number of rules _
integrand size 0.130,

of steps used = 9, number of rules used = 8, integrand size = 42,
Rules used = {1615, 1614, 1629, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.

[In] Int[((a + b*x)~2*(A + Cxx~2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]
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[Out] (2%(35*%A*b~2xd*f*h + 8*a~2*Ckd*fxh — 25xb~2%Ck(d*e*g + cxfxg + c*exh)
axbxCx (dxfxg + dkexh + c*f*xh) + (24xb~2+C*(d*f*g + dxexh + cxfxh)~2)/(d*f*h
))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(105%d~2*f"2+%h~2) + (4*Cx(2*a
*xd*xf*xh - 3xbx(d*xfxg + d*exh + c*fxh))*(a + bxx)*Sqrt[c + d*x]*Sqrt[e + fx*x]
*xSqrt [g + h*x])/(35%d"2*xf72xh~2) + (2xCx(a + b*x)~2xSqrt[c + d*x]*Sqrtle +

fxx]*Sqrt[g + h*x])/(7*d*f*h) - (4*Sqrt[-(d*e) + c*xf]*(35%xa~2*C*xd~2xf~2+h~2
x(dxfxg + d*exh + cxf*h) - T*axbxdxfxh*(15%xAxd~2+f"2%xh~2 + C*(8%c~2*f~2xh~2
+ Txckxd*f*xh*x(f*g + exh) + d"2*(8+f~2*%g~2 + Txe*xf*gxh + 8%e"2xh~2))) + b~2%
(35%A*d~2%f~2%h~2* (d*f*g + dkexh + ckfxh) + 2xCx(12%xc~3*f73xh~3 + 10*c™2*d*
£72xh~2% (fxg + exh) + c*d"2*f*h*(10*%f72%g~2 + Oxexfxgxh + 10%e~2*¥h~2) + 2xd
~3x(6%f73%g~3 + Bxexf"2%g~2xh + S*xe"2xfxgxh~2 + 6%xe~3%h~3))))*Sqrt[(d*(e +

f*xx))/(d*xe - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/S
qrt[-(d*e) + c*f]], ((d*e - c*f)x*h)/(£fx(d*g - cxh))])/(105%d~4*f~(7/2)*h"~4x*
Sqrtle + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*¥h)]) + (2+Sqrt[-(d*e) + c*f]*(35x%
a~2%d"2%f "2*¥h~2% (3xAxd*xfxh~2 + cxCxhx(f*g - exh) + Cxdxgx(2*f*g + exh)) - 1
4xaxbxd*fxh* (15%A*d~2%f"2%g*h~2 + Ck(4xc™2xfxh~2x(f*g - exh) + cxdxh*(3*f~2
*xg~2 + exfxgxh — 4*%e"2xh"2) + d~2*gkx(8*f~2xg~2 + 3kexfxgxh + 4*e”2xh"2))) +
b~2% (35%A*xd~2+f"2¥h~ 2% (cxh* (f*g — exh) + d*g*x(2*f*g + exh)) + Cx(24*c™3*f~
2xh~3*(fxg - exh) + c™2xd*xfxh~2%(17*f72%g~2 + 6xexf*gkh - 23*%e”2xh~2) + 2*c
*d"2xh* (8%f~3%g~3 + e*xf~2%g~2xh + 3%e”2xfxgxh~2 - 12%e”3*%h~3) + d"3xgx(48*f
"3%g~3 + 16%e*xf"2%g 2xh + 17*xe"2xf*gxh~2 + 24xe~3xh~3))))*Sqrt[(d*x(e + f*x)
)/ (dxe - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(105%d~
4x£~(7/2)*h~4*xSqrt[e + fxx]*Sqrt[g + hxx])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ bxx] /Rt [-(bxc - axd)/d, 2]], £*x((bxc - axd)/(dx(bxe - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- a*xd), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(bxc - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/bl))*EllipticF[A

- 38x%
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rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/b])], £*x((b*c - axd)/(d*(

bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]

&& GtQ[b/(bxe - axf), 0] && SimplerQ[a + bxx, c + d*x] && SimplerQ[a + bx*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl[(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla

+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq

rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 1614

Int [(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
dxfxhx(2xm + 3))), x] + Dist[1/(d*fxh*x(2xm + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h#*x]))*Simp[a*xA*xd*fxh*(2*m + 3) - Cx(ax*
(dxexg + cxfxg + ckexh) + 2xbxckxexgkm) + ((Axb + a*B)*d*fxh*(2*m + 3) - Cx(
2*ax(d*f*xg + d*kexh + cxf*h) + b*x(2*m + 1)*(d*exg + c*xf*g + ckxexh)))*x + (b*
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1615

Int[(((a_.) + (b_)*(x_)) " (m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)1*Sqrt[(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2*%C*x(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[a*A*d*xfxh*(2xm + 3) - Ck(a*x(dxe*xg + cxfx
g + cxexh) + 2xbkcxexgxm) + (A*¥bkd*xf*h*(2*m + 3) - Ckx(2kax(d*f*g + d*xexh +
cxfxh) + bx(2km + 1)*(d*exg + c*f*xg + cxexh)))*x + 2*Cx(a*d*fxh*m - bx(m +
1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]
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Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*x))"(n_.)*((e_.) + (f
_I)x(x))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1D*((e + £xx)~(p +

1)/(d*f*xb~(q - )*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - dxfxkx(m + n + ptaq+t D)x(a + b*x)"q + kx(a + b*X)A(q -
2)x(a”2%d*f*(m + n + p + q + 1) - bx(bxckex(m + q - 1) + ax(dxex(n + 1) +

ckfx(p + 1))) + bk(a*xd*f*(2%x(m + q) + n + p) - bk(d*ex(m + q + n) + c*xf*(m

+q+p)N*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] & PolyQ[Px, x]

Rubi steps
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f (a+bx) (—4bcCeg+TaAdf h—c

+

/ (a+bx)? (A + Cz?) dx_20(a+bx)2\/c+dx‘\/e+fx‘\/g+hx‘
Ve+dz e+ fx \/g+hx - 7dfh

_ 4C(2adfh — 3b(dfg + deh + cfh))(a + bz)Vc+dz \e+ fr \/g+
B 35d2 f2h?

2(35Ab2dfh + 8a2Cdfh — 25b2C/(deg + cf g + ceh) — 38abC(df g + a
- 105d2 2

2(35Ab2dfh + 8a2Cdfh — 2562C (deg + cfg + ceh) — 38abC(df g + d
- 10542 2,

2(35Ab2dfh + 8a%Cdfh — 25b*C(deg + cfg + ceh) — 38abC (df g + d
- 105d2 f2

2(35Ab2dfh + 8a2Cdfh — 25b2C/(deg + cf g + ceh) — 38abC(df g + d
- 1052 f2)

2(35Ab2cth + 8a2Cdfh — 2562C(deg + cfg + ceh) — 38abC(df g + d
- 105422,

Mathematica [C] Result contains complex when optimal does not.
time = 33.04, size = 1291, normalized size = 1.18

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)~2*(A + C*x~2))/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]
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[Out] (2%(-2*%d~2*Sqrt[-c + (d*e)/f]*(35*%a~2*Cxd~2*f " 2xh~2x(d*f*g + d*exh + c*f*h)
— Txaxb*xd*f*h* (15%A*d~2*f"2xh~2 + Cx(8*c™2xf~2+¥h~2 + 7xc*d*f*xhx(f*g + exh)
+ d72%(8*xf"2xg"2 + Txexfxgxh + 8%e”2xh"2))) + b~ 2% (35%A*xd~2+f 2xh~2x (d*f*g
+ d*exh + ckfxh) + 2xCx(12xc™3*f73*xh~3 + 10%c™2*d*f~2%h~2*(f*g + ex*h) + c*
d"2xfxh* (10*x£72%g~2 + 9kexf*xgkh + 10%e”2xh~2) + 2%d~3*(6*f~3*g~3 + Bkxexf 2%
g~2xh + bxe"2xfxg*h~2 + 6%e~3*%h"3))))*(e + f*x)*(g + h*x) + d~2*Sqrt[-c + (
dxe) /f]1*fxhx(c + d*xx)*(e + f£xx)*(g + h*x)*(35%xa~2+%C*d"2*xf~2+%h"2 - 14*axbxCx
dxfxh* (4xcxfxh + d*x(4*xf*xg + 4*xexh - 3*f*h*x)) + b™2%(35%A*d~2%f"2+%h~2 + Cx(
24xc™2xf£72xh72 + cxdxfxh*(23xfxg + 23%exh - 18*fxh*x) + d~2%(24*e”2xh"2 + e
*xfxh* (23*%g - 18%h*x) + 3*xf~2%(8%g~2 - 6xgxh*x + 5xh~2%x72))))) - (2*I)*(dxe
- cxf)*h* (35%a~2*%Cxd~2xf~2¥h~ 2% (d*f*g + d*exh + cxfxh) - T*axbxdxfxh*(15%A
*xd"2+%f"2%h"2 + C*(8%c™2*f"2xh~2 + T*xcxdxfxh*(f*xg + exh) + d~2x(8xf"2%g™2 +
Txexfxgxh + 8%e~2x¥h"2))) + b~2x(35%A*d~2*f~2xh~2* (d*f*g + dxexh + cxfxh) +
2%Cx (12%c~3*%f"3%¥h~3 + 10*%c~2xd*f~2*¥h~2*%(f*g + exh) + cxd~2*f*xh*(10%f~2%g~2
+ 9kexfxgxh + 10%e”2xh~2) + 2%d~3*(6*%f~3xg~3 + LSkxexf~2%g~2xh + Bke 2xfxgxh”
2 + 6%xe~3%h~3))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(fx(c + d*x))]*Sqrt[(d
*x(g + hxx))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc +
dxx]], (dxfxg - c*f*h)/(d*exh - cxfxh)] + Ixdxhx*(35*%a”~2xd~2*f 2*h~ 2% (3*xAxd*
£72xh + c*Cxfx(-(f*g) + exh) + Cxd*ex(f*g + 2%exh)) - 14*axbxd*fxh*(15%xAxd~
2%e*xf"2¥h"2 + Ck(4xc™2xf72xh*(-(f*g) + exh) + ckd*f*(-4*f72%g~2 + exfxgxh +
3*xe”2xh"2) + d"2*%ex(4*xf~2xg~2 + 3xexfxgxh + 8xe”2+¥h~2))) + b~2x(35%A*d~2xf
“2xh~2% (c*xf* (- (f*g) + exh) + dkxex(fxg + 2xexh)) + Cx(24*c~3*f£73*%h~2% (- (f*g)
+ exh) + c”2#d*f"2xhx(-23*xf"2%g"2 + 6xexf*gkh + 17*e"2x¥h~2) + 2*ckxd " 2xfx*(-
12+f73%g"~3 + 3kexf~2+g 2xh + e 2xfxgkh~2 + 8*e~3*%h"3) + 4 3ke*(24xf"3*g"3 +
17*exf"2%g~2xh + 16%e”2*f*gxh™2 + 48*e~3%h~3))))*(c + d*x)~(3/2)*Sqrt [(d*(
e + f*x))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcS
inh[Sqrt[-c + (dxe)/f]l/Sqrtlc + d*x]], (dxf*xg - cxfxh)/(d*exh - c*f*h)]))/(
105*%d~5*Sqrt [-c + (d*e)/f]1*f~4xh~4*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x
1)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 12278 vs.
2(1035) = 2070.
time = 0.12, size = 12279, normalized size = 11.19

] method \ result
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V@z+0) (fz+e) (hz +g) 2062224/df h 2® + cfh 22 + deh x? —|—7dc]%]:gx2 + cehx + cfgx + degx

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2)/(h*x+g)~(1/2),x,method=
_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (C*x~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="maxima")

[Out] integrate((C*xx~2 + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.36, size = 1769, normalized size = 1.61

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) "2%(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="fricas")

[Out] 2/315%(3%(15%C*b~2%d~4*f~4xh~4*x"2 + 24*C*b~2%d~4*f 4*g~2+¥h~2 + 24*C*b~2%d"~
4xf~2xh"4*%e”"2 + (23*%C*b~2%c*d~3 - B6xCkaxbxd~4)*f 4*g*h~3 + (24*C*b~2%c~2x*d
~2 - 56*Cxaxb*c*d~3 + 35%(C*xa”2 + Axb~2)*d~4)*f~4xh~4 - 6x(3*%C*b~2%d 4*f ~4x
gxh~3 + (3*%C*b~2xcxd~3 - T*Cxaxb*d~4)*f~4*xh~4)*x - (18*%C*b~2xd~4*f 3*h~4*x
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- 23*%C*b~2xd~4*f"3*gxh~3 - (23*Cxb~2*c*d~3 - 56xCxa*b*d~4)*f~3xh~4)*e)*sqrt
(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g) + (48%C*b~2xd~4*f"4*g~4 + 48xCxb~2*d~
4xh~4*xe"4 + 16%(C*b~2%c*d™3 - 7*Cka*xb*d~4)*f~4xg~3xh + (11*Cxb~2%c~2*d"2 -
42%Ckaxb*c*d~3 + 70%(C*xa~2 + Axb~2)*d~4)*f~4xg~2xh~2 + (16%Cxb~2*xc~3*d - 42
*xCxaxb*c™2xd"2 - 210*%A*axb*d~4 + 35%(C*a~2 + Axb~2)*c*d~3)*f ~4*gxh~3 + (48%
Cxb~2xc~4 - 112xCxa*b*c~3*d - 210*%A*axbxc*d~3 + 315%A*a~2xd~4 + 70x(Cxa~2 +
Axb~2)*xc~2+d"2) *f"4*h~4 + 16%(C*b~2xd~4*f*gxh~3 + (Cxb~2*c*d~3 - T*Ckaxbxd
~4)*f*¥h~4)*e"3 + (11*Cxb~2%d~4*f~2%g~2¥h~2 + 14x(C*b~2*c*d~3 - 3*Cka*xb*d~4)
*f72xgxh~3 + (11*C*b~2%c™2%d"2 - 42%Cxaxbxc*d~3 + 70%(Cxa~2 + Axb~2)*d~4)x*f
“2xh~4)*e"2 + (16%xCxb~2*%d~4*f~3%g~3*%h + 14*%(C*b~2*c*xd~3 - 3*Cxaxb*d~4)*f 3
g72x¥h"2 + Tx(2*Cxb~2%c~2*d"2 - 6*Ckaxbxc*xd~3 + 5x(C*ka~2 + A*b~2)*d~4)*f 3*g
*h~3 + (16%Cxb~2%c”~3*d - 42xCxa*xb*c™2xd"2 - 210*Axaxb*d~4 + 35%(C*a~2 + Ax*b
~2)*cxd~3) *£~3%h~4) *e) xsqrt (d*f*h) *weierstrassPInverse (4/3*(d"2*f"2*g"2 - ¢
xd*f"2%g*h + c"2*xf"2%xh"2 + d"2%h"2*%e”2 - (d"2*f*gxh + cxd*fxh~2)*e)/(d"2*f"
2¥h~2), -4/27*(2xd"3*£73%g~3 - 3*cxd~2*xf"3*%g~2%h - 3*kc™2kd*f"3*%gkh~2 + 2%c”
3*xf73xh~3 + 2%xd"3*%h"3%e”"3 - 3*(d"3*f*g*h~2 + c*d"2*xfxh~3)*e”2 - 3% (d~3*f"2x
g~ 2xh - 4*xcxd"2+f"2%gxh~2 + c~2xd*f~2+h"3)*e)/(d"3*£73*%h"3), 1/3%(3xd*f*h*x
+ dxf*xg + cxfxh + dxhxe)/(d*f*h)) + 6%(24*Cxb~2+d~4*f 4xg~3%h + 24*C*b~2xd
“4xfxh~4*%e”3 + 4% (5xC*¥b~2%xcxd"3 - 14*Ckaxbxd~4)*f 4xg~2¥h~2 + (20%C*b~2xc~2
*d"2 - 49%Ckaxbxcxd~3 + 35%(Cxa~2 + A*b~2)*d~4)*f 4xgxh~3 + (24*C*b~2%c~3*d
- B6*Ckaxbxc~2*%d"2 - 105%A*a*xb*d~4 + 35%x(C*a~2 + A*b~2)*c*d~3)*f"4xh~4 + 4
* (B*Cxb~2%d~4*f"2xgxh~3 + (5*C*b~2xc*d~3 - 14*Ckaxbxd~4)*f~2¥h~4)*e”2 + (20
*Cxb~2%d"4*f"3%g"2¥h"2 + (18*%C*b~2xc*d~3 - 49*Ckaxbxd~4)*f 3*g*h~3 + (20%Cx
b~2xc"2xd"2 - 49*Cka*b*c*d”3 + 35%(C*a~2 + Axb~2)*d~4)*f~3xh~4)*e)*sqrt (d*f
*h) *weierstrassZeta(4/3*(d"2*xf"2%g™2 - ckd*f~2*g*h + c"2*%f~2%h~2 + d~2*h~2*
e”2 - (d72xfxgxh + cxdxfxh~2)*e)/(d"2*f"2%h"2), -4/27*(2%d"3*f"3%g~3 - 3*c*
d~2xf"3%g"2xh - 3*%c"2xd*xf"3%g*h~2 + 2%c”3*f"3%xh~3 + 2*d"3xh~3%e”3 - 3x(d"3*
fxgxh™2 + ckd"2xfxh~3)*e”2 - 3x(d"3*f"2%g~2*%h - 4xc*d"2*xf"2xgxh~2 + c”2xd*f
~2xh~3)*e)/(d"3*%f"3+%h~3), weierstrassPInverse(4/3*(d"2*f~2%g~2 - ckd*f ~2*g*
h + c™2xf72xh™2 + d72xh"2%e”2 - (d"2xfxg*h + cxd*fxh~2)x*e)/(d"2*x£72%h~2), -
4/27*%(2%d"3*£"3%g~3 - 3xc*xd~2*f"3*g~2%h - 3*c”2*d*f"3*gxh~2 + 2%c~3*xf"3%h~3
+ 2xd"3%h"3%e"3 - 3% (d"3*f*gxh~2 + c*d"2xfxh~3)*e”2 - 3*x(d"3*f"2xg”~2*h - 4
xcxd"2*%f"2xgxh~2 + c"2xd*xf"2%h"3)*e)/(d"3*%f"3*%h"3), 1/3%(3*d*f*h*x + d*f*g
+ cxfxh + dxh*e)/(d*f*h))))/(d"5*xf~5xh"5)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(A + C2?) (a + bz)?

: ‘ -dz
Ve+dr \Je+ fx \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*x2*(Cxx**2+A)/(d*x+c)*x(1/2)/ (f*x+e)*x(1/2)/ (h*x+g) **(1/2
) ,X)
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[Out] Integral((A + Cxxx*2)*(a + b*x)**x2/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + hx
x)), x)

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="giac")
[Out] integrate((C*xx~2 + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(C2?+ A) (a+bx)?

‘ ‘ - dx
Ve+fr Jg+hz Vetdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Cxx~2)*(a + bxx)~2)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1
/2)),x%)
[Out] int(((A + C*x"2)*(a + b*x)~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1
/2)), x)
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(a+bz) (A+Cx?)
3027 1 1 1 d
f\/c—|—d33 ve+ fx v/g+ hx ’

Optimal. Leaf size=611

4C(adfh — 2b(df g + deh + cfh))Vc+dz /e + fx \/g+ hz +20(a+ br)Vc+dz e+ fxr \/g+hz

1542 f2h2 5dfh

[Out] 4/15%Cx(a*xd*fxh-2%b* (c*f*h+d*exh+d*fxg))*(d*x+c)”(1/2)*(f*x+e)~(1/2)* (h*x+g
)~ (1/2)/d"2/£72/h~2+2/5%Cx (b*x+a) * (d*x+c) ~(1/2) * (f¥x+e) ~(1/2) * (h*x+g) ~(1/2)
/d/f/h-2/15% (10*xa*C*d*f*xh* (cxfxh+d*exh+d*fxg) —bx (15%A*d~2xf ~2¥h~2+C* (8*c~2*
f72%h~2+7*c*kd*f*h* (exh+f*g) +d~2% (8*e~2xh~2+7*xexf*gxh+8*f~2%g~2))) ) *Elliptic
E(£7(1/2)*(d*x+c) " (1/2) / (cxf-d*e) ~(1/2) , ((-c*xf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2) ) *
(cxf-dxe) ~(1/2) % (d* (f*x+e) / (~cxf+d*e) )~ (1/2) * (h*x+g) ~(1/2)/d~3/£~(5/2) /h~3/
(fxx+e)~(1/2)/(d* (h*x+g) / (—~c*h+d*g) ) ~(1/2)+2/15% (5*a*xd*fxh* (3xAxd*f*h~2+Cx* (
c*xh* (—exh+f*g) +d*g* (exh+2*xf*xg) ) ) —bx (15%A*d~2%f ~2*g*h~2+Cx (4*xc~2*f*h~ 2% (—exh
+f*g) +cxdxhk (—4*xe~2%h~2+e*xfxgkh+3*f ~2%g~2) +d"2xg*x (4*e~2¥h~2+3*e*f *g*h+8*f "2
*xg~2))))*E1lipticF (£~ (1/2)*(d*x+c)~(1/2)/(c*f-d*e)~(1/2) , ((-cxf+d*e)*h/f/ (-
cxh+d*g) )~ (1/2) ) * (cxf-d*e) ~(1/2) % (d* (fxx+e) / (-cxf+d*e)) ™ (1/2) * (d* (h*x+g) / (-
cxh+d*g))~(1/2)/d"3/£7(5/2) /h~3/ (f*x+e) ~(1/2) / (h*x+g) = (1/2)

Rubi [A]
time = (.88, antiderivative size = 608, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.175,

steps used = 8, number of rules used = 7, integrand size = 40,
Rules used = {1615, 1629, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.
[In] Int[((a + b*x)*(A + C*x~2))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x]),x]

[Out] (4xC*(axd*f*h - 2xbx(dxfxg + d*exh + c*fxh))*Sqrt[c + d*x]*Sqrtle + f*x]*Sq
rt[g + h*x])/(15%d"2*%f"2xh"2) + (2xCx(a + b*x)*Sqrt[c + d*x]*Sqrtle + f*x]*
Sqrt[g + hxx])/(5*d*f*h) + (2#Sqrt[-(d*e) + c*f]*(15%A*b*d~2*f~2*h~2 - 10*a
*xCxdxfxh* (d*f*g + d*exh + c*fxh) + b*Ck(8xc™2xf~2xh~2 + 7Txcxdxfxhx(f*g + ex
h) + d72%(8xf"2%g~2 + Txexf*gxh + 8%e~2*%h~2)))*Sqrt[(d*(e + f*xx))/(d*e - c*
f)1*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(dxe) + cx
11, ((dxe - c*f)*h)/(£x(d*g - c*h))])/(16xd~3*£~(5/2)*h~3*Sqrt[e + f*x]*Sq
rt[(d*x(g + h*x))/(d*g - cxh)]) + (2%Sqrt[-(dxe) + c*f]*(5*xakxd*f*h*(3xA*xd*fx*
h™2 + c*Cxhx(f*xg - exh) + Ckdxgx(2xfxg + exh)) - b*x(15xA*d~2xf~2*g*h~2 + Cx
(4xc™2xfxh~2% (f*g - exh) + ckd*¥h*(3*xf72xg~2 + exfxgxh - 4*%e"2xh~2) + d~2x*gx
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(8xf~2%g~2 + 3xexf*gkh + 4xe”2*%h~2))))*Sqrt[(d*x(e + fx*x))/(d*e - cxf)]*Sqrt
[(d*(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(dxe) + c*f]], ((d*xe - c*f)*h)/(fx(d*g - c*h))])/(15*%d~3*f~(5/2)*h~3*Sqrt [e
+ f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x]/Rt[-(bxc - a*xd)/d, 211, f*((b*c - a*xd)/(d*(b*e - a*xf)))], x] /; Free
Q[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(bxe - axf), 0]

&% LtQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtl[e + f*x]*(Sqrt[b*((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*xf))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xf*(x/(bxe - a*xf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(b*xc - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A

rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], f*((b*c - a*d)/(d*(

bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
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SimplerQ[a + b*x, e + f*x] &% SimplerQ[c + d*x, e + fx*x]

Rule 1615

Int[(((a_.) + (b_)*(x_)) " (m_.)*x((A_.) + (C_.)*x(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2*C*(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtlg + hx*x]/(d*f*h*(2*m +

3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[a*A*d*xfxh*(2xm + 3) - Ck(a*x(dxe*xg + cxfx
g + c*exh) + 2%bxcxexgim) + (Axb*d*fxhx(2*m + 3) - Cx(2xax(dxfxg + d*exh +

cxfxh) + bx(2¥m + 1)*(d*exg + c*f*xg + cxexh)))*x + 2*xCx(axd*fxh*m - bx(m +

1)*x(dxf*g + d¥exh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,

h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_)*x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + £*xx)~(p +

1)/(d*f*b~(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a"2xd*f*x(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxfx(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
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(a+bzx) (A+ Cx?) dp — 2C(a+ bx)Vec+dz \/e+ fr \/g+hz n

f —2bcCeg+5aAdf h—aC(deg+-c

Ve+dr \Je+ fx \/g+hx 5dfh

_ 4C(adfh — 2b(dfg + deh + cfh))Ve+dz e+ fz /g +ha

15d2f2h?

_ 4C(adfh — 2b(dfg + deh + cfh))Ve+dz e+ fz /g +he

2C
+

1542 f2h2

_ 4C(adfh — 2b(dfg + deh + cfh))Ve+dz e+ fz /g +ha

1542 f2h2

2C
+

_ 4C(adfh — 2b(dfg + deh + cfh))Ve+dz e+ fz /g +he

2C
_|_

1542 f2h2

_ 4C(adfh — 2b(dfg + deh + cfh))Ve + da /e + fz /g + hz

2C
+

15d2 f2h2

Mathematica [C] Result contains complex when optimal does not.
time = 25.93, size = 686, normalized size = 1.12

=
w 7\7[‘ ‘x_‘g‘ G150 ) B 130101 81 i 0 B D |4_f f‘
{ ' { /)

Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*(A + C*x72))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x
1),x]

[Out] (-2%(-(d"2*Sqrt[-c + (d*e)/f]*(15%Axbxd~2*f~2*h~2 - 10*a*xCkd*xfxhx(d*xfxg + d
xexh + ckfxh) + bxCx(8xc™2+f~2%h~2 + T*ckd*xfxh*x(fxg + exh) + d~2x(8*f~2xg~2

2C
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+ Txexf*gxh + 8xe~2*¥h~2)))*(e + f*xx)*(g + h*x)) + Cxd~2xSqrt[-c + (d*e)/f]
xfxh*x(c + d*x)*(e + f*x)*(g + h*x)*(4xbxcxf*h - Sxaxd*f*h + bxd*(4xfxg + 4%
exh - 3*f*h*x)) - I*(d*e - c*f)*h*(15%A*xb*d~2+f"2xh~2 - 10*a*Ckd*f*h*(d*xf*g

+ d*exh + ckfxh) + bxCx(8*%c™2*%f~2*¥h~2 + T*ckd*f*h*(fxg + exh) + d~2%(8*f~2
*xg~2 + Txexfxgxh + 8%e"2¥h~2)))*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*x))/(fx(c +
d*x))]*Sqrt [(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e
)/£1/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)] - I*d*xh*(5*xaxd*fxh*(3
*xAxd*xf~2xh + cxCxfx(-(f*xg) + exh) + Cxdxex(f*xg + 2%exh)) — b*(15%A*d~2%e*f~
2¥h~2 + Ck(4xc™2xf72xhx(-(f*g) + exh) + ckd*f*(-4*f72%g~2 + exfxgxh + 3xe”2
*h~2) + d"2%e*x(4*f~2%g~2 + 3kexfxgxh + 8*%e~2xh~2))))*(c + d*x)~(3/2)*Sqrt[(
dx(e + fxx))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*A
rcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)])
)/ (15%d"4xSqrt[-c + (d*e)/f]l*f~3*h~3xSqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 5674 vs.
2(557) = 1114.
time = 0.11, size = 5675, normalized size = 9.29

method | result

Vdz+c)(fz+e) (hz+g) scva/df hx® + cfhx? + deh x? + df g 22 + cehx + cfgx + degz -

5df h

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")

[Out] integrate((C*x~2 + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
, X)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.30, size = 1145, normalized size = 1.87

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")

[Out] 2/45%(3*(3*Cxb*d~3*f~3xh~3%x - 4*Cxb*d~3*f"3xgxh~2 - 4*Cxb*d~3*f~2xh~3%e -
(4%Cxbxcxd™2 - 5*Cka*xd~3)*f~3xh~3)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
) — (8%C*b*d~3*xf~3%g~3 + 8*Cxb*d~3*h~3%e~3 + (3*%Ckbxc*xd~2 - 10*Cka*xd~3)*f~3
*xg~2xh + (3%Ckb*c~2%d - 5*Ckaxc*d~2 + 15%A*b*d~3)*f~3xgxh~2 + (8*Cxb*c™3 -
10*%C*axc~2*d + 15*%A*bxcxd~2 - 45%A*axd~3)*f~3xh~3 + (3*%C*xb*d~3xf*g*h~2 + (3
*Cxb*c*d~2 - 10*Cxaxd~3)*f*h~3)*e”2 + (3*Cxbxd~3*f ~2%g~2xh + (3*C*b*c*xd~2 -
B5kCxaxd~3) *f"2*g*h~2 + (3*Cxb*c~2*d - 5*Ckakxcxd™2 + 15xA*b*d~3)*f~2xh~3)*e
)*sqrt (d*f*h) *weierstrassPInverse (4/3%(d"2*f"2xg~2 - cxd*f~2%g*h + c™2xf~2x
h™2 + d72xh"2*e”2 - (d"2*f*g*h + c*xd*fxh~2)*e)/(d"2*f"2¥h"2), -4/27*(2xd"3*
£73x%g~3 - 3*%c*xd"2xf73%g"2%h - 3%cT2*d*f"3%g*xh”2 + 2xc"3*f"3*%h"3 + 2*d"3*h”~3
*xe~3 — 3% (d"3*fxgxh~2 + cxd"2xf*xh~3)*e”2 - 3x(d"3*f72%g~2*%h - 4xc*d"2*f"2xg
*h~2 + c"2xd*xf"2+%h"3)*e)/(d"3*f"3*%h"3), 1/3*(3*d*f*h*x + d*f*g + cxfxh + dx*
hxe)/(d*fxh)) - 3% (8*%Cxb*xd~3*f 3%g~2xh + 8*Ckb*xd~3*f*h~3*%e”2 + (7*Cxb*c*d~2
- 10*%C*xa*xd~3)*f~3*g*h~2 + (8*Cxbxc~2*d - 10*Ckaxc*d~2 + 15%A*b*xd~3)*f~3%h"
3 + (7*Cxbxd~3*f~2xgxh~2 + (7*C*bkcxd~2 - 10*Cka*xd~3)*f~2xh~3)*e)*sqrt (d*f*
h)*weierstrassZeta(4/3*%(d"2*f"2xg~2 - c*xd*f~2*g*h + c~2xf"2%h~2 + d~2*h~2x%e
"2 - (d72*f*gxh + cxd*f*h~2)*e)/(d"2+%f"2*%h"2), -4/27*(2*d"3*f"3*xg~3 - 3*cxd
“2xf"3%g"2xh - 3%c”"2xd*f"3%g*h"2 + 2%c”3*f"3xh"3 + 2*d"3xh~3%e”3 - 3x(d"3*f
*xgxh~2 + cxd"2xfxh"3)*e”2 - 3% (d"3*f"2kg"2%h - 4kckd"2*f"2%g*h"2 + cT2*d*f”
2¥h~3)*e)/(d"3*f~3xh"3), weierstrassPInverse(4/3*(d~2*xf72%g"~2 - cxd*f 2*gxh
+ c72%f72%h"2 + d"2*%h"2%e”2 - (d"2*f*gxh + c*d*fxh~2)*e)/(d"2*f"2xh~2), -4
/27%(2%d"3*x£"3%g"~3 - 3xc*d"2*f"3xg~2%h - 3xc~2*d*f"3*gxh~2 + 2%c~3*xf"3*%h"3
+ 2%d"3*%h"3%e”"3 - 3% (d"3xfxgxh~2 + cxd"2xfxh~3)*e”2 - 3%(d"3*f"2xg"2xh - 4%
c*d"2*f"2%g*h~2 + c"2%d*f"2xh~3)*e)/(d"3*f"3*%h~3), 1/3%(3xd*xfxh*x + dxf*xg +
cxfxh + dxhxe)/(d*fxh))))/(d~4*f~4xh~4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(A + Cz?) (a + bx)
Ve+dz \Je+ fr \/g+hx

dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Cxx*x2+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2) ,x
)

[Out] Integral((A + Ckx*x2)*(a + bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="giac")
[Out] integrate((Cxx~2 + A)*(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
, X)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(Cz*+ A) (a+bx)
vVe+fz \Jg+hr Ve+dr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Cxx"2)*(a + bxx))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)),x)

[Out] int(((A + C*x"2)*(a + b*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)), x)
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j‘ ‘ A+Cz? dr
Ve+dx e+ fr /g+ hx

Optimal. Leaf size=368

3.28

- d(e + fa) ( . (ﬁ
2OV i et fr /gt ha 4C+/—de +cf (dfg + deh + cfh) do—cf /g + hz E| sin v,

3dfh B
S f32h2 /e + [z | /%

[Out] 2/3*%Cx(d*x+c)~(1/2)*(fxx+e)~(1/2)* (h*x+g) ~(1/2)/d/f/h-4/3*Cx (cxf*h+d*exh+d*
fxg)*E1lipticE(£~(1/2) *(d*x+c)~(1/2)/(c*xf-d*xe) ~(1/2), ((-cxf+d*e)*h/f/(-c*h+

d*g) )~ (1/2) ) *(cxf-d*e) = (1/2) % (d* (f*x+e) / (-ckf+dxe)) ~(1/2) * (h*x+g) ~(1/2) /d~2
/£7(3/2)/h~2/ (£xx+e) ~(1/2) / (d* (h*x+g) / (~c*h+d*g) ) ~(1/2) +2/3* (3xA*xd*f*h~2+Cx

(cxh* (—exh+f*xg) +d*g* (exh+2*f*g)) ) *E1lipticF (£~ (1/2) * (d*x+c)~(1/2)/(c*xf-d*e)
~(1/2), ((-cxf+d*e) *h/f/(-c*h+d*g) ) " (1/2) ) * (cxf-d*e) = (1/2) * (d* (f¥x+e) / (-cxf+

dxe) )~ (1/2)*(d* (h*x+g) / (-c*h+d*g) ) ~(1/2) /d"2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (h*x
+g)~(1/2)

Rubi [A]
time = 0.32, antiderivative size = 367, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.171,

steps used = 7, number of rules used = 6, integrand size = 35,
Rules used = {1629, 164, 115, 114, 122, 121}

ldle+f2)' [d(g+ha) T Ve+d e Ja—ae | de + fx) [T Vet dw
—a [Uet f2) [dg+hz) 2 _ sin( VI Vet ds Lda*c/]ﬁ) . —— [d(e+ fz , Si (\ CcHdz\ | (e—cpn
2y/cf dev de—cf \ dg—ch (3Adfh? + cCh(fg — eh) + Cdg(eh + 2fg)) F( ArcSin NoErn | ) 40Vg+ha ef dev de—cf (cfh+ deh + dfg) E( ArcSin Nomrn =2 | VT NS

3& 3212\ Je + f \/g+ ha - ! 3dfh

\ [d(g + ha)
2 f3/2p2 /
32 f3/2h \/5+me d—ch

Antiderivative was successfully verified.
[In] Int[(A + Cxx~2)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),x]

[Out] (2*%C*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(3*d*fxh) - (4*CxSqrt[-(d*e
) + cxf]*(dxfxg + dxexh + cxfxh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h
*x]*E1lipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]]l, ((d*e - ¢
xf)*h) /(f*x(d*xg - c*h))])/(3*xd"2%£f~(3/2)*h~2*Sqrt[e + f*x]*Sqrt[(d*(g + h*x)
)/(d*xg - c*h)]) + (2*Sqrt[-(dxe) + cxf]*(3*Axd*xfxh~2 + cxCxh*(fxg - exh) +

Cxdxgx (2¢fxg + exh))*Sqrt[(dx(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*

g - c*h)]*EllipticF[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/Sqrt[-(dxe) + cxf]], ((d

xe - cxf)*h)/(£x(d*xg - c*h))])/(3*xd"2*f~(3/2)*h~2+Sqrt[e + f*x]*Sqrt[g + h*

x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(8qrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ bxx] /Rt [-(b*c - axd)/d, 2]]1, f*((bxc - axd)/(dx(b*e - a*f)))], x] /; Free
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Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]
&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(bxc - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-(bxc - axd)/d, 0]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A

rcSin[Sqrt[a + b*xx]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(

bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), O]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + bx*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrtle + f*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*

Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + fxx]/(Sqrtla

+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq

rt[c + d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*xx] &% SimplerQ[c + d*x, e + fx*x]

Rule 1629

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simplk*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)~(p +
1)/(d@*fxb"(q - D*(m + n +p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +
q + 1)), Int[(a + b*x)“m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)"(q -



214

2)*(a"2*d*f*(m + n + p + q + 1) - bx(b*ckex(m + q - 1) + a*(dxex(n + 1) +
ckf*(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - bk(dkex(m + q + n) + cxf*x(m
+q+ p))*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
9 f 1d(3Adfh—C(deg+cfg-+ceh))—Cad(dfg
/ A+ Cz? deZC’\/c—l-d:c‘\/e—i-fx‘\/g-i—hz‘_‘_ Vet+dz e+ fr\/g-
Ve+dz e+ fr \/g+hs 3dfh 3d*fh
‘ ‘ ~ (2C(dfg + deh + cfh v
_20Vc+dz Ve+ fr \/g+hx _( (dfg +deh +cf ))f\/c—l—c
B 3dfh 3dfh?

((3Adfh2 + cCh(fg —eh) + Cc

_2CVc+dz \Je+ fx \/g+hz

3dfh +
‘ ‘ . 4C+/—de+cf (dfg + deh + cf}
_ 20Vce+dx Ve+ fr \/g+hx B /(s f
N 3dfh
3
‘ ‘ . 4C+/—de+ cf (dfg+ deh + cf}
_20Vetds et fr Jg+hs /s f
N 3dfh
3

Mathematica [C] Result contains complex when optimal does not.
time = 23.02, size = 390, normalized size = 1.06

& e Y [=+7
Jerar zcu(z/h(e+fz)(y+/w)7a(‘,pu/udmt:{;;l(ﬂ/z)(gwu‘r74LC\““‘76+75 fh(d]ﬁdehﬂm)m\; e+ /)" [dg+ha)’ | L (1 |+

Fle+dz) \ h(c+da)

e

[
M f [—et+=
— A<tz VT T \% / Lt {h [\7%] H_MJ
( ' [ \(‘ ) IJLLL) ‘
7

3d 22 Je+ fz \/g+ he
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Antiderivative was successfully verified.

[In] Integrate[(A + C*x~2)/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (Sqrtlc + d*x]*(2xCxd~2*xfxhx(e + f*x)*(g + hxx) - (4*Cxd~2*(d*f*g + dxexh +
cxfxh)*(e + f*x)*(g + h*x))/(c + d*x) - (4*I)*CxSqrt[-c + (d*e)/f]*f*h*(d*

fxg + d*exh + cxfxh)*Sqrt[c + d*x]*Sqrt[(d*x(e + fx*x))/(f*(c + d*x))]*Sqrt[(

dx(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrt[c +
d*x]], (dxfxg - c*f*h)/(dxexh - cxfxh)] + ((2%I)*dxh*(3*Axd*f~2*%h + cxCxf*
(-(f*xg) + exh) + Ckd*xex(f*xg + 2xexh))*Sqrt[c + d*x]*Sqrt[(d*(e + f*xx))/(£*(

c + d*x))]*Sqrt[(d*(g + hx*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c +
(d*e)/f]1/Sqrtlc + d*x]], (dxf*g - c*fxh)/(d*exh - c*fxh)])/Sqrt[-c + (d*e)/

£1))/(3*%d~3*f"2«h~2xSqrt[e + f*x]*Sqrt[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1811 vs.
2(322) = 644.
time = 0.12, size = 1812, normalized size = 4.92

method | result

‘ 3 2 2 2
V@ + o) (fz +e) (hz +9) 20v/dfhx3 + cfha® + dehx +d3J:fghx + cehx + cfgx + degx +

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_RETURNVER
BOSE)

[Out] -2/3%(3%A* (- (h*x+g)*f/(exh-f*g))~(1/2)*((d*x+c)*h/ (cxh-d*g)) ~(1/2)* ((f*x+e)
*xh/ (exh-fx*g) )~ (1/2)*E1lipticF ((- (h*x+g) *f/(exh-£f*g) )~ (1/2), ((exh-f*xg)*d/f/(
cxh-d*g)) ~(1/2) ) *d"2xe*fxh~3-3%A* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (c
xh-d*g) )~ (1/2) * ((f*x+e) *h/ (exh-f*xg)) ~(1/2)*E11lipticF ((- (h*x+g)*f/(exh-f*g))
~(1/2), ((exh-f*g)*d/f/ (cxh-d*g) )~ (1/2) ) *d~2*f ~2xgxh~2+2*C* (- (h*x+g) *f/ (exh—
fxg))~(1/2)*((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((£*x+e) *h/ (exh-f*xg)) ~(1/2)*E1llipti
cF ((-(h*x+g) *f/ (exh-f*g) )~ (1/2) , ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2))*c~2*e*f*h~
3-2*Cx (- (hxx+g) *f/ (exh-fxg) )~ (1/2) * ((d*x+c) *h/ (c*h-d*g) ) = (1/2) * ((£*x+e) ¥h/ (
exh-fxg) )~ (1/2)*E1lipticF ((-(h*x+g) *f/(exh-f*g) )~ (1/2), ((exh-f*g)*d/f/(cxh-
dxg) )~ (1/2) ) *c~2x£~2*g*h~2+Cx (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c*h-d
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xg)) ~(1/2) *((f*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*x+g) *f/ (exh-f*g)) ~(1/
2), ((exh-fxg)*d/f/(cxh-d*g) )~ (1/2))*cxd*e”2¥h~3-Cx (- (h*x+g) *f/ (exh-f*g) )~ (1
/2)*((d*x+c) *h/ (c¥h-d*g)) ~(1/2) * ((£*xx+e) *h/ (exh-f*g) )~ (1/2) *E1lipticF ((- (h*
x+g)*xf/(exh-f*xg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g)) ~(1/2) ) *ckd*f~2%g~2xh-C* (-
(hxx+g) *f/ (exh-fxg) )~ (1/2) * ((d*x+c) *h/ (c*h-d*g) ) = (1/2) * ((f*x+e) ¥h/ (e*h-f*g)
)~ (1/2)*E1lipticF ((- (h*x+g) *f/ (exh-f*g) )~ (1/2), ((exh-f*g)*d/f/(cxh-d*g) )~ (1
/2) ) *d"2xe~2*g*h~2+Cx (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c) *h/ (c*xh-d*g)) ~(1/
2) * ((f*xx+e)*h/ (exh-fxg)) ~(1/2)*E1l1lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2), ((e*h
-fxg)*d/f/(cxh-d*g)) ~(1/2) ) *d~2*e*f*g~2%h-2%Cx (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) *
((d*x+c)*h/ (cxh-d*g) ) ~(1/2) * ((f*x+e) *h/ (exh-f*g) )~ (1/2) *E1lipticE((- (h*x+g)
xf/(exh-f*g) )~ (1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*c~2*e*f*h~3+2*C* (- (h*x
+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) ¥*h/ (exh-f*xg)) ~ (1
/2)*E11lipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g))~(1/2))
*xC 2% "2%gxh~2-2xC* (- (h*x+g) *f/ (exh-f*g) )~ (1/2) * ((d*x+c)*h/ (c¥h-d*g) ) ~(1/2)
* ((f*x+e) *h/ (exh-f*g)) ~(1/2) *E1lipticE( (- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f
xg)*d/f/(cxh-d*g) )~ (1/2) ) *cxd*e~2*¥h~3+2xCx (- (h*xx+g) *f/ (exh-f*g) )~ (1/2) * ((d*
x+c)*h/ (cxh-d*g) ) ~(1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) *E1lipticE((- (h*x+g) *£f/(
exh-fxg))~(1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2) ) *cxdxexf*g*h~2+2xCx (- (h*x+g
)*f/(exh-f*xg) )~ (1/2) * ((d*x+c)*h/ (cxh-d*g) )~ (1/2) * ((f*x+e) *h/(exh-f*g))~(1/2
)*E11lipticE((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-fxg)*d/f/(cxh-d*g))~(1/2))*d
“2xe”~2xgxh~2-2*%C* (- (h*x+g) *f/ (exh-f*g) ) ~(1/2) * ((d*x+c) *h/ (cxh-d*g) )~ (1/2) *(
(fxx+e)*xh/ (exh-f*g) )~ (1/2) *E1lipticE((- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g
)*d/f/ (c¥h—-d*xg)) ~(1/2) ) *d~2*£~2xg~3-C*kd~2*f ~2*¥h~3*x~3-C*c*kd*f~2xh~3*x~2-Cxd
“2xexf*h~3%x"2-Cxd~2*%f " 2xgxh~2%x"2-Ckckd*kexf*h~3kx—Ckckd*f ~2xgkh™2%x—-C*d ™2
exf*xgkh~2*kx-Ckckdkexf*gxh~2) * (d*x+c) = (1/2) * (f*x+e) " (1/2) * (h*x+g) ~(1/2) /h~3/
£72/d72/ (d*fxh*x~3+cxfxh*x~2+d*exh*x~2+d*f*gkx~2+ckexhkx+ckxf*xgkx+d*kexgkx+ck
exg)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"maxima")

[Out] integrate((C*x~2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.29, size = 837, normalized size = 2.27

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((C*x~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"fricas")

[Out] 2/9%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Cxd~2*xf~2+¥h~2 + (2*Cxd~2xf
T2xg~2 + Ckxcxdxf~2xgxh + 2%Ckd"2¥h~2%e”2 + (2%xCxc™2 + 9xAxd~2)*f~2+¥h~2 + (C
*xd"2*f*gkh + Cxc*d*fxh~2)*e)*sqrt(d*f*xh)*weierstrassPInverse(4/3*(d~2*f"2xg
"2 - c*kd*f"2xgxh + cT2*xf72+%h"2 + d72x%h"2*%e”2 - (d"2xf*g*h + cxd*xf*h~2)*e)/(
d"2x£72%h~2), -4/27*%(2%d"3*f73%xg~3 - 3xcxd"2xf"3xg"2xh - 3xc"2xd*f"3xgxh~2
+ 2%c”3*%f"3%h~3 + 2*d"3*h~3%e”3 - 3x(d"3*f*g*h~2 + cxd"2*f*h~3)*e"2 - 3*(d~
3*%f72%g"2%h - 4*cxd"2*f72*%g*h"2 + c"2*d*f"2xh"3)*e)/(d"3*x£"3%h"3), 1/3%(3xd
xfxh*x + dxfxg + cxfxh + dxh*e)/(d*fxh)) + 6x(Ckxd~2+f~2*gkh + Ckxc*d*f~2xh~2
+ Cxd~2*f*h~2xe)*sqrt (d*xfxh)*weierstrassZeta(4/3*(d"2*f"2xg~2 — ckxd*f~2x*g*
h + c™2x£72xh™2 + d"2xh"2%e"2 - (d"2xfxg*h + cxdxfxh~2)*e)/(d"2*x£~2+¥h"2), -
4/27*(2%d"3*£"3%g~3 - 3*cxd"2*f73%g"2xh - 3*c"2xd*f"3*g*h~2 + 2%c”~3*xf"3*%h"3
+ 2%d"3*%h~3%e”3 - 3% (d"3xfxgxh~2 + cxd"2xfxh~3)*e”2 - 3%(d"3*f"2xg"2xh - 4
xCcxd~2*%f"2xgxh~2 + c~2xd*f~2*¥h~3)*e)/(d"3*%f"3*h"3), weierstrassPInverse(4/3
*x(d"2%x£72%g"2 - cxd*f"2*gxh + c”2*%f"2xh"2 + d"2xh"2xe”2 - (d"2*fxgxh + c*xdx*
fxh~2)*e)/(d"2*%£"2%h"2), -4/27*(2*d"3*xf"3%g~3 - 3*c*d"2*xf"3xg~2*%h - 3xc~2*d
*f"3%gxh~2 + 2%c”3*%f73%h~3 + 2*d"3*%h~3%e”3 - 3*(d"3*f*gxh~2 + c*xd"2*f*h~3)*
€72 - 3x(d"3*f72%g"2xh - 4*cxd"2*f"2%gxh~2 + c”2xd*f~2%h~3)*e)/(d"3*f"3xh"3
), 1/3x(3*dxf*xh*x + dxf*xg + cxfxh + dxhxe)/(d*f*h))))/(d"3*f"3%h"~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Cz?
Ve+dz e+ fx \/g+hr

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] integrate((Ckx**2+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + C*x*x2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"giac")
[Out] integrate((C*x~2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Cx>+ A

d
/\/e+fm Vg+hr Ve+dr !
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Cxx~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)
[Out] int((A + C*xx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)
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3.29 A+Cq” dx
/ (atbe) Ve +dx e+ fz g+ hx

Optimal. Leaf size=465

2C\/—de + cf \/dc(;%gf) Vg+hs E sin—l (\éf_d”ec:cd; ) Iﬁjgcﬁh)) 20\/—de + cf (bg—i-ah)\)

bd\/F h/e+ fa g”"w)

[Out] 2*C*EllipticE(£~(1/2)*(d*x+c)~(1/2)/(c*f-dxe)~(1/2), ((-c*f+d*e)*h/f/(-c*h+d
*xg)) " (1/2) ) *(cxf-d*xe) ~(1/2) *(d* (f*xx+e) / (-cxf+d*e) )~ (1/2) * (h*xx+g) ~(1/2) /v/d/
h/£~(1/2) / (fxx+e) ~(1/2) / (d* (h*x+g) / (—cxh+d*g) )~ (1/2) -2*%C* (a*h+b*g) *Elliptic
F(£f~(1/2)*(d*x+c) ~(1/2) / (cxf-d*e)~(1/2) , ((-c*f+d*e) *h/f/(-c*xh+d*xg))~(1/2))*
(cxf-d*xe) ~(1/2) *(d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g) / (-cxh+d*g))~(1/2) /b
~2/d/h/£7(1/2) / (fxx+e)~(1/2) / (h*x+g) ~(1/2) -2% (A+a~2%C/b~2) *E11lipticPi (£~ (1/

2) % (d*x+c) " (1/2) / (cxf-d*e) " (1/2) ,-b*(-c*xf+d*xe) / (—a*xd+b*c) /£, ((-cxf+d*xe) *h/f

/ (—cxh+d*g) ) ~(1/2) ) *(c*xf-d*e) ~(1/2) * (d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g)

/ (—c¥h+d*g) ) ~(1/2) / (—axd+b*c) /£~ (1/2) / (fxx+e) = (1/2) / (h*xx+g) ~(1/2)

Rubi [A]
time = 0.52, antiderivative size = 465, normalized size of antiderivative = 1.00, number of

number of rules — 0.214,
' integrand size

steps used = 11, number of rules used = 9, integrand size = 42
Rules used = {1621, 175, 552, 551, 164, 115, 114, 122, 121}

wc —— [dle+f2)" [dlg+ha) [ ( waeen T«/sz) eetp T |dle+ fz) [dlg+ha) h) ViVerds M~h> = oo, [de+ f2) ( ﬁ%cm) Geeph
z(bz +A) Vel ~de \de—er \ e 11( YD ArcSin N;vm |demet ,) 72(7((1h+1)y)\/1f de \ i—cf \dg—an T W |Semert +ZC\/y+]u, Vef —de Ve B Aresin( ISR ) f65Hs
VI e+ Jo /g + ha (be - ad) /T hy/ / Vg +h WV h/eT T [d(g + ha)'
v I ag—en

Antiderivative was successfully verified.
[In] Int[(A + Cxx~2)/((a + bxx)*Sqrt[c + dxx]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x]

[Out] (2%C*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(f
*(d*g - c*h))])/(bxd*Sqrt [£]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)
1) - (2#C*Sqrt[-(d*e) + cxf]*(b*g + axh)*Sqrt[(d*(e + f*x))/(d*xe - c*f)]*Sq
rt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(b~2*xd*Sqrt [f]*h*Sqrt [e
+ fxx]*Sqrtlg + h*x]) - (2x(A + (a~2%C)/b~2)*Sqrt[-(d*e) + c*f]*Sqrt[(d*(e
+ fxx))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -

c*f))/((bxc - axd)*f)), ArcSin[(Sqrt[f]l*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]]
, ((@xe - cxf)*h)/(fx(d*g - c*h))])/((bxc - a*d)*Sqrt[f]1*Sqrtle + fxx]*Sqrt
[g + hxx])

Rule 114
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Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 211, fx((b*c - a*xd)/(d*x(bxe - a*xf)))], x] /; Free
Qf{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - axd), 0] && GtQ[b/(b*xe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- a*xd), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(bxc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
*f*x(x/(bxe - a*xf))]/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*d)) + bxd*(x/(b*c - a
xd))1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'(GtQ[b/(b*xc - axd), 0]
&& GtQ[b/(b*e - axf), 0]) && !LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], f*((b*c - axd)/(dx*(
bxe - a*f)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*xd), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*xd)) + bxd*(x/(b*c - axd))]*Sqrt[e + f*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)1*Sqrt[(g_.) + (b_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*x(x"2/d), x]]1*Sqrt[Simp[(d*g -
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c¥h)/d + hx(x~2/d), x]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)~"2]*Sqrtl[(e_ ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQld/c, 0] && GtQ[c, 0] && GtQ[e, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, O]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_)) " (n_.)*((e_.) + (£
_Ox(x ) (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + dx*
x)"nx(e + f*xx)“px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
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A+ Cz a’C 1
/ ‘ ‘ ‘dm: A+ 9 / ‘ ‘ ‘dl"i‘
(a+bx)Ve+dr e+ fx \/g+hx b (a+bx)Ve+dz e+ fr /g+ha .

c 1
= — <2<A+ %)) Subst / 7

(bc — ad — bx?) e—g—l—

<2 (A + "Z—QC) ((16 — cf) ) Subst | [ \/
(be—ad—bx2) ( [ 1 + E
T ve+ fx

20v/=deref (| 1D /o B s (_ﬁ__ﬁ
bdfh /— g+ha:)

2C+\/—de+cf \/% Vg+hzx E(sin—1 ({f_—%ﬁ
bd\rh /— g-l—ha:)

Mathematica [C] Result contains complex when optimal does not.
time = 25.36, size = 1036, normalized size = 2.23

Antiderivative was successfully verified.

[In] Integrate[(A + Cxx~2)/((a + b*x)*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])
»x]

[Out] (-2*%(-(b~2*cxCxd~2*exgxSqrt[-c + (d*g)/h]) + axb*Ckxd~3*exg*Sqrt[-c + (d*xg)/
h] + b~ 2%c”2*Cxd*xf*g*Sqrt[-c + (d*g)/h] - axbxc*Cxd~2xfxg*Sqrt[-c + (d*g)/h

1 + b™2%c”2*CxdxexSqrt[-c + (d*g)/hl*h - axb*c*C*d~2xexSqrt[-c + (d*g)/h]l*h



223

- b"2xc”3*%Cxf*Sqrt[-c + (d*g)/h]lxh + axbxc~2xCkd*f*Sqrt[-c + (d*g)/h]lxh -
b~ 2*c*Cxdxfxg*Sqrt [-c + (dxg)/hl*(c + d*x) + axbxCxd~2*xf*xgxSqrt[-c + (d*g)/
hl*(c + d*x) - b~2*c*Cxd*e*Sqrt[-c + (d*g)/hl*h*(c + d*x) + a*b*Ckd 2*e*Sqr
t[-c + (d*g)/hl*h*(c + d*x) + 2¥b~2%c”™2*C*xf*Sqrt[-c + (d*g)/h]l*h*(c + d*x)
- 2xaxb*xc*Ckxd*xfxSqrt[-c + (d*g)/h]l*h*x(c + d*x) - b~ 2xc*xCxf*Sqrt[-c + (d*g)/
h]l*h*x(c + d*x)~2 + a*b*Cxd*xfxSqrt[-c + (d*g)/hl*h*(c + d*x)~2 + Ixb*C*(b*c
- axd)*fx(-(dxg) + cxh)*(c + d*x)~(3/2)*Sqrt[(dx(e + f*x))/(f*(c + d*x))]*S
qrt[(d*(g + h*x))/(hx(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqr
tlc + d*x]], (d*exh - cxfxh)/(dxfxg - c*fxh)] + I*bkd*xf*(bkcxCxg — a*Ckxd*g
+ axcxCxh + Axbkxd*h)*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*x))/(fx(c + d*x))]*Sqrt
[(d*x(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sqrtlc

+ dxx]], (d*exh - c*fxh)/(d*f*g - cxfxh)] - IxAxb~2*d~2xfxhx(c + d*x)~(3/2
)*Sqrt [(dx(e + fx*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*Ellip
ticPi[-((b*c*h - axd*h)/(b*d*g - b*cxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]/Sqrt
[c + d*x]], (d*exh - cxfxh)/(d*fxg - c*fxh)] - I*a~2xCxd~2*fxhx(c + d*x)~(3
/2)*Sqrt [(d*(e + f*xx))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*Ell
ipticPi[-((b*cxh - a*d*h)/(b*d*g - bxcxh)), I*ArcSinh[Sqrt[-c + (d*g)/h]l/Sq
rt[c + d*x]], (dxexh - c*fxh)/(d*f*g - cxfxh)]))/(b"2xd"2*(bxc - a*d)*f*Sqr
t[-c + (d*g)/hl*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1382 vs.
2(414) = 828.
time = 0.13, size = 1383, normalized size = 2.97

method | result

e et otg oty o z+4
2aC (= $+7) _?+g —gic +; EllipticF —e17

o

Sha
+

Sk
+

V(dz+c)(fz+e) (hz+g)

elliptic

“w2/dfh1® + cfha?® + deh z2 + df g 22 + cehz + cf gz + degz -

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] -2x(h*x+g)~(1/2)*(f*x+e) ~(1/2)*(d*x+c)~(1/2) /b~2/f/h~2/d* (- (h*x+g) *f/ (exh-f
*g))~(1/2)* ((d*x+c) *h/ (cxh-d*g) ) = (1/2) * ((f*x+e) *h/ (exh-f*g) ) ~(1/2) * (A*E1lip
ticPi((-(h*x+g)*f/(exh-f*g))~(1/2), (exh-f*g)*b/f/(axh-b*xg) , ((exh-f*g)*d/f/(
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cx¥h-d*g)) ~(1/2))*b~2*d*exh~3-A*E1lipticPi ((-(h*x+g) *f/(exh-f*g))~(1/2), (exh
-f*g) *b/f/ (a*xh-b*g) , ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2)) *b~2*d*f*gxh~2-C+E1lipt
icF((-(h*x+g) *f/(exh-f*xg))~(1/2), ((exh-f*g)*d/f/(c*h-d*xg)) ~(1/2))*a~2*d*exh
~3+C*EllipticF ((- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-fx*g)*d/f/(cxh-d*g))~(1/2)
) *a~2xd*fxgxh~2-CxE11lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*
h-d*g) )~ (1/2))*axb*c*exh~3+C*xE1lipticF ((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-f
xg)*d/f/ (cxh-d*g) )~ (1/2) ) *axbxc*f*g*xh~2+C*E1l1lipticF ((- (h*x+g) *f/(exh-f*g) )~
(1/2), ((exh-fx*g) *d/f/ (cxh-d*g)) ~(1/2) ) *a*b*d*e*g*h~2-C+E1lipticF ((- (h*x+g) *
f/(exh-f*xg))~(1/2) , ((exh-f*g)*d/f/(cxh-d*g) )~ (1/2)) *a*b*d*f*g~2+h+C*Ellipti
cF ((-(h*x+g) *f/ (exh-f*g) )~ (1/2) , ((exh-fxg)*d/f/(cxh-d*g) )~ (1/2) ) *b~2*c*e*xg*
h~2-C*EllipticF ((-(h*x+g)*f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*¥h-d*g))~(1/2
)) *b~2%c*f*g~2xh+C+E11lipticE ( (- (h*x+g) *f/ (exh-f*g))~(1/2), ((exh-fxg)*d/f/(c
xh-d*g) )~ (1/2) ) *axb*c*e*h~3-C*xE1lipticE((-(h*x+g) *f/(exh-f*g))~(1/2), ((exh-
fxg)*d/f/(cxh-d*g) )~ (1/2) ) *axbxcxf*gxh~2-C*xE11lipticE((-(h*x+g)*f/(exh-f*g))
~(1/2), ((exh-fx*g)*d/f/ (cxh-d*g) )~ (1/2)) *a*xb*d*e*xgxh~2+C*E1lipticE ( (- (h*x+g)
xf/(exh-f*g) )~ (1/2), ((exh-f*xg)*d/f/(cxh-d*g) )~ (1/2))*axbxd*f*g~2xh-C+xE1llipt
icE((-(h*x+g) *f/(exh-f*xg))~(1/2), ((exh-f*g) *d/f/ (c*h-d*g)) ~(1/2)) *b~2%c*exg
*h~2+C*E1lipticE( (- (h*x+g) *f/(exh-f*g))~(1/2), ((exh-f*g)*d/f/(c*h-d*g))~(1/
2) ) *b~2xc*fxg~2xh+C*E1lipticE( (- (h*x+g) *f/ (exh-f*g)) ~(1/2), ((exh-fxg)*d/f/(
cxh-d*g)) ~(1/2) ) ¥b~2*xd*exg~2*¥h-C*xE11lipticE( (- (h*x+g)*f/(exh-f*g))~(1/2), ((e
xh-f*g)*d/f/(cxh-d*g)) ~(1/2))*b~2*d*f*g~3+C*E1lipticPi ((-(h*x+g)*f/(exh-f*g
))~(1/2), (exh-f*g) *b/f/(a*h-bxg) , ((exh-f*g) *d/f/ (c*h-d*g)) ~(1/2))*a~2*d*exh
~3-C*EllipticPi ((-(h*x+g)*f/(exh-fxg))~(1/2), (exh-f*g) *b/f/(axh-b*g) , ((exh-
fxg)*xd/f/(cxh-d*g) )~ (1/2))*a~2xd*f*xgxh~2) / (axh-b*g) / (d*f*h*x~3+c*f*h*x~2+d*
e*h*x’“2+d*f*g*x“2+c*e*h*x+c*f*g*x+d*e*g*x+c*e*g)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima")

[Out] integrate((Cxx~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
, X)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")
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[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ A+ Cz? i
(a+bx)Ve+dz e+ fr \/g+hz
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+A)/(bxx+a)/(d*x+c)*x(1/2)/(fxx+e)**(1/2)/(h*x+g)**(1/2) ,x
)

[Out] Integral((A + Cxxx*2)/((a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
» X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al

gorithm="giac")

[Out] integrate((C*x~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

» X)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00
Cr?+ A

/\/e+fx Vg+hz (a+bz) Ve+dz *

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C*x~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*xx)*(c + d*x)~(1/2))
»X)

[Out] int((A + Cxx~2)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2))
, X)
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3.30 A+Ca® d
/ (a+bx)2Vc+dr e+ fx \/g+ hz v

Optimal. Leaf size=738

(Ab+ TC) VI \/—de+cf ,/dc(;%’:f) Vg + hx E(sin‘
(bc — ad)(be — af)(bg — ah)/e + fz \/

(Ab? 4+ a?C) Ve +dz e+ fx \/g+ hx
(bc — ad)(be — af)(bg — ah)(a + bx)

[Out] -(A*b~2+C*a~2)*(d*x+c) ~(1/2)*(f*xx+e) ~(1/2) * (h*x+g) ~(1/2) / (—axd+bxc) / (-a*f+b
xe) / (—axh+b*g) / (bxx+a)+(A*b+a~2%C/b) *E11lipticE(£f~(1/2) *(d*x+c) ~(1/2) /(cxf-d
*e)~(1/2) , ((-c*xf+dxe)*h/f/ (-c*h+d*g) ) ~(1/2) ) *£~(1/2) * (cxf-dxe) = (1/2) * (d* (£*
x+e)/ (—cxf+d*e)) " (1/2) * (h*x+g) ~(1/2) / (—axd+b*c) / (-axf+bxe) / (—axh+b*g) / (£*xx+
e)~(1/2)/ (d* (h*x+g) / (-cxh+d*g) ) ~ (1/2) + (a~2*C*xd*f-2*axb*C* (cxf+d*e) +b~2% (—A*
dxf+2*C*cxe) ) *E1lipticF (£~ (1/2) *x(d*x+c) ~(1/2) / (cxf-d*e) ~(1/2), ((-c*f+d*xe)*h
/£/(-cxh+dxg) )~ (1/2) ) *(cxf-d*e) " (1/2) *(d* (f*x+e) / (-cxf+d*e)) ~(1/2) * (d* (h*x+
g)/ (-cxh+d*g) )~ (1/2) /b~2/d/ (-axd+b*c) / (—a*f+bxe) /£7(1/2) / (f*x+e) ~(1/2) / (h*x
+g) " (1/2) - (a~4*Cxd*fxh-Axb~4x (ckexh+c*f*g+dke*g) —2xa~3xb*Ck (c*f*h+d*exh+d*f
*xg) —2%a*b~ 3% (—~A*xc*f*h-A*xd*exh-A*xd*f*g+2*Cxckexg) —3*ka~2%b~ 2% (Axd*f*h-Cx (ckex*
h+cxf*g+dxexg)))*E1lipticPi (£~ (1/2) *(d*x+c) ~(1/2) / (cxf-d*e)~(1/2) ,~b*(—cxf+
dxe)/(-axd+b*c) /f, ((-c*f+d*e) *h/f/(-c*xh+d*g)) ~(1/2)) *(cxf-d*e) ~(1/2) *(d* (£*
x+e)/ (—cxf+d*e)) " (1/2) * (d* (h*x+g) / (—c*h+d*g)) ~(1/2) /b~2/ (—a*d+b*c) "2/ (-axf+
bxe) / (—a*xh+bxg) /£7(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A]

time = 1.27, antiderivative size = 738, normalized size of antiderivative = 1.00, number of

steps used = 12, number of rules used = 10, integrand size = 42, number of rules _ 0.238,
integrand size

Rules used = {1619, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

Antiderivative was successfully verified.
[In] Int[(A + C*xx~2)/((a + bxx)~2+Sqrt[c + d*x]*Sqrt[e + f*xx]*Sqrtl[g + h*x]),x]

[Out] -(((A*b~2 + a~2*C)*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtlg + h*x])/((bxc - a*d)*
(bxe - axf)*(bxg - axh)*(a + b*x))) + ((Axb + (a~2%C)/b)*Sqrt[f]*Sqrt[-(d*e

) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sq
rt[£1#Sqrt[c + d*x])/Sqrt[-(d*e) + c*xfl], ((dxe - c*f)*h)/(fx(d*g - cxh))])
/((bxc - axd)*(bxe - axf)*(bxg - axh)*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g

- cxh)]) + (Sqrt[-(d*e) + c*xfl*(a~2xCkd*f - 2*xa*b*Cx(d*e + c*f) + b~2%(2*c

*Cxe — Axdxf))*Sqrt[(dx(e + fx*x))/(d*e - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - c*
h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(dxe) + cxf]], ((d*e - c
xf)*h) /(f*x(d*xg - c*h))])/(b~2xd*(bxc - a*d)*Sqrt[f]*(bxe - a*f)*Sqrtle + fx*
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x]*Sqrt[g + h*x]) - (Sqrt[-(d*e) + cxf]l*(a~4*Ckdxfxh — A*b~4x(d*exg + c*xfx*g

+ cxexh) - 2%a”3*%bxCx(dxfxg + dkexh + c*f*h) - 2%axb~3*(2xcxCke*xg — Axd*f*
g - Axdxexh - Axcxfxh) - 3*xa”2xb~2x(A*d*f*h - Ck(dxexg + cxfxg + cxexh)))*S
qrt[(dx(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPil[-
((b*x(d*e - c*xf))/((bxc - a*d)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*
e) + cxf]l], ((dxe - c*f)*h)/(fx(d*g - c*h))])/(b"2%(b*c - axd) 2xSqrt[f]*(b
xe — a*f)x*(bxg - ax*h)*Sqrt[e + f*x]*Sqrt[g + hx*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 211, fx((b*c - a*xd)/(dx(bxe - a*xf)))], x] /; Free
Ql{a, b, c, 4, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(bxe - axf), 0]

&& 'LtQ[-(b*c - a*xd)/d, 0] & !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtl[e + f*x]*(Sqrt[b*((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(b*xe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
xf*(x/(b*e - a*xf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(b*xc - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(bxc - a*xd)/d, 0]

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*xc - a*xd)/bl)], £*x((b*c - axd)/(d*(
bxe - a*f)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), O]
&& GtQ[b/(bxe - a*xf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[b*((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxd*(x/(b*c - axd))]*Sqrt[e + fx*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl[(e ) + (f_.)*(x_)]), x_Symbol]l :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
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+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(fxg - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + fxx]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + f*x(x"2/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + h*(x~2/d), x]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl[(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(dxe))], x] /; FreeQ[{a, b, c, 4, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (£f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x"2]/Sqrtl[c + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, 4, e
, T}, x] && !'GtQ[c, O]

Rule 1619

Int[(((a_.) + (b_.)*(x_))" (@ )*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[(Axb~2 + a"2xC)*(a + bxx)~(m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx
x]1/((m + 1) *x(b*c - a*xd)*(bxe - a*f)*(bxg - a*h))), x] - Dist[1/(2x(m + 1)*(
bxc - axd)*(b*e - axf)*(b*g - a*h)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]x*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2%a~2*d*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxfxg + dxexh + c*fxh) + b~2x(2*m + 3)*(d*exg + c*f*xg + cxexh)) + axCx(ax(d
xexg + ckxfxg + ckexh) + 2kbxcxexgx(m + 1)) - 2x(Axbx(axdxfxh*(m + 1) - b*(m
+ 2)x(d*f*g + d*exh + c*f*h)) - Ckx(a"2x(d*f*g + d*exh + cxfxh) - b~2kckex*g
*(m + 1) + axbx(m + 1)*(d*exg + c*f*xg + c*e*h)))*x + d*xfxh*(2*m + 5)*(Axb~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_Ox(x ) (p_I)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem



229

ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)"q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
x)"n*(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
—Ab? (deg-
/ A+ Ca? o (AP +aC) Verda Vet fr \Jg+ha J
(a+bz)Ve+ds Ve+ fo \/g+he a (bc — ad)(be — af)(bg — ah)(a + bz)
2bcCeg—2a
(AV? + a®C) Ve +dz e+ fz \/g+ hz
— (bc — ad) (be — af) (bg — a,h) (a + b.’E)
(AR +a*C) Vet dz e+ fr g+ ha (a*Cdf —
(be — ad)(be — af)(bg — ah)(a + bz)
((aQCdf—
(AP +a?C)Ve+da e+ fr \/g+ha
=7 (be—ad)(be—af)(bg —ah)(atbz)
a2C
_ (AV? + a®C) Ve +dz e+ fz \/g+ hz (AIH‘ b
~ (bc— ad)(be — af)(bg — ah)(a + bx)
a?C
(Ab? 4+ a?C) Ve +dz e+ fx \/g+ hx <Ab+ b

(bc — ad)(be — af)(bg — ah)(a + bx)

Mathematica [C] Result contains complex when optimal does not.
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time = 35.14, size = 17785, normalized size = 24.10

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + Cxx~2)/((a + b*x) 2*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x
1) ,x]

[Out] Result too large to show
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 17415 vs.

2(681) = 1362.
time = 0.12, size = 17416, normalized size = 23.60

method | result

| (avca?)Vdfhx3 4+ cfha? + deh x? + df g 22 4 ceha + cfgx + de
\/(dx + C) (fm + e) (hx + g) (a3dfh—a2bcfh—a2bdeh—a2bdfg+a b2ceh+a b2cfg+a b2deg—b3ceg) (bz+a)

elliptic

default | Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+A)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2) ,x,method=
_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+A)/(b*x+a)~2/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="maxima")

[Out] integrate((C*x~2 + A)/((b*x + a)~2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)
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Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+A)/(bxx+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="fricas")

[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+A)/(bxx+a)**2/(d*x+c)**(1/2)/(f*x+e)*x(1/2)/(h*x+g)**(1/2
) ,X%)

[Out] Timed out

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="giac")
[Out] integrate((C*xx~2 + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

Cz?’+ A

/\/e+fx Vg+hz (a+bz)’Ve+da &

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Cxx"2)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2*(c + d*x)~(1/2
)) ,x)
[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x) "2*(c + d*x)~(1/2
)), x)
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a—l—bx)3/ 2(A+C2?) do

Ve+dz e+ fx g+ hx

Optimal. Leaf size=1395

3.31 [

(C(3adfh — 5b(df g + deh + cfh))(adfh — 3b(df g + deh + cfh)) + 8bdf h(3Abdfh — C(2b(deg + cfg + ceh)

24bd? f3h3v/e + dz

[Out] -1/24*(4*b*d*f*h*(Ck (b* (ckexh+c*f*g+dke*g)+ax (ckf*h+d*exh+d*f*g) ) * (3ka*xd*fx*
h-5*b* (c*f*h+dxexh+d*f*g) ) +2xd*f xh* (3¥b~2xc*Ckexg+2xa~2+Cx (c*fxh+d*exh+d*f*
g) —axbx (12*xA*d*f*xh-5%C* (cxexh+cxfxg+d*e*xg))))+(axd*f*h+b* (c*f*h+d*exh+d*f*g
) ) * (C* (3*axd*fxh-5*b* (c*f*h+d*exh+d*f*g) ) * (a*xd*fxh-3*b* (c*f*h+d*exh+d*f*g))
+8xbxd*f*h* (3*Axbxd*f*h-Cx (2+b* (c*exh+cxf*xg+dxexg) +ax (cxfxh+d*exh+dxf*g))))
) * (bxx+a) *E11lipticPi ((-a*d+b*c) ~(1/2)* (h*x+g) ~(1/2) / (c*h-d*g) ~(1/2) / (b*xx+a)
~(1/2) ,-b*(-c*h+d*g) / (-axd+b*c) /h, ((-a*f+b*e) * (-cxh+d*g) / (-axd+b*c) / (-e*h+f
*g)) " (1/2) ) * (c*h-d*g) ~(1/2) * ((-axh+b*g) * (d*x+c) / (-cxh+d*g) / (b*x+a) ) = (1/2) *(
(—axh+bxg) * (f*x+e) / (—exh+f*g) / (bxx+a)) ~(1/2) /b~2/d"3/£73/h~4/ (-axd+b*c)~(1/
2) / (d*x+c) ~(1/2) / (f*x+e) = (1/2) +1/24% (Cx (3*a*xd*f*h-5xb* (cxf*h+d*exh+d*f*g) ) *
(axd*f*h-3*b* (cxf*xh+d*exh+d*f*g) ) +8*bxd*f*h* (3*xA*xb*d*f*xh-C* (2xb* (cxexh+ckxf*
g+dxexg)+ax (cxf*h+d*exh+d*f*xg)))) * (bxx+a)~(1/2) * (fxx+e) " (1/2) * (h*x+g) = (1/2)
/b/d"~2/£73/h"3/ (d*x+c) " (1/2)+1/3*%C* (b*x+a) = (3/2) * (d*xx+c) ~(1/2) * (f*x+e) " (1/2
) * (h*x+g) ~(1/2) /d/f/h+1/12%C* (3*xa*d*f*xh-5xb* (cxf*h+d*exh+d*f*g) ) * (b*x+a) ~ (1
/2)x(d*x+c)~ (1/2) * (£xx+e) ~(1/2) * (h*x+g) ~(1/2) /d~2/£72/h~2+1/24* (—a*xf+b*e) * (
3*%a~2xC*d~2%f ~2xh~2+6%axbxCxd*f*h* (c*f*h+2xd* (exh+f*g) ) -b~ 2% (24*A*d~2xf~2*h
“2+C* (5%c™2%f ~2%h~2+4*c*d*f*h* (exh+f*g) +d~2* (16%xe~2xh~2+14*e*xf*g*h+15xf " 2%g
~2))))*EllipticF ((-axh+b*g) ~(1/2) * (fxx+e)~(1/2)/ (—exh+f*g) ~(1/2) / (b*x+a) (1
/2) , (-(—a*d+bxc) * (—exh+f*g) / (-cxf+d*e) / (—axh+b*g) )~ (1/2) ) * (—a*h+b*xg) ~ (1/2) *
((—axf+b*e) * (d*x+c) / (—c*f+d*e) / (b*x+a) )~ (1/2) * (h*x+g) ~(1/2) /b~2/d~2/£°3/h"3
/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—axf+b*e) * (h*x+g) / (—~exh+f*g) / (b*x+a) )~ (1
/2)-1/24* (C* (3*xaxd*fxh-5xb* (c*f*h+d*exh+d*f*g) ) * (a*d*f*h—-3*b* (cxf*h+d*exh+d
*xf*xg) ) +8xbxd*f*h* (3%Axbxd*f*h-Cx (2*bx (cxexh+ckf*g+drexg) +ax (cxf*h+d*exh+d*f
*xg))))*E1lipticE((-cxh+d*g) ~(1/2) *(f*x+e) ~(1/2)/(-exh+f*g) ~(1/2)/(d*x+c) (1
/2) , ((—a*xd+b*c) * (~exh+f*g) / (—a*f+b*e) / (-cxh+d*g) ) ~(1/2) ) * (-cxh+d*g) ~(1/2) *(
—exh+f*xg) = (1/2) * (bxx+a) ~ (1/2) * (- (-cxf+d*e) * (hxx+g) / (—exh+f*g) / (d*x+c) )~ (1/2
)/b/d"~3/£73/h~3/ ((~c*f+d*e)* (b*x+a) / (-axf+bxe) /(d*x+c)) ~(1/2)/ (h*x+g) ~(1/2)
Rubi [A]

time = 3.83, antiderivative size = 1376, normalized size of antiderivative = 0.99, number of

steps used = 10, number of rules used = 10, integrand size = 44, number of rules = 0.227,
integrand size

Rules used = {1615, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}
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Warning: Unable to verify antiderivative.

[In] Int[((a + b*x)~(3/2)*(A + C*x72))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x
1),x]

[Out] ((24*Axb*d~2*fxh + (3*%a~2*Ckd~2*f*h)/b - 16*%b*Ckd*(d*exg + cxfxg + cxexh) -
22%a*Cxd* (dxf*xg + d*exh + cxfxh) + (15%b*Cx(d*f*g + d*exh + cxfxh)~2)/(f*h
))*Sqrt[a + b*x]*Sqrtle + f*xx]*Sqrtl[g + h*x])/(24*d~2xf~2¥h~2*Sqrt[c + d*x]
) + (Cx(3xaxd*f*h - 5xb*(dxf*g + d*exh + c*xfxh))*Sqrt[a + b*x]*Sqrt[c + d*x
1*Sqrt[e + f*x]*Sqrt[g + h*x])/(12%d"2*f~2xh~2) + (Cx(a + bx*x)~(3/2)*Sqrtl[c
+ d*x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(3*d*xfxh) - (Sqrt[d*g - c*h]*Sqrt[fx*g
- e*h]*(24*Axb~2xd"2*xf"2xh~2 + 3*a~2*Cxd"2*f"2%h~2 - 16%b~2xCxd*f*xh* (d*e*g
+ cxf*g + cxexh) - 22%axbxCkxd*xfxhx(dxfxg + dkexh + c*xfxh) + 15xb~2*Ck(d*f*g
+ dxexh + cxfxh)~2)*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*g - e
xh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrt[e + fxx])/(Sqrt[f*g
- exh]*Sqrtc + d*x])], ((b*c - a*d)*(f*g - exh))/((b*xe - axf)*(d*g - cxh)
)1)/(24*%bxd~3*£~3*h~3*Sqrt [((d*e - c*xf)*(a + b*x))/((b*xe - a*f)*(c + d*x))]
*Sqrt[g + h*x]) + ((b*e - axf)*Sqrt[bxg - a*h]*(3*xa~2*Cxd~2*xf~2*¥h~2 + 6xax*b
*xCxd*f*h* (cxfxh + 2xd*(fxg + exh)) - b~2%(24xAxd~2*f~2xh~2 + C*(5*c~2*f~2xh
"2 + 4xckdxfxh*x(fxg + exh) + d72x(15*%f72%g"2 + 14xexf*g*h + 15%e"2xh~2))))*
Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[a + bxx])],
-(((bxc - a*d)*(f*g - exh))/((d*xe - c*f)*(bxg - axh)))])/(24*b"2+d~2*f"3*h
~3xSqrt [fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - a*f)*(g + h*x))/((f*g - exh
)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]*((axd*f*h + bx(dxf*g + d*exh + cxfxh)
) *(24*Axb~2+d"2*f"2xh~2 + 3*%a~2xC*xd~2*f"2xh~2 - 16%b~2*Cxd*f*h*(d*e*xg + cxf
*xg + ckexh) - 22%axbxCkxdxfxh*(d*f*g + dxexh + cxfxh) + 15xb~2xCx(d*xf*xg + dx*
exh + c*fxh)~2) + 4*bkxd*fxh*(Cx(bx(d*e*xg + c*xf*g + cxexh) + ax(dxf*g + d*ex
h + c*fxh))*(3*axd*f*h - 5xbx(dxfxg + d*kexh + c*fxh)) + 2*d*xfxh*(3%b~2xc*Cx
exg + 2%a”2%Cx(dxfxg + d*exh + cxf*h) - a*bk(12xAxd*f*xh - 5xCk(dxe*g + cxfx
g + c*exh)))))*(a + bxx)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x
))1*Sqrt[((b*xg - axh)*(e + fxx))/((f*g - exh)*(a + b*x))]*EllipticPi [-((b*(
dxg - cxh))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[
-(d*g) + cxh]*Sqrtla + b*x])], ((b*xe - axf)*x(dxg - c*h))/((bxc - axd)*(f*g
- exh))])/(24xb~2+d"3*Sqrt [b*c - a*xd]*f~3*h~4*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(bxe - a*f))*((g + hx*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - e*h)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}
, x]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrt[(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + hx*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
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h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)]*Sqrtl(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrt[e + fxx]*(Sqrt[g + h*x]/(
dkfxh*(2*m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*xgm) + ((Axb + a*B)*d*f*h*(2*m + 3) - Cx(
2xax(dxfxg + dkexh + c*xfxh) + b*(2*m + 1)*(d*e*xg + cxfxg + ckxexh)))*x + (bx
Bkd*fxhx(2+m + 3) + 2*%Ck(a*xd*fxh*m - b*(m + 1)*(d*f*g + d*exh + cxfxh)))*x"~
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1615

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)1*Sqrt[(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2#C*x(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrt[g + h#*x]))#*Simp[a*A*d*xfxh*(2xm + 3) - Ck(a*x(dxe*xg + cxfx
g + cxexh) + 2xbkcxexgkm) + (A¥bkd*f*h*(2*m + 3) - Ckx(2kax(d*f*g + d*xexh +
cxf*h) + bx(2km + 1)*(dxexg + cxf*xg + ckexh)))*x + 2*%Cx(axd*fxh*m - bx(m +
1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xc*fxh) + (2¥b*Bxdxf
*h - Cx(axd*f*h + b*(dxf*xg + d*xexh + cxfxh)))*x, x], x], x] + Dist[C*(d*e -
cxf)*((d*g - cxh)/(2¥bxd*f*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rubi steps
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f Va + bx (-3bcCeg+6as

(a+bx)%? (A + Cx?) g — Cla+b2)*?Ve+dx \/e+ fr \/g+hz N
Ve+dz e+ fx /g+hx 3dfh
_ C(3adfh — 5b(dfg + deh + cfh))Va+bz Ve+dz e+ fz \/g+
B 1242 f2h2

<24Abd2 fh+ 32CLI _ 16bCd(deg + cf g + ceh) — 22aCd(df g + de
24d2 f2h2/c -

(24Abd2 fh+ 3CLIh _16bCd(deg + cf g + ceh) — 22aCd(df g + de
24d2 f2h2/c -

(24Abd2 fh+ 329LI _ 16bCd(deg + cfg + ceh) — 22aCd(df g + de
24d2 f2h2+/c -

(24Abd2 fh+ 3280 _ 16bCd(deg + cfg + ceh) — 22aCd(df g + de
24d2 f2h2+/c -

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 38402 vs.
2(1395) = 2790.
time = 39.52, size = 38402, normalized size = 27.53

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + b*x)~(3/2)*(A + Cxx~2))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]),x]
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[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 92113 vs.

2(1302) = 2604.
time = 0.15, size = 92114, normalized size = 66.03

method | result size
elliptic | Expression too large to display | 2228
default | Expression too large to display | 92114

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(3/2)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx+a)~(3/2)*(Ckx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+g)~(1/2)
,X, algorithm="maxima")
[Out] integrate((C*xx~2 + A)*(b*xx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)
Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(3/2)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)**(3/2)* (C*x*x2+A) /(d*x+c)**(1/2) / (£xx+e)**(1/2)/(h*xx+g) **
(1/2),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(3/2)*(Ckx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*xx~2 + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x

+g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

(Cz2+ A) (a+bz)*? i
Vet fr Jg+hz Vetdr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + Cxx~2)*(a + b*xx)~(3/2))/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x

)~ (1/2)),%)
[Out] int(((A + Cxx"2)*(a + b*x)~(3/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x

)7(1/2)), x)
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va+ b (A+Ca?)
3.32 ‘ ‘ -d
f\/c—l—da: ve+ fr \/g+ hx ’

Optimal. Leaf size=937

C’(adfh—3b(dfg—|—deh—|—cfh))\/a—|—bm‘\/e+f:r‘\/g+hm‘+C\/a+bx‘\/c—|—dm‘\/e+fx‘\/g—|—hx‘ )

4bdf2h2ve + da 2dfh

[Out] -1/4%(Cx(axd*f*h-3%b* (c*xf*xh+d*xexh+d*f*xg))* (axd*f*h+b* (cxf*xh+d*xexh+d*f*xg))-4
xbxd*f*h* (2%A*b*xd*f*xh-C* (b* (cxexh+cxfxg+d*e*g) +a* (cxf*h+d*kexh+d*f*g)))) * (b*
x+a)*E1lipticPi ((~a*xd+bxc)~ (1/2)* (h*x+g) ~(1/2)/(c*h-d*xg) ~(1/2) / (bxx+a)~ (1/2
) ,~bx(—c*¥h+d*g) / (-a*xd+b*c) /h, ((—a*xf+b*e) * (-cxh+d*g) / (—a*xd+b*c) / (-exh+f*g) )~
(1/2)) *(c*h-d*g) = (1/2) * ((-axh+b*g) * (d*xx+c) / (-cxh+d*g) / (bxx+a) ) " (1/2) *((-a*h
+b*g) * (f*x+e) / (mexh+f*g) / (b*x+a) ) ~(1/2) /b"2/d"2/£72/h~3/ (~a*d+b*c)~(1/2)/(d
*xx+c) " (1/2) / (f*x+e) ~(1/2) +1/4*C* (axd*f*h-3*b* (cxf*xh+d*exh+d*f*xg) ) * (bxx+a) ~(
1/2) % (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /b/d/£72/h~2/ (d*x+c) ~(1/2) +1/2*Cx (b*x+a) ~ (1
/2) % (d*x+c) ~(1/2) % (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d/£/h+1/4*Cx (-axf+bxe) * (a*d*f
*h+b* (c*f*h+3xd* (exh+f*g) ) ) *E1lipticF ((—axh+b*g) ~(1/2) * (f*x+e) ~(1/2)/(-exh+
fxg)~(1/2)/ (b*xx+a) ~(1/2), (- (-a*d+b*c) * (~exh+f*g) / (-cxf+dxe) / (-axh+b*g) )~ (1/
2))*(—axh+b*g) = (1/2) * ((—axf+b*e) * (d*x+c) / (—c*xf+d*e) / (b*xx+a) )~ (1/2) * (h*xx+g) ~
(1/2)/b~2/d/£72/h~2/ (-exh+fxg) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*xx+g) / (-e
xh+fx*g) / (bxx+a) )~ (1/2)-1/4%C* (a*d*f*h-3*b* (cxf*h+d*exh+d*f*g) ) *E1lipticE((-
cxh+d*g) = (1/2) % (£*x+e) ~(1/2) / (—exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*xd+b*c) *(-e
*h+f*g) /(-axf+bke) / (-cxh+d*g)) ~(1/2)) * (-cxh+d*g) = (1/2) * (~exh+f*g) = (1/2) * (b*
x+a) " (1/2) * (- (-cxf+d*e) * (h*x+g) / (-exh+fxg) / (d*x+c))~(1/2) /b/d~2/£72/h~2/ ((-
cxf+dxe) * (b*x+a) / (-axf+bxe) / (d*x+c)) ~(1/2)/ (h*x+g) ~(1/2)

Rubi [A]
time = 1.53, antiderivative size = 936, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.204,

steps used = 9, number of rules used = 9, integrand size = 44
Rules used = {1615, 1616, 1612, 176, 430, 171, 551, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(Sqrt[a + b*x]*(A + C*x~2))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
»X]

[Out] (Cx(axd*fxh - 3*bx(d*fxg + d*exh + c*fxh))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrt

[g + h*x])/(4xb*xd*f~2xh~2*Sqrt[c + d*x]) + (CxSqrtl[a + b*x]*Sqrtlc + d*x]*S
qrtle + f*x]*Sqrtlg + h*x])/(2xd*f*h) - (CxSqrt([d*g - cxh]*Sqrt[f*g - exh]=*
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(axd*f*h - 3xbx(dxfxg + d*exh + c*fxh))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(
g + h*x))/((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[
e + £xx])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(fxg - exh))/((b*e
- a*xf)*x(d*g - c*h))])/(4xbxd~2xf"2xh~2*Sqrt [((d*e - c*f)*(a + bx*x))/((bxe
- axf)*x(c + d*x))]*Sqrt[g + h*x]) + (Cx(bxe - axf)*Sqrt[bxg - axh]*(bxcxf*xh
+ axd*f*h + 3xbxd*(fxg + exh))*Sqrt[((b*e - axf)*(c + d*x))/((d*e - c*f)*(
a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + fxx])/(
Sqrt[fxg - exh]*Sqrt[a + bxx])], -(((bxc - axd)*(fxg - exh))/((d*e - c*f)*(
bxg - axh)))])/(4*b~2xd*f~2xh~2xSqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe
- axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*(Ck(axdx*
fxh - 3%b*(d*f*g + dxexh + cxfxh))*(axd*f*h + bx(dxfxg + d*exh + c*f*h)) -
4xbxd*f*h* (2%A*xbxdxfxh - Ckx(b*x(d*e*xg + cxf*xg + cxexh) + ax(dxfxg + d*xexh +
cxfxh))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*S
qrt [((bxg - axh)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b*(d*g -
cxh))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtlg + h#*x])/(Sqrt[-(d*g
) + cxh]l*Sqrt[a + bxx])], ((bxe - a*f)*(d*g - c*h))/((b*c - axd)*(f*g - exh
))1)/(4xb~2+d~2*Sqrt [bxc - a*xd]*f~2+*h~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + bx*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - bxx~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrt[c + d*x]=*
Sqrt[(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - ex*h)
)1), %], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*xe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
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, X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (£f_.)*(x
)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi [bx*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x]

Rule 1615

Int[(((a_.) + (b_)*(x_)) " (m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)1*Sqrt[(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2*%Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*h*(2*m +

3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~"(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrt[g + h*x]))#*Simp[a*A*d*xfxh*(2xm + 3) - Ck(a*x(dxe*xg + cxfx
g + cxexh) + 2xbkcxexgkm) + (A*¥bkd*f*h*(2*m + 3) - Ckx(2%ax(d*f*xg + d*xexh +

cxfxh) + bx(2km + 1)*(d*exg + c*f*xg + cxexh)))*x + 2*Cx(axd*fxh*m - bx(m +

1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g,

h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
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1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp[2*A*b*d*f*h - C*(b*d*exg + axckfxh) + (2¥b*Bkd*f
*h - Cx(a*xd*f*h + b*(d*f*g + d*exh + c*xfxh)))*x, x], x], x] + Dist[Ck(d*e -
cxf)*((d*g - c*h)/(2¥b*d*f*h)), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrtlg + h*x]), x1, x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

f 4a Adf h—C(bceg+a(deg+cf g+

/ Va+ bz (A+Cz?) CvVa+bz Ve+dr e+ fr /g+hs
dr = 4+
Ve+dz e+ fx \/g+hz 2dfh

C(adfh — 3b(dfg + deh + cfh))Va+bx \/e+ fr /g+hx CV
B 4bdf2h2\/c + dz

C(adfh — 3b(dfg + deh + cfh))Va+bz \/e+ fr /g+hx CV
B 4bdf2h2\/c + dz

C(adfh — 3b(dfg + deh + cfh))Va+bx /e + fx \/g+hx Cv
B 4bdf2h2v/c + da

C(adfh — 3b(dfg + deh + cfh))Va+bx \/e+ fr /g+hx CV
B 4bdf2h2Vc + dz

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 16699 vs.
2(937) = 1874.
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time = 35.49, size = 16699, normalized size = 17.82

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtl[a + b*x]*(A + C*xx~2))/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 43210 vs.

2(854) = 1708.
time = 0.12, size = 43211, normalized size = 46.12

method | result size
elliptic | Expression too large to display | 1794
default | Expression too large to display | 43211

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(£*xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((Cxx~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(1/2)*(C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*xx+g)~(1/2)
,X, algorithm="fricas")
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[Out] Timed out

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00
(A+Cz?) Va+bx

: ‘ -dx
Ve+dz e+ fr \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**(1/2)*(Cxx*x*2+A)/(d*x+c)**(1/2)/(fxx+e)**(1/2)/ (h*x+g)**
(1/2),x%)

[Out] Integral((A + Cxxx*2)*sqrt(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Cxx~2+A)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
(Cx?+ A) Va+bx
vVe+fz \Jg+hr Ve+dr

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((A + C*x"2)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x
)~(1/2)) ,%)
[Out] int(((A + C*x"2)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x
)~(1/2)), %)



245

f | A+‘C:z:2 dx
va+bx vVe+dx e+ fx \/g+ hx

Optimal. Leaf size=757

3.33

C’\/dg—ch\/fg—eh\/a+bx\/ (de Cf)(g+hx ( (\/E

C\/a+bw‘\/e+fx‘\/g+hx‘_ (fg —eh)(c+ dx)

bfhve +dx (de — cf a—l—bx
bdfh\/(be—af) c+dzx)

[Out] -Cx(axd*f*h+b* (c*f*h+dxexh+d*f*g))*(bxx+a)*E1llipticPi((-a*d+b*c)~(1/2)* (h*x
+g) ~(1/2) / (c*h-dxg) = (1/2) / (bxx+a) ~(1/2) ,-b* (-c*h+d*g) / (—a*xd+b*c) /h, ((-a*f+b
*xe) * (—cxh+d*g) / (-a*d+b*xc) / (—exh+f*g) )~ (1/2))*(cxh-d*g) ~ (1/2) * ((—a*xh+b*xg) *(d
*xx+c) / (-cxh+dxg) / (b*x+a) )~ (1/2) * ((-axh+b*g) *x (f*xx+e) / (-exh+f*g) / (b*x+a)) ~(1/
2)/b"2/d/f/h"~2/ (~a*xd+bxc) ~(1/2) /(d*x+c) " (1/2) / (f*x+e) ~(1/2) +C* (b*x+a) ~(1/2)
*x (£xx+e) ~ (1/2) * (h*x+g) ~(1/2) /b/£/h/ (d*x+c) = (1/2) +(a~2*C*f*h+axb*C* (exh+f*g)
-b~2x (-2xAxfxh+Cxexg) ) *E1lipticF ((-axh+b*g) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*g)~
(1/2) / (b*x+a)~(1/2) , (- (-axd+b*c) * (-exh+f*g) / (-cxf+d*e) / (-axh+bxg) )~ (1/2) ) *(
(—axf+bxe) * (d*x+c) / (-cxf+d*e) / (b*x+a)) ~(1/2) * (h*xx+g) ~(1/2) /b~2/f/h/ (-axh+b*
g)~(1/2) / (—exh+f*xg) ~(1/2) / (d*x+c) = (1/2) / (- (-axf+b*e) * (h*x+g) / (—exh+f*g) / (b*
x+a)) ~(1/2)-CxEllipticE((-c*h+d*g) ~(1/2) *(f*x+e)~(1/2) / (-exh+f*xg)~(1/2)/(d*
x+c) " (1/2) , ((—a*xd+b*c) * (~exh+f*xg) / (—axf+b*e) / (-cxh+d*g) ) ~(1/2) ) * (—cxh+d*g) ~
(1/2) * (—exh+£*g) =~ (1/2) * (bxx+a) ~(1/2) * (- (-cxf+d*e) * (hxx+g) / (~exh+f*g) / (d*x+c
))~(1/2)/b/d/f/h/ ((-cxf+dxe) * (bxx+a) / (—axf+bxe) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2
)

Rubi [A]
time = 0.66, antiderivative size = 757, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.182,

steps used = 8, number of rules used = 8, integrand size = 44
Rules used = {1617, 1612, 176, 430, 171, 551, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(A + Cxx~2)/(Sqrtla + bxx]*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x
]

[Out] (CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*f*h*Sqrt[c + d*x]) - (C*Sq
rt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/
((f*g - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + fx*x])/
(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((bxc - axd)*(fxg - exh))/((bxe - axf)*(d
*xg — c*h))])/(b*d*xf*h*Sqrt[((d*xe - cxf)*(a + b*x))/((bxe - axf)*(c + d*x))]
xSqrt[g + h*x]) + ((a"2*%Cxfxh + a*b*Cx(f*g + exh) - b 2% (Cxexg — 2xAxf*h))x*
Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
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cF[ArcSin[(Sqrt [bxg - ax*h]*Sqrtle + f*x])/(Sqrt[f*g - ex*h]*Sqrtla + b*x])],
-(((bxc - axd)*(fxg - exh))/((d*e - cxf)*(b*g - axh)))])/(b~2*f*h*Sqrt [b*xg
- a*h]*Sqrt [f*g - ex*h]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + hx*x))/((f*xg

- exh)*(a + b*x)))]) - (CxSqrt[-(d*g) + c*h]x*(axd*f*h + bx(dxf*g + d*exh +

c¥fxh))*(a + b*x)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqr

t[((bxg - axh)*(e + f*xx))/((f*g - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c

xh))/((b*c - a*d)*h)), ArcSin[(Sqrt[bxc - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g)

+ cxh]*Sqrt[a + b*x])], ((b*e - a*f)x(d*g - c*h))/((b*c - a*d)*(f*g - exh))

1)/ (b~2*d*Sqrt [b*c - axd]*fxh~2*Sqrt[c + d*x]*Sqrtl[e + fx*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(

bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrt[c + d*x]*
Sqrt [(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQl[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2xSqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + bxx]], x] /; FreeQ[{a, b, c, d, e, £, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])
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Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + hx*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, B}, x]

Rule 1617

Int[(CA_.) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_
)IxSqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[C*
Sqrt[a + bxx]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*fxh*Sqrt[c + d*x])), x] + (Di
st[1/(2xb*xd*f*h), Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg
+ hx*x]))*Simp [2*%A*b*d*fxh — Ck(b*d*e*xg + axc*fxh) - Ckx(axdxfxh + bk (dxf*g +
dxexh + c*xfxh))*x, x], x], x] + Dist[Cx(d*e - c*f)*x((d*g - cxh)/(2*¥b*d*fxh
)), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrtle + f*x]*Sqrtl[g + h*x]), x], x]
) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, C}, x]

Rubi steps
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f 2Abdf h—C(bdeg+acfh)—C(ac
/ A+ Cx? dmzC\/a+bx‘\/e+fx g+ hx N Va+ bz Ve+dz /e
Va+bz Ve+dz \Je+ fr \/g+hz bfhve+ dx 2bdf

(a*Cfh+ abC(fg + eh)
+

_ CVa+br \/e+ fr \/g+ha
bfhvc+ dx

dg —ch —eh
:C’\/a+bx‘\/e+fw‘\/g+hx‘ CVdg=ch /fg e

bfhvc+ dx

C+\/dg —ch \/fg—eh

_ CVa+bz \e+ fx \/g+hz
bfhvec+ dx

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 6223 vs.
2(757) = 1514.
time = 33.65, size = 6223, normalized size = 8.22

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + C*x~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 15874 vs.
2(692) = 1384.
time = 0.12, size = 15875, normalized size = 20.97
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method | result size
elliptic | Expression too large to display | 1065

default | Expression too large to display | 15875

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((C*x~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A+ Cz? i
Va+bz Ve+dr \Je+ fr \/g+hx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckxx**2+A)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*x+g)**

(1/2) ,x)
[Out] Integral((A + Cxxx*2)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h

*x)), X)
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Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:index.cc index_m i_lex_is_greater Err

or: Bad Argument Valueindex.cc index_m i_lex_is_greater Error: Bad Argument

Value

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

Cz’+ A

/\/e—i—f:c Vg+hz Va+bz Ve+da &

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~
(1/2)),x)
[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~
(1/2)), x)



251

3.34 AtCa® d
/ (a+bx)324/c + dx /e + fx /g + hx v

Optimal. Leaf size=867

2(AV? + a*C’

2(Ab% + a?C)dvVa + bz \/e+ fr \/g+hz _2(AP® +a*’C) Vet dx Ve+ fr \/g+hx B
b(bc — ad)(be — af)(bg — ah)Vc+ dz (bc — ad)(be — af)(bg — ah)Va + bz

[Out] 2*C*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*g)~(1/2)/(b*x+
a)~(1/2) ,-b*(-cxh+d*g) / (~a*d+bxc) /h, ((-axf+b*e) * (~c*h+d*g) / (-axd+b*c) / (—e*h
+f*g) )~ (1/2)) *(cxh-d*g) ~ (1/2) * ((—a*h+b*g) * (d*x+c) / (-cxh+d*g) / (b*x+a)) ~(1/2)
* ((-axh+b*g) * (fxx+e) / (—exh+f*g) / (b*xx+a) )~ (1/2) /b~2/h/ (—a*xd+b*c) ~(1/2) / (d*x+
c)~(1/2)/ (f*x+e) ~(1/2) +2x (Axb~2+C*a~2) *d* (b*x+a) ~ (1/2) * (f*xx+e) = (1/2) * (h*x+g
)~ (1/2) /b/ (—a*d+b*c) / (-axf+b*e) / (~a*h+bxg) / (d*x+c) ~(1/2) -2* (Axb~2+C*a~2) *(d
*xx+c) " (1/2) % (f*x+e) ~(1/2) * (h*x+g) = (1/2) / (—~a*d+b*c) / (—axf+b*e) / (~a*h+bxg) / (b
*xx+a) " (1/2) -2% (Axb~2xd-C*a~2*d+2*C*xaxb*c) *E11ipticF ((—axh+bxg) ~(1/2) * (f*xx+e
)7 (1/2) / (-exh+f*g) ~(1/2) / (b*x+a) ~(1/2) , (- (-axd+b*c) * (-exh+fxg) / (-cxf+d*e) / (
—axh+bxg) )~ (1/2) ) * ((-a*xf+bxe) * (d*x+c) / (-c*xf+d*e) / (b*x+a) ) ~(1/2) * (hxx+g) ~(1/
2)/b72/ (-axd+b*c) / (-a*h+bxg) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b
xe) * (h*x+g) / (-exh+f*g) / (b*xx+a)) ~(1/2)-2x (Axb~2+C*a~2) *E11lipticE((-c*h+d*g)~
(1/2) % (f*x+e) ~(1/2) / (-exh+fxg) = (1/2) / (d*x+c) ~(1/2) , ((-a*d+bxc) * (-exh+f*g) / (
—axf+b*e) / (-cxh+d*g) )~ (1/2) ) * (—c*h+d*g) ~ (1/2) * (—exh+f*g) ~(1/2) * (b*x+a) ~(1/2
)* (- (-cxf+dxe) * (h*x+g) / (-exh+f*xg) / (d*x+c)) ~(1/2) /b/ (-axd+bxc) / (-a*f+bxe) / (-
axh+bxg) / ((-cxf+dxe) * (bxx+a) / (—axf+b*e) / (d*x+c) )~ (1/2) / (h*xx+g) ~(1/2)

Rubi [A]
time = 1.18, antiderivative size = 867, normalized size of antiderivative = 1.00, number of

number of rules __
4, integrand size 0.204,

steps used = 9, number of rules used = 9, integrand size = 4
Rules used = {1619, 1616, 1612, 176, 430, 171, 551, 182, 435}

Warning: Unable to verify antiderivative.

[In] Int[(A + C*xx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] (2*(A*xb~2 + a~2xC)*d*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(b*x(bxc - a
*d) *(bxe - axf)*(bxg - axh)*Sqrt[c + d*x]) - (2x(A*b~2 + a~2*C)*Sqrt[c + dx
x]*Sqrt[e + f*xx]*Sqrt[g + h*x])/((b*c - a*xd)*(b*e - a*f)*(b*g - a*h)*Sqrt[a
+ bxx]) - (2%(A*b~2 + a~2xC)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - c*h]*Sqrtle + f*x])/(Sqrt[fxg - exh]*Sqrtlc + d*x])], ((b*c - a
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*xd)*(f*g - exh))/((bxe - a*f)x(d*xg - c*h))])/(bx(b*c - axd)*(b*e - axf)*(b*
g - axh)*Sqrt[((d*e - cxf)*(a + b*x))/((b*e - a*xf)*x(c + d*x))]*Sqrt[g + h*x
1) - (2% (2xaxb*c*C + A*b~2*%d - a~2#C*d)*Sqrt[((b*e - axf)*(c + dx*x))/((dxe

- cxf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrt[e +
f*x])/(Sqrt [fxg - exh]*Sqrt[a + bxx])], -(((b*c - axd)*(f*g - e*h))/((d*e

- cxf)*(b*g - axh)))])/(b~2x(bxc - a*d)*Sqrt[b*g - axh]*Sqrt[f*g - e*h]*Sqr
tlc + d*x]*Sqrt[-(((bxe - a*f)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + (2*C
*xSqrt [-(d*g) + cxh]l*(a + b*xx)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a

+ bxx))]*Sqrt [((bxg - axh)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-
((b*(dxg - c*h))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrt[g + h*x])/(
Sqrt[-(d*g) + cxh]*Sqrtla + b*x])], ((b*xe - axf)*(d*g - cxh))/((b*c - a*xd)=*
(fxg - ex*h))])/(b~2xSqrt[b*c - axd]*h*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + bxx)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
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/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,

£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*Db
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xc*fxh) + (2¥b*Bxdxf
*h - Cx(axd*f*h + b*(dxf*xg + d*xexh + c*xfxh)))*x, x], x], x] + Dist[C*(d*e -
cxf)*((d*g - cxh)/(2*bxd*f*h)), Int[Sqrt[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C},
x]

Rule 1619

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp
[(Axb~2 + a"2*C)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + hx*
x]/((m + 1)*(bxc - axd)*(b*e - axf)*(b*xg - a*h))), x] - Dist[1/(2x(m + 1)*(
bxc - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2%a~2*kd*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxfxg + dxexh + c*f*h) + b™2x(2*m + 3)*(d*exg + c*f*g + cxexh)) + axCx(ax(d
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xexg + ckxfxg + ckexh) + 2xbkxcxexgk(m + 1)) - 2x(Axbx(axd*f*h*(m + 1) - b*(m
+ 2)*(dxf*xg + dxexh + c*fxh)) - Cx(a~2*(d*f*g + d*exh + cxf*h) - b 2xckex*g
*(m + 1) + axb*x(m + 1)*x(d*exg + c*f*g + c*exh)))*x + dxfxh*(2xm + 5)*(Axb~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]

Rubi steps
| | f —a(aAdf
/ A+ Cxz? dx__2(Ab2+aQC)\/c+dw‘\/e+fx Vg+hz N
(a+bx)32vc+dz \/e+ fr \/g+hx (bc — ad)(be — af)(bg — ah)Va + bz

_ 2(AV 4+ a?C)dVa+bz e+ fx \/g+hr  2(Ab*+c

b(bc — ad)(be — af)(bg — ah)Vc+ dz (bc — ¢

_ 2(AV*+a’C)dvVa+bz e+ fx \/g+hs  2(Ab% +a
"~ b(bc — ad)(be — af)(bg — ah)Vc + dz (bc — ¢

_ 2(AV +a?C)dVa+bz e+ fx \/g+hr  2(Ab*+c
~ b(bc— ad)(be — af)(bg — ah)Vc + dz (bc — ¢

_2(AP +d’C)dVa+bz e+ fz \/g+ha  2(AV +a
a b(bc — ad)(be — af)(bg — ah)Vc+ dx (be — ¢

Mathematica [A]
time = 33.83, size = 1272, normalized size = 1.47

Warning: Unable to verify antiderivative.
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[In] Integrate[(A + Cxx~2)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] (-2%(A*b~2 + a~2#C)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/((bxc - a*d)
*x(bxe - axf)x(bxg - a*h)*Sqrt[a + b*x]) + (2x(a + b*x)~(5/2)*(-((A*xb~2 + a~
2xC)*(d + (b*c)/(a + b*x) - (axd)/(a + bxx))*(f + (b*xe)/(a + b*x) - (axf)/(
a + bxx))*(h + (bxg)/(a + b*x) - (axh)/(a + b*x))) + ((bxe - a*xf)*Sqrt[((b*
g - axh)*(d + (bxc)/(a + b*x) - (axd)/(a + bxx)))/(bx(d*g - c*h))]*(-2xa*Cx
(bxc - a*d)*h*(b*g - axh)*(f + (b*e)/(a + b*x) - (axf)/(a + bxx))*(h + (bxg
- axh)/(a + b*x))*EllipticF[ArcSin[Sqrt[-(((b*e - axf)*x(h + (b*xg)/(a + b*x
) - (a*h)/(a + b*x)))/(bx(fxg - exh)))]], ((-(b*c) + a*xd)*(-(f*g) + exh))/(
(bxe - axf)x(d*g - cxh))] + Axb~2xh*x(f + (bxe - a*xf)/(a + b*x))*(h + (bxg)/
(a + bxx) - (a*h)/(a + b*x))*(bx(d*g - c*h)*EllipticE[ArcSin[Sqrt[((b*e - a
*f)x(h + (bxg)/(a + b*x) - (axh)/(a + b*x)))/(bx(-(f*xg) + exh))]], ((-(b*c)
+ axd)*(-(fxg) + exh))/((b*e - axf)x(d*g - c*h))] + d*(-(b*g) + axh)*Ellip
ticF[ArcSin[Sqrt[((b*xe - axf)*(h + (b*g)/(a + b*x) - (axh)/(a + b*xx)))/(b*(
-(fxg) + exh))]], ((-(b*xc) + axd)*(-(f*xg) + exh))/((b*e - axf)*(d*g - c*h))
1) + a”2#Cxhx(f + (bxe - axf)/(a + b*x))*(h + (bxg)/(a + b*x) - (a*xh)/(a +
b*x) ) *(b*(d*g - c*h)*EllipticE[ArcSin[Sqrt[((bxe - a*f)*(h + (bxg)/(a + b*x
) - (axh)/(a + b*x)))/(bx(-(f*xg) + exh))]], ((-(b*c) + a*xd)*(-(f*g) + e*h))
/((bxe - axf)*(dxg - cxh))] + d*(-(b*xg) + axh)*EllipticF[ArcSin[Sqrt[((b*e
- a*xf)*(h + (bxg)/(a + bxx) - (axh)/(a + b*x)))/(b*(-(fxg) + e*xh))]1], ((-(b
*c) + axd)*(-(f*g) + e*h))/((bxe - axf)*(d*g - c*h))]) - Cx(b*c - axd)*(bxg
- axh)"2x(f + (b*xe)/(a + b*x) - (axf)/(a + b*x))*(h + (b*g)/(a + b*x) - (a
xh)/(a + b*xx))*EllipticPi[(b*(-(f*g) + e*h))/((b*e - axf)*h), ArcSin[Sqrt[-
(((bxe - axf)*(h + (bxg)/(a + bxx) - (axh)/(a + bxx)))/(bx(f*g - exh)))1],
((-(bxc) + axd)*(-(fxg) + exh))/((b*e - axf)*(d*g - cx*h))]))/(bxh*x(fxg - ex
h)*x(a + b*x)*Sqrt[-(((b*e - axf)*(bxg - axh)*(f + (bxe)/(a + b*x) - (a*xf)/(
a + b*x))x(h + (bxg)/(a + b*x) - (a*xh)/(a + b*x)))/(b™2x(f*g - exh)~2))]1)))
/(073x(=(bxc) + axd)*(-(bxe) + axf)*(-(bxg) + axh)*Sqrtlc + ((a + bxx)*(d -
(axd)/(a + b*x)))/bl*Sqrtle + ((a + bxx)*(f - (a*xf)/(a + b*x)))/bl*Sqrtlg
+ ((a + bxx)*(h - (a*h)/(a + b*x)))/bl)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 33893 vs.
2(794) = 1588.
time = 0.16, size = 33894, normalized size = 39.09

method | result size
elliptic | Expression too large to display | 2286

default | Expression too large to display | 33894

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+A)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] result too large to display
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="maxima")
[Out] integrate((C*x~2 + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x

+g)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x**2+A)/(bxx+a)**(3/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*x+g)**
(1/2) ,x)
[Out] Timed out

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="giac")
[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT: index.cc index_m operator + Error: Ba

d Argument Value
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/ Cz?’+ A i
Ve+ fz Jg+hz (a+bz)**Vetdz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Cxx"2)/((e + f*xx)7(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~
(1/2)),x)
[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~
(1/2)), x)
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3.35 AtCa® d
/ (a+bx)52/c + dx /e + fx +/g+ hx v

Optimal. Leaf size=1070

_ 4d(Ab*(deg + cfg + ceh) + a®C(df g + deh + cfh) + a®b(3Adf h — 2C(deg + cfg + ceh)) — ab?*(2Ad(fg +
3(bc — ad)?(be — af)?(bg — ah)?*vc + dx

[Out] -4/3%d*(A*b~3* (ckexh+cxf*xg+d*kexg)+a~3*xCx (cxfxh+d*kexh+d*f*g)+a~2%b* (3xAxd*f*
h-2%C* (c*exh+cxfxg+d*e*xg) ) —a*xb~ 2% (2¥A*d* (exh+f*xg) —cx (-2*xA*f*h+3xCxe*g)) ) * (b
xx+a) " (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) / (—~a*d+b*xc) "2/ (—axf+b*e) “2/ (-a*xh+bxg
) "2/ (d*x+c) ~(1/2)-2/3* (Axb~2+C*a~2) * (d*x+c) ~(1/2) * (f*x+e) = (1/2) * (h*xx+g) ~ (1/
2) / (—axd+bxc) / (-a*f+b*e) / (-axh+b*g) / (b*x+a) ~(3/2) +4/3*b* (A*b~3% (ckexh+cxf*g
+dxexg) +a”~3*C* (c*f*h+dxexh+d*f*g) +a~2xb* (3xA*d*f ¥h-2*C* (ckxexh+cxfxg+d*e*g))
—a*b” 2% (2%A*d* (exh+fxg) —cx (-2*%A*f*xh+3*xCkxe*xg)) ) * (d*x+c) ~(1/2) * (f*x+e) ~(1/2) *
(h*x+g) ~(1/2) / (-axd+b*c) ~2/ (-a*xf+bxe) "2/ (—a*h+b*xg) 2/ (b*x+a) ~(1/2)-2/3%(3*a
*xbx (Axd~2+C*c™2) * (exh+f*g) -b~2% (2%A*d~2xe*g+A*cxdx (exh+f*g) +c~ 2% (~Axfxh+3*C
*xexg) ) —a”~ 2% (3kA*d~2*f*h-C* (-2xc~2*f*h-cxd*e*xh-cxd*f*xg+d~2%e*xg)) ) *E1lipticF(
(-axh+bxg) =~ (1/2) % (f*x+e) ~(1/2) / (-exh+f*g) ~(1/2) / (bxx+a) " (1/2) , (- (-a*d+b*c) *
(—exh+f*xg) / (~cxf+d*e) / (—a*xh+b*xg) ) ~(1/2) ) * ((—a*xf+bke) * (d*x+c) / (~cxf+d*e) / (b*
x+a)) " (1/2) * (h*xx+g) = (1/2) / (~a*d+b*xc) 2/ (—axf+b*e) / (-axh+bxg) =~ (3/2) / (-exh+f*
g)~(1/2)/ (d*x+c)~(1/2) / (- (-axf+bxe) * (h*xx+g) / (~exh+f*g) / (b*xx+a)) ~(1/2) +4/3%(
Axb~3* (cxexh+ckxfxg+d*e*g) +a~3*Ck (ckf*h+d*exh+d*f*xg)+a~2xb* (3xAxd*f*h-2*C* (c
xexh+cxfxg+drexg))-axb™2% (2xA*xd* (exh+f*g) —c* (-2xAxf*h+3*xCxexg)) ) *E1llipticE(
(-c*h+d*g) = (1/2) * (fxx+e) " (1/2) / (-exh+f*xg) ~(1/2) / (d*x+c) ~(1/2) , ((-axd+b*c) *(
—-exh+f*g) /(-axf+bxe) /(—c*h+d*g)) ~(1/2)) * (-~cxh+d*g) ~ (1/2) * (mexh+fxg) ~(1/2) *(
b*x+a) ~(1/2) * (- (—c*xf+d*e) * (h*x+g) / (~exh+f*g) / (d*x+c)) ~(1/2) / (-axd+b*c) 2/ (-
axf+bxe) "2/ (—a*xh+bxg) "2/ ((-cxf+dxe) * (b*x+a) / (-axf+b*e) / (d*xx+c)) ~(1/2) / (h*xx+
g)~(1/2)

Rubi [A]

time = 2.22, antiderivative size = 1070, normalized size of antiderivative = 1.00, number

number of rules _
integrand size 0.182,

of steps used = 8, number of rules used = 8, integrand size = 44,
Rules used = {1619, 1613, 1616, 12, 176, 430, 182, 435}

Warning: Unable to verify antiderivative.
[In] Int[(A + C*x"2)/((a + bxx)~(5/2)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] (-4*d*x(A*b~3x(d*exg + c*xfxg + c*exh) + a~3*xCx(dxfxg + d*exh + c*f*h) + a~2x%
b* (3xAxd*f*h - 2xCx(dxexg + cxfxg + ckexh)) - a*b~2x(2xAxdx(fxg + exh) - c*



259

(3xCxe*xg - 2xAxfxh)))*Sqrt[a + bxx]*Sqrt[e + fxx]*Sqrtlg + h*x])/(3*%(b*c -

axd) "2*x(b*e - axf) 2x(bxg - a*h) "2#Sqrtlc + d*x]) - (2x(A*xb~2 + a~2*C)*Sqrt
[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/(3x(b*c - axd)*(b*xe - a*xf)*(bkg - ax
h)*(a + b*x)~(3/2)) + (4*b*(A*b~3*(d*e*g + cxfxg + cxexh) + a~3*Ck(dxf*xg +
dxexh + ckxfxh) + a~2xb*(3xA*d*fxh - 2xCk(dxe*g + cxfxg + ckexh)) - a*xb™2x(2
xAxd* (fxg + exh) - c*x(3*%Ckexg — 2*Axfxh)))*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt
[g + h*x])/(3*x(bxc - a*d) "2*(bxe - axf) 2x(b*g - axh) 2xSqrt[a + b*x]) + (4
*Sqrt [d*g - c*h]*Sqrt[f*g - exh]*(Axb~3x(d*e*xg + c*xf*g + ckexh) + a~3xCx(dx*
fxg + dkexh + c*fxh) + a™2xbx(3*%A*d*f*h - 2%Cx(d*exg + ckxf*g + ckexh)) - ax
b~2x (2%Axd* (f*xg + e*h) - c*(3*Cxexg - 2kAxfxh)))*Sqrtl[a + b*x]*Sqrt[-(((d*e
- cxf)*x(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c
xh]*Sqrt[e + f*x])/(Sqrtlf*g - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(fxg - ex
h))/((bxe - a*xf)x(dxg - c*h))])/(3*(b*c - axd) 2x(bxe - a*f) 2*(bxg - a*xh)~
2xSqrt [((d*xe - c*xf)*(a + b*x))/((b*e - axf)*(c + d*x))]*Sqrtl[g + h*x]) - (2
*x(3kaxbx(c™2xC + A*d~2)*(f*g + exh) - b~2%(2xA*xd~2%exg + Axckd*(f*g + exh)
+ c72%(3%xCxe*xg — Axfxh)) - a~2x(3*Axd"2*fxh - Cx(d"2xe*xg - cxdxfxg — ckxd*ex
h - 2*%c™2xfxh)))*Sqrt[((b*e - axf)*(c + d*x))/((d*e - cxf)*(a + bxx))]*Sqrt
[g + hxx]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + bxx])], -(((bkc - axd)*(f*g - e*h))/((d*e - c*f)*(bxg - axh)))]1)/
(3x(bxc - axd) "2*(bxe - axf)*(bxg - axh)~(3/2)*Sqrt[f*g - exh]*Sqrt[c + d*x
1*%Sqrt [-(((bxe - axf)*(g + h*x))/((fxg - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - exh)*Sqrt[c + d*x]*
Sqrt [(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1)), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(dxe - cxf))]*Sqrt[1 - (bxg - axh)*(x"2/(fxg - exh)
1), x1, x, Sqrtle + f*x]1/Sqrtla + b*x]1]1, x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int [Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*d)*(x"2/(d*e - c*£))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - e*h))]
» x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]
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Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [al *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 1613

Int [((Ca_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqrtl(e_.) + (£_.)*x(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x) " (m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - a*d)*(bxe - axf)*(bxg - a*h)), Int[((a + bxx)~(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*fxh*(m + 1) - 2%a*xbx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*xg + cxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckxexh) + 2*bkxckxexgx(m + 1)) - 2x((A*b - axB)*(a*xd*fxhx(m + 1)
- bx(m + 2)*(dxfxg + dxexh + cxfxh)))*x + d*f*h*(2*m + 5)*(A*b~2 - a*xb*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1), x] + (Dist[1/(2xb*d*f*h), Int[(1/(Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle +
fxx]*Sqrt[g + h*x]))*Simp [2¥A*b*d*fxh — Ck(b*d*exg + a*xckxfxh) + (2¥b*Bxdxf
xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxdxf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rule 1619

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[(Axb~2 + a"2xC)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + hx*
x]/((m + 1)*(bxc - axd)*(b*e - axf)*(b*xg - a*h))), x] - Dist[1/(2x(m + 1)*(
bxc - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
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Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2%a~2*kd*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxfxg + dxexh + c*f*h) + b™2x(2*m + 3)*(d*exg + c*f*g + cxexh)) + axCx(ax(d
xexg + ckxfxg + ckexh) + 2xbxcxexgk(m + 1)) - 2x(Axbx(axd*f*h*(m + 1) - b*(m
+ 2)*x(dxf*xg + dkexh + ckfxh)) - Ckx(a"2x(d*f*g + d*exh + c*fxh) - b 2kcke*g
*(m + 1) + a*xbx(m + 1)*(d*exg + cxf*g + ckexh)))*x + d*fxh*(2*m + 5)*(A*b~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]

Rubi steps

/ A+ Caz? s _2(A¥* +a’C) Ve+da e+ fr \/g+ha
(a+bx)52/c+dx \/e+ fx \/g+ hz ~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

_2(AP +4%°0) Ve+dx e+ fx \/g+hr

3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

_ 4d(Ab*(deg + cfg + ceh) + a’C(dfg + deh + cfh) + a

_ 4d(Ab*(deg + cfg + ceh) + a’C(dfg + deh + cfh) + a

_ 4d(Ab*(deg + cfg + ceh) + a’C(dfg + deh + cfh) + a

_ 4d(Ab°(deg + cfg + ceh) + a*C(df g + deh + cfh) + a
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 11188 vs.
2(1070) = 2140.
time = 39.87, size = 11188, normalized size = 10.46

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(A + Cxx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 106971 vs.
2(998) = 1996.
time = 0.98, size = 106972, normalized size = 99.97

method | result size
elliptic | Expression too large to display | 3342

default | Expression too large to display | 106972

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")
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[Out] integral((C*x~2 + A)*sqrt(bxx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g

)/ (b~ 3*d*f*h*x~6 + a~3*kcxfxg*x + (b~3*d*xfxg + (b~3%c + 3*axb~2*d)*f*h)*x"5

+ ((b™3%c + 3*kaxb~2*d)*fxg + 3x(a*b”™2*c + a~2*b*d)*fxh)*x~4 + (3*(axb™2xc +
a~2%b*d) xfxg + (3%a"2*b*c + a~3*d)*f*h)*x~3 + (a~3*ckfxh + (3*xa~2*xbxc + a”

3*d) *f*g)*x~2 + (b~ 3*d*h*x~5 + a~3*c*g + (b~3*d*g + (b~3*c + 3%a*xb~2*d)*h)*

x"4 + ((b”™3%c + 3*a*b~2xd)*g + 3*(axb~2*c + a~2%b*d)*h)*x~3 + (3*(axb™2*c +
a~2xbxd)*xg + (3*a~2%b*c + a~3*d)*h)*x"2 + (a"3%c*h + (3*%a"2xbxc + a~3*d)x*g

)*x)*e), X)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+A)/(bxx+a)**(5/2)/(d*x+c)**(1/2)/(fxx+e)**(1/2)/ (h*x+g)**
(1/2),x%)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3007 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x

+g)), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ Cz?’+ A i
Ve+fz \Jg+hz (a+bz)*Vetdz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Cxx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~
(1/2)) ,x%)

[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~
(1/2)), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):

275

except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation

4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3 c+d x e+f x g+h x  dx
	 a+b x (a b B-a^2 C+b^2 B x+b^2 C x^2)  c+d x e+f x g+h x  dx
	 a b B-a^2 C+b^2 B x+b^2 C x^2  a+b x c+d x e+f x g+h x  dx
	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^7/2 c+d x e+f x g+h x  dx
	 (a+b x)^2 (A+C x^2)  c+d x e+f x g+h x  dx
	 (a+b x) (A+C x^2)  c+d x e+f x g+h x  dx
	 A+C x^2  c+d x e+f x g+h x  dx
	 A+C x^2  (a+b x) c+d x e+f x g+h x  dx
	 A+C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	 (a+b x)^3/2 (A+C x^2)  c+d x e+f x g+h x  dx
	 a+b x (A+C x^2)  c+d x e+f x g+h x  dx
	 A+C x^2  a+b x c+d x e+f x g+h x  dx
	 A+C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	 A+C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
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